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Ââåäåíèå

Äàííîå ïîñîáèå ñîäåðæèò èíäèâèäóàëüíûå çàäàíèÿ äëÿ ñàìîñòîÿ-
òåëüíîé ðàáîòû ñòóäåíòîâ ïî äèñöèïëèíàì ¾Àëãåáðà¿ è ¾Âûñøàÿ àë-
ãåáðà¿, ñîïðîâîæäàåìûå íåîáõîäèìûìè îïðåäåëåíèÿìè è ïîÿñíåíèÿ-
ìè. Ýòè çàäàíèÿ ñïîñîáñòâóþò çàêðåïëåíèþ òåîðåòè÷åñêîãî ìàòåðèàëà
è âûðàáîòêå íåîáõîäèìûõ óìåíèé è íàâûêîâ. Âåñü ìàòåðèàë ñîîòâåò-
ñòâóåò Ôåäåðàëüíîìó ãîñóäàðñòâåííîìó îáðàçîâàòåëüíîìó ñòàíäàðòó
ïî íàïðàâëåíèþ ïîäãîòîâêè 230100 ¾Èíôîðìàòèêà è âû÷èñëèòåëüíàÿ
òåõíèêà¿. Ïîñîáèå ïðåäíàçíà÷åíî â ïåðâóþ î÷åðåäü äëÿ ñòóäåíòîâ çà-
î÷íîé è î÷íî-çàî÷íîé ôîðì îáó÷åíèÿ, íî ìîæåò áûòü èñïîëüçîâàíî è
äëÿ äðóãèõ ôîðì îáó÷åíèÿ.

Ó÷åáíîå ïîñîáèå ñîñòîèò èç øåñòè ãëàâ, ñîîòâåòñòâóþùèõ òåìàì,
èçó÷àåìûì âî âðåìÿ àóäèòîðíûõ çàíÿòèé. Â êàæäîé ãëàâå ïðèâîäÿò-
ñÿ íåîáõîäèìûå òåîðåòè÷åñêèå ñâåäåíèÿ, 40 âàðèàíòîâ çàäà÷, äåñÿòü
(èëè ÷óòü áîëüøå) óïðàæíåíèé è íåñêîëüêî ïðèìåðîâ ðåøåíèÿ çàäà-
íèé. Çàäà÷è ÿâëÿþòñÿ îáÿçàòåëüíîé îñíîâîé âûïîëíÿåìûõ ñòóäåíòàìè
çàî÷íîé è î÷íî-çàî÷íîé ôîðì îáó÷åíèÿ êîíòðîëüíûõ ðàáîò. Ðåøåíèå
óïðàæíåíèé íåîáõîäèìî äëÿ áîëåå êà÷åñòâåííîãî óñâîåíèÿ ìàòåðèàëà.

Ðåøåíèå âñåõ çàäàíèé òðåáóåò âíèìàíèÿ è àêêóðàòíîñòè. Ïîñëå
ðåøåíèÿ íåîáõîäèìî ñäåëàòü ïóíêòóàëüíóþ ïðîâåðêó.
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Ãëàâà 1

Àëãåáðàè÷åñêèå

ñòðóêòóðû

Îòîáðàæåíèå f : An → A íàçûâàåòñÿ n-ìåñòíîé îïåðàöèåé íà
ìíîæåñòâå A. Ñóùåñòâåííî, ÷òî ðåçóëüòàò îïåðàöèè f(a1, a2, . . . , an)
ñíîâà ïðíàäëåæèò ìíîæåñòâó A. Ïîäìíîæåñòâî äåêàðòîâîé ñòåïå-
íè R ⊆ An íàçûâàåòñÿ n-ìåñòíûì îòíîøåíèåì íà ìíîæåñòâå A.
Ìîæíî îòîæäåñòâèòü îòíîøåíèå ñ ñîîòâåòñòâóþùèì ïðåäèêàòîì
R(a1, a2, . . . , an), êîòîðûé ïðèíèìàåò çíà÷åíèå ¾èñòèíà¿, åñëè è òîëüêî
åñëè 〈a1, a2, . . . , an〉 ∈ R.

Íàáîð îïåðàöèé è îòíîøåíèé ñ óêàçàíèåì êîëè÷åñòâà èõ àðãóìåí-
òîâ (¾ìåñòíîñòè¿) íàçûâàåòñÿ ñèãíàòóðà. Íàïðèìåð, ñèãíàòóðà àðèô-
ìåòèêè � Σ = {plus(2),minus(1),mult(2), zero(0), less(2)}. Öèôðû â ñêîá-
êàõ ñâåðõó � óêàçàíèå ¾ìåñòíîñòè¿. Äëÿ äâóõìåñòíûõ îïåðàöèé è îò-
íîøåíèé ÷àñòî èñïîëüçóåòñÿ èíôèêñíàÿ çàïèñü, êîãäà âìåñòî f(a1, a2)
è R(a1, a2) ïèøóò a1fa2 è a1Ra2 ñîîòâåòñòâåííî. Íàïðèìåð, a1 + a2 è
a1 < a2.

Àëãåáðàè÷åñêàÿ ñèñòåìà ñèãíàòóðû Σ � ýòî ìíîæåñòâî A âìåñòå ñ
çàäàííûìè íà íåì îïåðàöèÿìè è îòíîøåíèÿìè, âõîäÿùèìè â Σ. Ñòðî-
ãîå îáçíà÷åíèå àëãåáðàè÷åñêîé ñèñòåìû A = 〈A,Σ〉, íî êîãäà ñèãíàòó-
ðà çàðàíåå îãîâîðåíà, ìû áóäåì îáîçíà÷àòü àëãåáðàè÷åñêóþ ñèñòåìó
òàêæå, êàê è åå îñíîâíîå ìíîæåñòâî A.

×àñòíûé ñëó÷àé àëãåáðàè÷åñêîé ñèñòåìû, êîãäà ñèãíàòóðà íå ñî-
äåðæèò ñèìâîëîâ îòíîøåíèé, íàçûâàåòñÿ àëãåáðàè÷åñêàÿ ñòðóêòóðà
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èëè, êîðî÷å, àëãåáðà. Òàêèì îáðàçîì, àëãåáðà � ýòî ìíîæåñòâî A âìå-
ñòå ñ çàäàííûìè íà íåì îïåðàöèÿìè ôèêñèðîâàííîé ñèãíàòóðû.

Ñàìûé ïðîñòîé ñëó÷àé � îäíà äâóõìåñòíàÿ îïåðàöèÿ Σ = {∗(2)}.
Àëãåáðó ñ îäíîé äâóõìåñòíîé îïåðàöèåé íàçûâàþò ãðóïïîèä. Åñëè
æå ýòà äâóõìåñòíàÿ îïåðàöèÿ îáëàäàåò ñâîéñòâîì àññîöèàòèâíîñòè,
òî åñòü äëÿ âñåõ a, b, c ∈ A âûïîëíÿåòñÿ ðàâåíñòâî a∗ (b∗ c) = (a∗ b)∗ c,
òî òàêàÿ àëãåáðà íàçûâàåòñÿ ïîëóãðóïïîé. Ñâîéñòâî àññîöèàòèâíîñòè
äîâîëüíî øèðîêî ðàñïðîñòðàíåíî. Ïîìèìî õîðîøî çíàêîìûõ îïåðà-
öèé ñëîæåíèÿ è óìíîæåíèÿ, èì îáëàäàþò ïåðåñå÷åíèå è îáúåäèíåíèå
ìíîæåñòâ, îïåðàöèè âçÿòèÿ ìàêñèìóìà è ìèíèìóìà. Îñíîâíîé ïðèìåð
ïîëóãðóïïû � ìíîæåñòâî îòáðàæåíèé íåêîòîðîãî ìíîæåñòâà B â ñåáÿ
ñ îïåðàöèåé êîìïîçèöèè (ïîäñòàíîâêè). Åñëè f : B → B è g : B → B �
äâà îòîáðàæåíèÿ, òî èõ êîìïîçèöèÿ f ◦g : B → B îïðåäåëÿåòñÿ ïðàâè-
ëîì f ◦g(x) = f(g(x)). Äîêàçàòåëüñòâî àññîöèàòèâíîñòè ýòîé îïåðàöèè
îñòàâëÿåòñÿ â êà÷åñòâå óïðàæíåíèÿ. Îñíîâíûì ýòîò ïðèìåð ÿâëÿåòñÿ
ïîòîìó, ÷òî âåðíà

Òåîðåìà. Ëþáàÿ ïîëóãðóïïà 〈G, ∗〉 èçîìîðôíà íåêîòîðîé ïîäïî-
ëóãðóïïå âñåõ îòîáðàæåíèé ìíîæåñòâà G1 â ñåáÿ.

Äîêàçàòåëüñòâî ïðèâåäåíî â [1, ñ. 230].
Ýëåìåíò e íàçûâàåòñÿ íåéòðàëüíûì äëÿ äâóõìåñòíîé îïåðàöèè ∗,

åñëè äëÿ ëþáîãî a ∈ G âûïîëíåíî a∗e = e∗a = a. Äëÿ îïåðàöèè ñëîæå-
íèÿ íåéòðàëüíûé ýëåìåíò � ýòî 0, äëÿ óìíîæåíèÿ � 1, äëÿ îáúåäèíåíèÿ
� ïóñòîå ìíîæåñòâî, äëÿ êîìïîçèöèè � òîæäåñòâåííîå îòîáðàæåíèå.

Ýëåìåíò a−1 íàçûâàåòñÿ îáðàòíûì ê ýëåìåíòó a, åñëè âåðíî a ∗
a−1 = a−1 ∗ a = e. Â ïîëóãðóïïå íå îáÿçàòåëüíî ñóùåñòâóåò îáðàò-
íûé äëÿ êàæäîãî ýëåìåíòà, íî åñëè ñóùåñòâóåò, òî îïðåäåëÿåòñÿ îä-
íîçíà÷íî. Ãðóïïà � ýòî ïîëóãðóïïà ñ íåéòðàëüíûì ýëåìåíòîì, â êîòî-
ðîé êàæäûé ýëåìåíò èìååò îáðàòíûé. Íå óìåíüøàÿ îáùíîñòè, ìîæíî
ðàññìàòðèâàòü ãðóïïó êàê àëãåáðó ñèãíàòóðû Σ = {∗(2), a−1(1), e(0)} ñ
íóëüìåñòíîé (áåç àðãóìåíòîâ) îïåðàöèåé, òî åñòü êîíñòàíòîé e, ïðåä-
ñòàâëÿþùåé íåéòðàëüíûé ýëåìåíò, îäíîìåñòíîé îïåðàöèåé âçÿòèÿ îá-
ðàòíîãî ýëåìåíòà è àññîöèàòèâíîé äâóõìåñòíîé îïåðàöèåé.

Ãðóïïà íàçûâàåòñÿ àáåëåâîé, åñëè åå äâóõìåñòíàÿ îïåðàöèÿ îáëàäà-
åò ñâîéñòâîì êîììóòàòèâíîñòè, òî åñòü äëÿ âñåõ a, b ∈ A âûïîëíÿåòñÿ
ðàâåíñòâî a ∗ b = b ∗a. Äëÿ àáåëåâîé ãðóïïû îáû÷íî èñïîëüçóþò àääè-
òèâíóþ ôîðìó çàïèñè: êîììóòàòèâíàÿ è àññîöèàòèâíàÿ äâóõìåñòíàÿ
îïåðàöèÿ îáîçíà÷àåòñÿ çíàêîì ¾+¿, íåéòðàëüíûé ýëåìåíò � 0, à îáðàò-
íûé ýëåìåíò íàçûâàåòñÿ ïðîòèâîïîëîæíûì è îáîçíà÷àåòñÿ −a.
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ÃËÀÂÀ 1. ÀËÃÅÁÐÀÈ×ÅÑÊÈÅ ÑÒÐÓÊÒÓÐÛ

Àëãåáðà 〈R,+, ·〉 ñ äâóìÿ äâóõìåñòíûìè îïåðàöèÿìè íàçûâàåòñÿ
êîëüöîì, åñëè 〈R,+〉 ÿâëÿåòñÿ àáåëåâîé ãðóïïîé, à óìíîæåíèå äèñòðè-
áóòèâíî îòíîñèòåëüíî ñëîæåíèÿ, òî åñòü äëÿ âñåõ a, b, c ∈ A âûïîëíÿ-
þòñÿ ðàâåíñòâà a · (b+ c) = (a · b) + (a · c) è (b+ c) · a = (b · a) + (c · a).
Äëÿ àáåëåâîé ãðóïïû 〈R,+〉 åñòåñòâåííà àääèòèâíàÿ ôîðìà çàïèñè:
a + 0 = a, a + (−a) = 0. Èç äèñòðèáóòèâíîñòè ëîãè÷åñêè ñëåäóþò
ñëåäóþùèå ñâîéñòâà îïåðàöèè óìíîæåíèÿ â êîëüöå: a · 0 = 0 · a = 0,
a · (−b) = (−a) · b = −(a · b). Ëþáóþ àáåëåâó ãðóïïó â àääèòèâíîé ôîð-
ìå çàïèñè ìîæíî òðèâèàëüíûì îáðàçîì ïðåâðàòèòü â êîëüöî, äîáàâèâ
óìíîæåíèå ïî ïðàâèëó x · y = 0. Òàêîå êîëüöî íàçûâàåòñÿ íóëåâûì
êîëüöîì.

Åñëè îïåðàöèÿ óìíîæåíèÿ â êîëüöå îáëàäàåò ñâîéñòâîì àññîöè-
àòèâíîñòè èëè êîììóòàòèâíîñòè, òî êîëüöî íàçûâàåòñÿ àññîöèàòèâ-
íûì èëè êîììóòàòèâíûì ñîîòâåòñòâåííî. Åñëè äëÿ óìíîæåíèÿ èìååò-
ñÿ íåéòðàëüíûé ýëåìåíò 1 6= 0, òî ãîâîðÿò êîëüöî ñ åäèíèöåé. Àññîöè-
àòèâíîå êîëüöî ñ åäèíèöåé íàçûâàåòñÿ öåëîñòíûì, åñëè â íåì îòñóò-
ñòâóþò äåëèòåëè íóëÿ, òî åñòü íå ñóùåñòâóåò äâóõ ýëåìåíòîâ a 6= 0,
b 6= 0 òàêèõ, ÷òî a · b = 0. Åñëè êàæäûé íåíóëåâîé ýëåìåíò öåëîñòíîãî
êîëüöà èìååò îáðàòíûé (ïî óìíîæåíèþ), òî ýòà àëãåáðà íàçûâàåòñÿ
òåëî. Êîììóòàòèâíîå òåëî íàçûâàåòñÿ ïîëå.

Äðóãèì âàæíûì ÷àñòíûì ñëó÷àåì ïîëóãðóïï ÿâëÿþòñÿ ïîëóðåøåò-
êè. Ïîëóðåøåòêà � ýòî àëãåáðà ñ îäíîé äâóõìåñòíîé îïåðàöèåé, êîòî-
ðàÿ àññîöèàòèâíà, êîììóòàòèâíà è èäåìïîòåíòíà, òî åñòü äëÿ ëþáîãî
ýëåìåíòà a ∗ a = a.

Ïðèìåðû ðàçíûõ àëãåáð ñîäåðæàòñÿ â ó÷åáíèêàõ [1, 3].

Êîãäà çàäàíî ìíîæåñòâî è êàêîå-òî äåéñòâèå ñ åãî ýëåìåíòàìè, òî
ñíà÷àëà íàäî ïðîâåðèòü, ÷òî ýòî îïåðàöèÿ. Ýòî îçíà÷àåò ïðîâåðêó
îïðåäåëåííîñòè îïåðàöèè äëÿ âñåõ ýëåìåíòîâ ìíîæåñòâà è ïðîâåðêó
òîãî, ÷òî ðåçóëüòàò îïåðàöèè ñíîâà ïðèíàäëåæèò òîìó æå ìíîæåñòâó.
Ïîòîì ïðîâåðÿþòñÿ íóæíûå ïî óñëîâèþ ñâîéñòâà îïåðàöèé.

Â ñëó÷àå êîíå÷íîãî îñíîâíîãî ìíîæåñòâà àëãåáðû A =
{a1, a2, . . . an} äâóõìåñòíóþ îïåðàöèþ ìîæíî çàäàòü òàê íàçûâàåìîé
òàáëèöåé Êýëè, ãäå íà ïåðåñå÷åíèè ñòðîêè ai è ñòîëáöà aj çàïèñûâà-
åòñÿ ðåçóëüòàò îïåðàöèè ai ∗ aj .
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1.1. ÇÀÄÀ×È

∗ a1 · · · aj · · · an
a1 · · · · · ·
...

...
ai · · · ai ∗ aj · · ·
...

...
an · · · · · ·

Ïî òàêîé òàáëèöå ëåãêî ïðîâåðÿåòñÿ êîììóòàòèâíîñòü, íàëè÷èå
íåéòðàëüíîãî ýëåìåíòà, ñóùåñòâîâàíèå îáðàòíûõ, èäåìïîòåíòíîñòü. À
âîò ïðîâåðêà àññîñèàòèâíîñòè ñâîäèòñÿ ê ðàññìîòðåíèþ âñåõ âîçìîæ-
íûõ òðîåê (íå îáÿçàòåëüíî ðàçíûõ) ýëåìåíòîâ. Èõ êîëè÷åñòâî ðàâíî
n3, ãäå n = |A|. Ïðè íàëè÷èè íåéòðàëüíîãî ýëåìåíòà ðàññìàòðèâàþò
òîëüêî òðîéêè áåç íåãî, ïîòîìó ÷òî åñëè e ÿâëÿåòñÿ íåéòðàëüíûì, òî
âûïîëíÿþòñÿ ðàâåíñòâà

(e ∗ b) ∗ c = b ∗ c = e ∗ (b ∗ c)
(b ∗ e) ∗ c = b ∗ c = b ∗ (e ∗ c)
(b ∗ c) ∗ e = b ∗ c = b ∗ (c ∗ e)

Åñëè äëÿ âñåõ ðàññìàòðèâàåìûõ òðîåê âûïîëíåíî ñâîéñòâî àññîñèà-
òèâíîñòè, òî îïåðàöèÿ áóäåò àññîöèàòèâíîé. Åñëè õîòÿ áû äëÿ îäíîé
òðîéêè a, b, c ∈ A âûÿñíèòñÿ, ÷òî a ∗ (b ∗ c) 6= (a ∗ b) ∗ c, òî îïåðàöèÿ íå
àññîöèàòèâíà.

1.1. Çàäà÷è

Äàíî ìíîæåñòâî A è äâóõìåñòíàÿ îïåðàöèÿ. Ïðîâåðèòü, ÷òî ðå-
çóëüòàò îïåðàöèè âñåãäà ïðèíàäëåæèò òîìó æå ìíîæåñòâó. Åñëè ýòî
âåðíî, òî îòâåòèòü íà âîïðîñû:

• ßâëÿåòñÿ ëè îïåðàöèÿ àññîöèàòèâíîé, êîììóòàòèâíîé, èäåìïî-
òåíòíîé?

• Ñóùåñòâóåò ëè íåéòðàëüíûé ýëåìåíò?

• ßâëÿåòñÿ ëè äàííàÿ àëãåáðà ïîëóãðóïïîé, ãðóïïîé, àáåëåâîé
ãðóïïîé, ïîëóðåøåòêîé?
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ÃËÀÂÀ 1. ÀËÃÅÁÐÀÈ×ÅÑÊÈÅ ÑÒÐÓÊÒÓÐÛ

� A ∗

1.1 {a, b, c, d}

∗ a b c d

a a b c d
b b a d c
c c d a b
d d c b a

1.2 Z x ∗ y = min(x, y)

1.3 ìàòðèöû âèäà
(
a b
0 c

)
,

a, b, c ∈ R

óìíîæåíèå ìàòðèö

1.4 {a, b, c, d}

∗ a b c d

a a b c d
b b a d c
c c d b a
d d c a b

1.5 N x ∗ y = ÍÎÄ(x, y)

1.6 ìàòðèöû âèäà
(

1 a
0 1

)
, a ∈ R óìíîæåíèå ìàòðèö

1.7 {a, b, c, d}

∗ a b c d
a a b c d
b b c d a
c c d a b
d d a b c

1.8 Z x ∗ y = max(x, y)

1.9 ìàòðèöû âèäà
(

a b
−b a

)
,

a, b ∈ R

óìíîæåíèå ìàòðèö

1.10 {a, b, c, d}

∗ a b c d

a a d d d
b d b d d
c d d c d
d d d d d

1.11 N x ∗ y = ÍÎÊ(x, y)

1.12 ìàòðèöû âèäà
(
a 0
0 a

)
,

a ∈ R, a 6= 0

óìíîæåíèå ìàòðèö
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1.1. ÇÀÄÀ×È

� A ∗

1.13 {a, b, c, d}

∗ a b c d

a a a a a
b a b b b
c a b c c
d a b c d

1.14 {∅, {a}, {b}, {a, b}} x ∗ y = x ∩ y
1.15 ìàòðèöû âèäà(

cos a − sin a
sin a cos a

)
, a ∈ R

óìíîæåíèå ìàòðèö

1.16 {a, b, c, d}

∗ a b c d

a a c c a
b c b c b
c c c c c
d a b c d

1.17 {∅, {a}, {b}, {a, b}} x ∗ y = x ∪ y

1.18 ìàòðèöû âèäà
(
a b
0 a

)
,

a, b ∈ R, a 6= 0

óìíîæåíèå ìàòðèö

1.19 {a, b, c, d}

∗ a b c d

a a b c c
b b b b b
c c b c c
d c b c d

1.20 {∅, {a}, {b}} x ∗ y = x ∩ y

1.21 ìàòðèöû âèäà
(
a 0
0 b

)
,

a, b ∈ R

óìíîæåíèå ìàòðèö

1.22 {a, b, c, d}

∗ a b c d
a d c b a
b c d a b
c b a d c
d a b c d

1.23 {∅, {a}, {b}} x ∗ y = x ∪ y

1.24 ìàòðèöû âèäà
(

1 0
a b

)
,

a, b ∈ R, b 6= 0

óìíîæåíèå ìàòðèö
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ÃËÀÂÀ 1. ÀËÃÅÁÐÀÈ×ÅÑÊÈÅ ÑÒÐÓÊÒÓÐÛ

� A ∗

1.25 {a, b, c, d}

∗ a b c d

a c d b a
b d c a b
c b a d c
d a b c d

1.26 {∅, {a}, {a, b}} x ∗ y = x ∩ y

1.27 {a, b, c, d}

∗ a b c d

a b c d a
b c d a b
c d a b c
d a b c d

1.28 {∅, {a}, {a, b}} x ∗ y = x ∪ y

1.29 {a, b, c, d, f}

∗ a b c d f

a a b c d f
b b d a f c
c c f d b a
d d a f c b
f f c b a d

1.30 {a, b, c}

∗ a b c
a a c a
b c b b
c a b c

Çàäàíî ìíîæåñòâî A ñ îïåðàöèÿìè ñëîæåíèÿ è óìíîæåíèÿ. Ïðîâå-
ðèòü, ÷òî ýòà àëãåáðà ÿâëÿåòñÿ êîëüöîì. Åñëè ýòî êîëüöî, òî îòâåòèòü
íà âîïðîñû:

• Áóäåò ëè îíî àññîöèàòèâíûì, êîììóòàòèâíûì, ñ åäèíèöåé?

• ßâëÿåòñÿ ëè ýòî êîëüöî öåëîñòíûì, òåëîì, ïîëåì?
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1.2. ÓÏÐÀÆÍÅÍÈß

� A

1.31 {3k | k ∈ Z}
1.32 {a+ b

√
5 | a, b ∈ Z}

1.33 ìàòðèöû âèäà
(
a 0
0 b

)
, a, b ∈ R

1.34 {a+ b
√
−1 | a, b ∈ Z}

1.35 ìàòðèöû âèäà
(
a 0
0 b

)
, a, b ∈ Z

1.36 {a+ b
√
−1 | a, b ∈ R}

1.37 {a+ b
√

5 | a, b ∈ Q}

1.38 ìàòðèöû âèäà
(

a b
2b a

)
, a, b ∈ Q

1.39 {a+ b
√
−5 | a, b ∈ Q}

1.40 {a+ b
√
−5 | a, b ∈ R}

1.2. Óïðàæíåíèÿ

Äàíî ìíîæåñòâî A è äâóõìåñòíàÿ îïåðàöèÿ. Ñ÷èòàÿ, ÷òî ýòà àëãåá-
ðà ÿâëÿåòñÿ ãðóïïîé, ñîñòàâèòü òàáëèöó Êýëè, íàéòè âñå åå ïîäãðóïïû,
óêàçàòü êàêèå ïîäãðóïïû ÿâëÿþòñÿ íîðìàëüíûìè.

� A ∗
1.41 {1, 5, 7, 11} x ∗ y = x · y (mod 12)

1.42 ïåðåñòàíîâêè ìíîæåñòâà
{1, 2, 3}

êîìïîçèöèÿ

1.43 {0, 1, 2, 3, 4, 5} x ∗ y = x+ y (mod 6)

1.44 {e, a, a2, a3, b, ba, ba2, ba3} a4 = e, b2 = e, baba = e,

1.45 {1, 7, 11, 13, 17, 19, 23, 29} x ∗ y = x · y (mod 30)

1.46 ÷åòíûå ïåðåñòàíîâêè
ìíîæåñòâà {1, 2, 3, 4}

êîìïîçèöèÿ

1.47 {0, 1, 2, 3, 4, 5, 6, 7} x ∗ y = x+ y (mod 8)

1.48 {e, a, b, c, d, da, db, dc} a2 = b2 = c2 = cab = d, d2 = e

Ñîñòàâèòü òàáëèöû ñëîæåíèÿ è óìíîæåíèÿ çàäàííîãî êîëüöà, íàé-
òè âñå åãî èäåàëû.

1.49. Êîëüöî âû÷åòîâ Z4.

11



ÃËÀÂÀ 1. ÀËÃÅÁÐÀÈ×ÅÑÊÈÅ ÑÒÐÓÊÒÓÐÛ

1.50. Ïîëå Ãàëóà GF (5).

1.51. Êîëüöî âû÷åòîâ Z6.

1.52. Ïîëå Ãàëóà GF (4).

1.3. Ïðèìåðû ðåøåíèÿ çàäàíèé

Äàíî ìíîæåñòâî A è äâóõìåñòíàÿ îïåðàöèÿ. Ïðîâåðèòü, ÷òî ðå-
çóëüòàò îïåðàöèè âñåãäà ïðèíàäëåæèò òîìó æå ìíîæåñòâó. Åñëè ýòî
âåðíî, òî îòâåòèòü íà âîïðîñû:

• ßâëÿåòñÿ ëè îïåðàöèÿ àññîöèàòèâíîé, êîììóòàòèâíîé, èäåìïî-
òåíòíîé?

• Ñóùåñòâóåò ëè íåéòðàëüíûé ýëåìåíò?

• ßâëÿåòñÿ ëè äàííàÿ àëãåáðà ïîëóãðóïïîé, ãðóïïîé, àáåëåâîé
ãðóïïîé, ïîëóðåøåòêîé?

Ïðèìåð 1.1. A = {e, a, b},

∗ e a b

e e a b
a a e e
b b e e

Èç òàáëèöû âèäèì, ÷òî ðåçóëüòàò îïåðàöèè âñåãäà ëåæèò â A =
{e, a, b} è e � íåéòðàëüíûé ýëåìåíò (ñîîòâåòñòâóþùèå ñòðîêà è ñòîë-
áåö ñîâïàäàþò ñ çàãîëîâêàìè òàáëèöû Êýëè). Ñèììåòðèÿ îòíîñèòåëü-
íî ãëàâíîé äèàãîíàëè ñâèäåòåëüñòâóåò î êîììóòàòèâíîñòè îïåðàöèè.

Òàê êàê a ∗ a = e 6= a, òî ýòà îïåðàöèÿ íå èäåìïîòåíòíà. Ïðîâåðèì
àññîöèàòèâíîñòü. a ∗ (a ∗ b) = a ∗ e = a, íî (a ∗ a) ∗ b = e ∗ b = b. Òàê êàê
a∗ (a∗ b) 6= (a∗a)∗ b, òî îïåðàöèÿ íå àññîöèàòèâíà. Ñëåäîâàòåëüíî, ýòà
àëãåáðà íå ÿâëÿåòñÿ ïîëóãðóïïîé è òåì áîëåå íå ÿâëÿåòñÿ íè ãðóïïîé,
íè ïîëóðåøåòêîé.

Ïðèìåð 1.2. A = {a, b, c, d},

∗ a b c d

a a b c d
b b d a c
c c a d b
d d c b a
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1.3. ÏÐÈÌÅÐÛ ÐÅØÅÍÈß ÇÀÄÀÍÈÉ

Èç òàáëèöû âèäèì, ÷òî ðåçóëüòàò îïåðàöèè âñåãäà ëåæèò â A =
{a, b, c, d} è a � íåéòðàëüíûé ýëåìåíò (ñîîòâåòñòâóþùèå ñòðîêà è ñòîë-
áåö ñîâïàäàþò ñ çàãîëîâêàìè òàáëèöû Êýëè). Ñèììåòðèÿ îòíîñèòåëü-
íî ãëàâíîé äèàãîíàëè ñâèäåòåëüñòâóåò î êîììóòàòèâíîñòè îïåðàöèè.

Òàê êàê b ∗ b = d 6= b, òî ýòà îïåðàöèÿ íå èäåìïîòåíòíà. Ïðîâåðèì
àññîöèàòèâíîñòü äëÿ òðîåê ýëåìåíòîâ, íå âêëþ÷àþùèõ íåéòðàëüíûé
ýëåìåíò a. Â ñèëó êîììóòàòèâíîñòè x ∗ (x ∗x) = (x ∗x) ∗x, x ∗ (y ∗x) =
x ∗ (x ∗ y) = (x ∗ y) ∗ x, èç x ∗ (y ∗ y) = (x ∗ y) ∗ y ñëåäóåò y ∗ (y ∗ x) =
y ∗ (x ∗ y) = (x ∗ y) ∗ y = x ∗ (y ∗ y) = (y ∗ y) ∗x, à èç x ∗ (y ∗ z) = (x ∗ y) ∗ z
ñëåäóåò z ∗ (y ∗ x) = (z ∗ y) ∗ x. Çíà÷èò, äîñòàòî÷íî ïðîâåðèòü 9 òðîåê
âìåñòî 27.

b ∗ (b ∗ c) = b ∗ a = b = d ∗ c = (b ∗ b) ∗ c,
b ∗ (b ∗ d) = b ∗ c = a = d ∗ d = (b ∗ b) ∗ d,
c ∗ (c ∗ b) = c ∗ a = c = d ∗ b = (c ∗ c) ∗ b,
c ∗ (c ∗ d) = c ∗ b = a = d ∗ d = (c ∗ c) ∗ d,
d ∗ (d ∗ b) = d ∗ c = b = a ∗ b = (d ∗ d) ∗ b,
d ∗ (d ∗ c) = d ∗ b = c = a ∗ c = (d ∗ d) ∗ c,
b ∗ (c ∗ d) = b ∗ b = d = a ∗ d = (b ∗ c) ∗ d,
c ∗ (b ∗ d) = c ∗ c = d = a ∗ d = (c ∗ b) ∗ d,
c ∗ (d ∗ b) = c ∗ c = d = b ∗ b = (c ∗ d) ∗ b.

Òàêèì îáðàçîì, îïåðàöèÿ àññîöèàòèâíà è àëãåáðà ÿâëÿåòñÿ ïîëóãðóï-
ïîé. Òàê êàê â êàæäîé ñòðîêå è â êàæäîì ñòîëáöå âñå ýëåìåíòû âñòðå-
÷àþòñÿ ïî îäíîìó ðàçó, òî ó êàæäîãî åñòü îáðàòíûé ýëåìåíò. Èòàê,
äàííàÿ àëãåáðà ÿâëÿåòñÿ àáåëåâîé ãðóïïîé.

Ïðèìåð 1.3. A = N, x ∗ y = min(x, y).

Ïî îïðåäåëåíèþ min(x, y) =

{
x, åñëè x ≤ y
y, åñëè x ≥ y

Çíà÷èò, ðåçóëüòàò îïåðàöèè ñîâïàäàåò ñ îäíèì èç àðãóìåíòîâ è ïðè-
íàäëåæèò N.

Åñëè x ≤ min(y, z), òî x ≤ y è x ≤ z. Ñëåäîâàòåëüíî, x∗(y∗z) = x =
x ∗ z = (x ∗ y) ∗ z. Åñëè x ≥ min(y, z), òî x ∗ (y ∗ z) = y ∗ z. Ðàññìîòðèì
äâà ñëó÷àÿ:

y ≤ z ⇒ y ∗ z = y; y ≤ x; (x ∗ y) ∗ z = y ∗ z
y ≥ z ⇒ y ∗ z = z; z ≤ x; z ≤ min(x, y); (x ∗ y) ∗ z = z
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ÃËÀÂÀ 1. ÀËÃÅÁÐÀÈ×ÅÑÊÈÅ ÑÒÐÓÊÒÓÐÛ

Â îáîèõ ñëó÷àÿõ àññîöèàòèâíîñòü äîêàçàíà. Ýòà àëãåáðà ÿâëÿåòñÿ ïî-
ëóãðóïïîé. Êðîìå òîãî, min(y, x) = min(x, y) è min(x, x) = x. Îïåðàöèÿ
êîììóòàòèâíà è èäåìïîòåíòíà. Ýòî � ïîëóðåøåòêà.

Ïðèìåð 1.4. A = {{a}, {b}, {a, b}}, x ∗ y = x ∩ y.
Òàê êàê {a}∩{b} = ∅ 6∈ A, òî äàííîå äåéñòâèå íå ÿâëÿåòñÿ îïåðàöèåé

íà ìíîæåñòâå A.
Ïðèìåð 1.5. A = {{a}, {b}, {a, b}}, x ∗ y = x ∪ y.
Èçâåñòíî, ÷òî îáúåäèíåíèå ìíîæåñòâ êîììóòàòèâíî è èäåìïîòåíò-

íî. Íàéäåì ðåçóëüòàò îïåðàöèè äëÿ ïàð ðàçëè÷íûõ ýëåìåíòîâ. Èç
{a} ∪ {b} = {a, b} ∈ A, {a} ∪ {a, b} = {a, b} ∈ A, {b} ∪ {a, b} = {a, b} ∈ A
ñëåäóåò, ÷òî îáúåäèíåíèå ÿâëÿåòñÿ îïåðàöèåé íà ìíîæåñòâå A. Òàê êàê
x∪(y∪z) = (x∪y)∪z, òî îïåðàöèÿ àññîöèàòèâíà. Ýòà àëãåáðà ÿâëÿåòñÿ
ïîëóãðóïïîé. Áîëåå òîãî, ýòî � ïîëóðåøåòêà.

Çàäàíî ìíîæåñòâî A ñ îïåðàöèÿìè ñëîæåíèÿ è óìíîæåíèÿ. Ïðîâå-
ðèòü, ÷òî ýòà àëãåáðà ÿâëÿåòñÿ êîëüöîì. Åñëè ýòî êîëüöî, òî îòâåòèòü
íà âîïðîñû:

• Áóäåò ëè îíî àññîöèàòèâíûì, êîììóòàòèâíûì, ñ åäèíèöåé?

• ßâëÿåòñÿ ëè ýòî êîëüöî öåëîñòíûì, òåëîì, ïîëåì?

Ïðèìåð 1.6. A = {a+ b
√

2 | a, b ∈ Q}.
Ïóñòü c1 = a1+b1

√
2, c2 = a2+b2

√
2. Òîãäà c1+c2 = a1+b1

√
2+a2+

b2
√

2 = (a1+a2)+(b1+b2)
√

2. ßñíî, ÷òî (a1+a2), (b1+b2) ∈ Q è c1+c2 ∈
A. Äàëåå, c1 ·c2 = a1 ·a2+a1 ·b2

√
2+b1

√
2·a2+b1

√
2·b2
√

2 = (a1 ·a2+2·b1 ·
b2)+(a1 ·b2+a2 ·b1)

√
2. ßñíî, ÷òî (a1 ·a2+2 ·b1 ·b2), (a1 ·b2+a2 ·b1) ∈ Q è

c1 · c2 ∈ A. Èçâåñòíî, ÷òî ñëîæåíèå ÷èñåë àññîöèàòèâíî, êîììóòàòèâíî
è èìååò íåéòðàëüíûé ýëåìåíò 0 = 0 + 0 ·

√
2. Ïðîòèâîïîëîæíûì ê

a + b
√

2 áóäåò ýëåìåíò (−a) + (−b)
√

2. Èòàê 〈A,+〉 ÿâëÿåòñÿ àáåëåâîé
ãðóïïîé.

Óìíîæåíèå ÷èñåë äèñòðèáóòèâíî îòíîñèòåëüíî ñëîæåíèÿ, ïîýòîìó
A ÿâëÿåòñÿ êîëüöîì, ïðè÷åì îíî àññîöèàòèâíî è êîììóòàòèâíî. Åäè-
íèöåé ýòîãî êîëüöà áóäåò 1 = 1 + 0 ·

√
2. Äëÿ íåíóëåâîãî ýëåìåíòà

a+ b
√

2 îáðàòíûì áóäåò
a

a2 − 2b2
+

−b
a2 − 2b2

√
2. Èç èððàöèîíàëüíîñòè

÷èñëà
√

2 ñëåäóåò, ÷òî a2 − 2b2 6= 0, ïîýòîìó âñå íåíóëåâûå ýëåìåíòû
A îáðàòèìû. Ýòî êîëüöî ÿâëÿåòñÿ ïîëåì.
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Ãëàâà 2

Ìàòðèöû

Ìàòðèöåé ïîðÿäêà m × n íàçûâàåòñÿ ïðÿìîóãîëüíàÿ òàáëèöà èç
ýëåìåíòîâ ïîëÿ, ñîñòîÿùàÿ èç m ñòðîê è n ñòîëáöîâ. Ìû ðàññìîòðèì
òîëüêî ïîëå âåùåñòâåííûõ ÷èñåë, ò. å. ýëåìåíòû ìàòðèöû ÿâëÿþòñÿ
÷èñëàìè: aij∈R.

Ìàòðèöà A ïîðÿäêà m× n ñ ýëåìåíòàìè aij ïîäðîáíî çàïèøåòñÿ â
ñëåäóþùåì âèäå:

A =


a11 a12 . . . a1n
a21 a22 . . . a2n
...

...
. . .

...
am1 am2 . . . amn

 .

Îáîçíà÷èì ñòðîêó ìàòðèöû A ñ íîìåðîì i ÷åðåç ~Ai, ñòîëáåö ìàòðè-
öû ñ íîìåðîì j ÷åðåç A↓j . Ìîæíî ïîëó÷èòü êðàòêóþ çàïèñü ìàòðèöû

A =


~A1

~A2

...
~Am

 =
(
A↓1 A↓2 . . . A↓n

)
= (aij),

ãäå i = 1, 2, . . . ,m, j = 1, 2, . . . , n.
Ìàòðèöû ïîðÿäêà n× n íàçûâàþò êâàäðàòíûìè ìàòðèöàìè.
Íóëåâîé ìàòðèöåé Om×n íàçûâàåòñÿ ïðÿìîóãîëüíàÿ ìàòðèöà, âñå

ýëåìåíòû êîòîðîé ðàâíû íóëþ. Åäèíè÷íîé ìàòðèöåé En×n íàçûâàåòñÿ
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ÃËÀÂÀ 2. ÌÀÒÐÈÖÛ

êâàäðàòíàÿ ìàòðèöà, ó êîòîðîé íà ãëàâíîé äèàãîíàëè ñòîÿò åäèíèöû,
à âñå îñòàëüíûå ýëåìåíòû ðàâíû íóëþ.

En×n =


1 0 . . . 0 0
0 1 . . . 0 0
...

...
. . .

...
...

0 0 . . . 1 0
0 0 . . . 0 1

 , Om×n =


0 0 . . . 0
0 0 . . . 0
...

...
. . .

...
0 0 . . . 0


Ñóììîé ìàòðèö A = (aij) è B = (bij) íàçûâàåòñÿ ìàòðèöà C = (cij),

â êîòîðîé cij = aij+bij , ãäå i = 1, 2, . . . ,m, j = 1, 2, . . . , n. Îáîçíà÷åíèå:
A+B = C.

Ïðîèçâåäåíèåì ìàòðèöû A = (aij) íà ÷èñëî k íàçûâàåòñÿ ìàòðèöà
B = (bij), â êîòîðîé bij = k aij , ãäå i = 1, 2, . . . ,m, j = 1, 2, . . . , n.
Îáîçíà÷åíèå: kA = B.

Òðàíñïîíèðîâàíèåì ìàòðèöû A = (aij) íàçûâàåòñÿ ïðå-
îáðàçîâàíèå ìàòðèöû A â ìàòðèöó AT = (aj i) äëÿ ëþáûõ
i = 1, 2, . . . ,m, j = 1, 2, . . . , n. Ïðè òðàíñïîíèðîâàíèè ìàòðèöû åå
ñòðîêè è ñòîëáöû ìåíÿþòñÿ ðîëÿìè.

Äëÿ ëþáûõ ÷èñåë k1, k2, ìàòðèö A,B è íóëåâîé ìàòðèöû O âûïîë-
íÿþòñÿ ðàâåíñòâà:

(k1k2)A = k1(k2A),

A(k1k2) = (Ak1)k2,

(k1 + k2)A = k1A+ k2A,

k1(A+B) = k1A+ k1B,

(k1A)k2 = k1(Ak2),

(A+B)T = AT +BT ,

(k1A)T = k1A
T ,

0 ·A = O · k1 = O.

Äîêàçàòåëüñòâî ðàâåíñòâ îñòàâëÿåòñÿ â êà÷åñòâå óïðàæíåíèÿ.
Ïðîèçâåäåíèåì ìàòðèöû A = (aij)m×s íà ìàòðèöó B = (bij)s×n

íàçûâàåòñÿ ìàòðèöà C = (cij)m×n, â êîòîðîé cij =
s∑

k=1

aikbkj , ãäå

i = 1, 2, . . . ,m, j = 1, 2, . . . , n. Îáîçíà÷åíèå A · B = AB = C. Ñëåäî-
âàòåëüíî, äëÿ íàõîæäåíèÿ ýëåìåíòà cij íóæíî âñå ýëåìåíòû i-é ñòðî-
êè ìàòðèöû A óìíîæèòü íà ñîîòâåòñòâóþùèå ýëåìåíòû j-ãî ñòîëáöà
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ìàòðèöû B è ðåçóëüòàò ñëîæèòü. Ïðàâèëî óìíîæåíèÿ ìàòðèö ìîæíî
çàïèñàòü:

AB=


~A1

~A2

...
~Am

·(B↓1 B↓2 . . . B↓n
)
=


~A1·B↓1 ~A1·B↓2 . . . ~A1·B↓n
~A2·B↓1 ~A2·B↓2 . . . ~A2·B↓n
...

...
. . .

...
~Am·B↓1 ~Am·B↓2 . . . ~Am·B↓n

.
Çàìå÷àíèå. Óìíîæàòü ìàòðèöó A íà ìàòðèöó B ìîæíî, åñëè ÷èñëî

ñòîëáöîâ ìàòðèöû A ñîâïàäàåò ñ ÷èñëîì ñòðîê ìàòðèöû B.
Òåîðåìà. Äëÿ ëþáûõ ìàòðèö A, B, C è åäèíè÷íîé ìàòðèöû E

ñîîòâåòñòâóþùèõ ðàçìåðîâ âûïîëíÿþòñÿ ðàâåíñòâà:

(AB)C = A(BC),

A(B + C) = AB +AC,

(A+B)C = AC +BC,

(AB)T = BTAT ,

AE = EA = A,

AO = OA = O.

Äîêàçàòåëüñòâî â [1, ñ. 105�106].
Îïðåäåëèòåëåì êâàäðàòíîé ìàòðèöû A ïîðÿäêà n íàçûâàåò-

ñÿ ÷èñëî, ðàâíîå àëãåáðàè÷åñêîé ñóììå n! ïðîèçâåäåíèé, âèäà:
a1α1a2α2 . . . anαn , ãäå èíäåêñû α1, α2, . . . αn ñîñòàâëÿþò íåêîòîðóþ ïå-
ðåñòàíîâêó èç ÷èñåë 1, 2, . . . , n. Ïðîèçâåäåíèå áåðåòñÿ ñî çíàêîì ïëþñ,
åñëè åãî èíäåêñû ñîñòàâëÿþò ÷åòíóþ ïåðåñòàíîâêó, è ñî çíàêîì ìèíóñ
� â ïðîòèâîïîëîæíîì ñëó÷àå.

Îáîçíà÷àíèå:

| A | =

∣∣∣∣∣∣∣∣∣
a11 a12 . . . a1n
a21 a22 . . . a2n
...

...
. . .

...
an1 an2 . . . ann

∣∣∣∣∣∣∣∣∣ = detA.

Ïóñòü δ � ôóíêöèÿ ÷åòíîñòè íà ìíîæåñòâå ïåðåñòàíîâîê, òîãäà

| A | =
∑

(α1,α2,...αn)

δ(α1, α2, . . . αn)a1α1a2α2 . . . anαn ,
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ÃËÀÂÀ 2. ÌÀÒÐÈÖÛ

ãäå ñóììèðîâàíèå âåäåòñÿ ïî âñåì ïåðåñòàíîâàì α1, α2, . . . αn èç ÷èñåë
1, 2, . . . , n.

Ñâîéñòâà îïðåäåëèòåëåé.
1. Îïðåäåëèòåëü íå ìåíÿåòñÿ ïðè òðàíñïîíèðîâàíèè.
2. Îáùèé ìíîæèòåëü ýëåìåíòîâ êàêîé-ëèáî ñòðîêè ìîæíî âûíåñòè

çà çíàê îïðåäåëèòåëÿ.
3. Åñëè îäíà èç ñòðîê îïðåäåëèòåëÿ ñîñòîèò èç íóëåé, òî îïðåäåëè-

òåëü ðàâåí íóëþ.
4. Îïðåäåëèòåëü, ñîäåðæàùèé äâå îäèíàêîâûå ñòðîêè, ðàâåí íóëþ.
5. Åñëè îäíà èç ñòðîê îïðåäåëèòåëÿ åñòü ëèíåéíàÿ êîìáèíàöèÿ åãî

äðóãèõ ñòðîê, òî îïðåäåëèòåëü ðàâåí íóëþ.
6. Åñëè â ìàòðèöå A ïîìåíÿòü ìåñòàìè äâå ñòðîêè, òî îïðåäåëèòåëü

ïîëó÷åííîé ìàòðèöûB áóäåò ðàâåí îïðåäåëèòåëþ ìàòðèöûA, âçÿòîìó
ñ ïðîòèâîïîëîæíûì çíàêîì.

7. Îïðåäåëèòåëü, ñîäåðæàùèé äâå ïðîïîðöèîíàëüíûå ñòðîêè, ðàâåí
íóëþ.

8. Åñëè s-ÿ ñòðîêà ~As ìàòðèöû A ïðåäñòàâëÿåòñÿ â âèäå ñóììû
äâóõ ñëàãàåìûõ ~A′s + ~A′′s , òî îïðåäåëèòåëü ìàòðèöû A ðàâåí ñóììå
îïðåäåëèòåëåé ìàòðèö A′ è A′′, ïîëó÷åííûõ èç A çàìåíîé s-é ñòðîêè
ñîîòâåòñòâåííî ñòðîêàìè ~A′s, ~A

′′
s : | A | =| A′ | + | A′′ | .

9. Îïðåäåëèòåëü íå ìåíÿåòñÿ, åñëè ê ýëåìåíòàì îäíîé èç åãî ñòðîê
ïðèáàâëÿþòñÿ ñîîòâåòñòâåííûå ýëåìåíòû äðóãîé ñòðîêè, óìíîæåííûå
íà îäíî è òî æå ÷èñëî.

10. Îïðåäåëèòåëü ìàòðèöû íå ìåíÿåòñÿ, åñëè ê îäíîé èç åãî ñòðîê
ïðèáàâëÿåòñÿ ëþáàÿ ëèíåéíàÿ êîìáèíàöèÿ äðóãèõ ñòðîê.

11. Åñëè A = (aij)n×n, (α1, α2, . . . αn) � ïðîèçâîëüíàÿ ïåðåñòàíîâêà
÷èñåë 1, 2, . . . , n è

A′ =

aα11 aα12 . . . aα1n

...
...

. . .
...

aαn1 aαn2 . . . aαnn

 ,

òî | A′ |= δ(α1, α2, . . . αn) | A | .
Ïðè âû÷èñëåíèè îïðåäåëèòåëåé ñïðàâåäëèâû ðàâåíñòâà:

| An |= | A |n, | kA |= kn | A |, | AB |=| A | · | B | .

Äîêàçàòåëüñòâî â [1, ñ. 110�117].
Ïóñòü äàí îïðåäåëèòåëü ïîðÿäêà n, ÷èñëî k, óäîâëåòâîðÿþùåå

óñëîâèþ 1 6 k 6 n−1, â îïðåäåëèòåëå âûáèðàåì ïðîèçâîëüíûå k ñòðîê
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è k ñòîëáöîâ. Îïðåäåëèòåëü ìàòðèöû, ñîñòàâëåííîé èç ýëåìåíòîâ, ñòî-
ÿùèõ íà ïåðåñå÷åíèè ýòèõ ñòðîê è ñòîëáöîâ, íàçûâàåòñÿ ìèíîðîì k-ãî
ïîðÿäêà äàííîãî îïðåäåëèòåëÿ.

Îáîçíà÷åíèå: MA

(
i1, . . . , ik
j1, . . . , jk

)
. Âûáðàëè k ñòðîê ñ íîìåðàìè

i1, . . . , ik è k ñòîëáöîâ ñ íîìåðàìè j1, . . . , jk. Èç îïðåäåëåíèÿ âèäíî,
÷òî

MA

(
i1, . . . , ik
j1, . . . , jk

)
=

∣∣∣∣∣∣∣∣∣
ai1j1 ai1j2 . . . ai1jk
ai2j1 ai2j2 . . . ai2jk
...

...
. . .

...
aikj1 aikj2 . . . aikjk

∣∣∣∣∣∣∣∣∣ .
Äîïîëíèòåëüíûì ìèíîðîì äëÿ ìèíîðàMA êâàäðàòíîé ìàòðèöû A

íàçûâàåòñÿ îïðåäåëèòåëü, ìàòðèöû, ïîëó÷åííîé èç A âû÷åðêèâàíèåì
ñòðîê ñ íîìåðàìè i1, . . . , ik è ñòîëáöîâ ñ íîìåðàìè j1, . . . , jk. Îáîçíà-

÷åíèå: CMA

(
i1, . . . , ik
j1, . . . , jk

)
.

Àëãåáðàè÷åñêèì äîïîëíåíèåì äëÿ ìèíîðà MA êâàäðàòíîé ìàò-
ðèöû A íàçûâàåòñÿ åãî äîïîëíèòåëüíûé ìèíîð, óìíîæåííûé íà

(−1)i1+...+ik+j1+...+jk . Îáîçíà÷åíèå: CMA

(
i1, . . . , ik
j1, . . . , jk

)
.

Ïîëó÷àåì

CMA

(
i1, . . . , ik
j1, . . . , jk

)
= (−1)i1+...+ik+j1+...+jkCMA

(
i1, . . . , ik
j1, . . . , jk

)
.

Òåîðåìà Ëàïëàñà. Ïóñòü â îïðåäåëèòåëå | A | ïîðÿäêà n ïðîèç-
âîëüíî âûáðàíû k ñòðîê (èëè k ñòîëáöîâ), 1 6 k 6 n− 1. Òîãäà ñóììà
ïðîèçâåäåíèé âñåõ ìèíîðîâ k-ãî ïîðÿäêà, ñîäåðæàùèåñÿ â âûáðàííûõ
ñòðîêàõ (ñòîëáöàõ), íà èõ àëãåáðàè÷åñêèå äîïîëíåíèÿ ðàâíà îïðåäå-
ëèòåëþ | A | .

| A |=
∑

16j1<...<jk6n
MA

(
i1, . . . , ik
j1, . . . , jk

)
· CMA

(
i1, . . . , ik
j1, . . . , jk

)
.

Ñëåäñòâèå. Ñóììà ïðîèçâåäåíèé âñåõ ýëåìåíòîâ ëþáîé ñòðîêè (ëþ-
áîãî ñòîëáöà) ìàòðèöû A íà èõ àëãåáðàè÷åñêèå äîïîëíåíèÿ ðàâíà
îïðåäåëèòåëþ ìàòðèöû A. Ñóììà ïðîèçâåäåíèé âñåõ ýëåìåíòîâ ëþ-
áîé ñòðîêè (ëþáîãî ñòîëáöà) ìàòðèöû íà àëãåáðàè÷åñêèå äîïîëíåíèÿ
ñîîòâåòñòâóþùèõ ýëåìåíòîâ äðóãîé ñòðîêè (äðóãîãî ñòîëáöà) ýòîé æå
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ìàòðèöû ðàâíà íóëþ. Ïîëó÷àåì

| A |=
n∑
j=1

aijAij , i = 1, 2, . . . , n;

| A |=
n∑
i=1

aijAij , j = 1, 2, , . . . , n;

n∑
j=1

aijAij = 0, i, k = 1, 2, . . . , n, i 6= k;

n∑
i=1

aijAij = 0, j, k = 1, 2, . . . , n, j 6= k,

ãäå Aij - àëãåáðàè÷åñêîå äîïîëíåíèå ýëåìåíòà aij äàííîé ìàòðèöû.
Àëãåáðàè÷åñêîå äîïîëíåíèå ýëåìåíòà aij âû÷èñëÿåòñÿ ñëåäóþùèì îá-
ðàçîì:

1. Íàõîäèì ìèíîð ýëåìåíòà aij , ò.å. ìèíîð (n − 1)-ãî ïîðÿäêà, ïî-
ëó÷àþùèéñÿ èç èñõîäíîãî îïðåäåëèòåëÿ âû÷åðêèâàíèåì i-é ñòðîêè è
j-ãî ñòîëáöà. Îáîçíà÷åíèå: Mij .

2. Aij = (−1)i+jMij .

Êâàäðàòíàÿ ìàòðèöà A íàçûâàåòñÿ íåâûðîæäåííîé, åñëè | A |6= 0,
â ïðîòèâíîì ñëó÷àå ìàòðèöà íàçûâàåòñÿ âûðîæäåííîé.

Ìàòðèöåé, ïðèñîåäèíåííîé ê ìàòðèöå A, íàçûâàåòñÿ ìàòðèöà

A∗ =


A11 A21 . . . An1
A12 A22 . . . An2
...

...
. . .

...
A1n A2n . . . Ann

 .

Ìàòðèöà A−1 íàçûâàåòñÿ îáðàòíîé ê ìàòðèöå A, åñëè âûïîëíÿåòñÿ
óñëîâèå

AA−1 = A−1A = E,

ãäå E � åäèíè÷íàÿ ìàòðèöà òîãî æå ïîðÿäêà, ÷òî è ìàòðèöà A.
Òåîðåìà. Âñÿêàÿ íåâûðîæäåííàÿ ìàòðèöà èìååò îáðàòíóþ.
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Îáðàòíàÿ ìàòðèöà íàõîäèòñÿ ïî ôîðìóëå:

A−1 =
1

| A |
A∗ =

1

| A |


A11 A21 . . . An1
A12 A22 . . . An2
...

...
. . .

...
A1n A2n . . . Ann

 .

Ñâîéñòâà îáðàòíîé ìàòðèöû:

| A−1 |= 1

| A |
;

(AB)−1 = B−1A−1;

(A−1)T = (AT )
−1
.

Ñèñòåìîé ëèíåéíûõ óðàâíåíèé, ñîäåðæàùåém óðàâíåíèé è n íåèç-
âåñòíûõ, íàçûâàåòñÿ ñèñòåìà âèäà

a11x1 + a12x2 + · · ·+ a1nxn = b1,
a21x1 + a22x2 + · · ·+ a2nxn = b2,
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
am1x1 + am2x2 + · · ·+ amnxn = bm,

ãäå ÷èñëà aij , i = 1, 2, . . . ,m, j = 1, 2, . . . , n íàçûâàþòñÿ êîýôôèöèåí-
òàìè ñèñòåìû, ÷èñëà bi � ñâîáîäíûìè ÷ëåíàìè, xj � íåèçâåñòíûìè.

Â ìàòðè÷íîì âèäå ñèñòåìà ëèíåéíûõ óðàâíåíèé çàïèñûâàòñÿ â âè-
äå: AX = B. Çäåñü A � ìàòðèöà ñèñòåìû, X � âåêòîð-ñòîëáåö íåèç-
âåñòíûõ, B � âåêòîð-ñòîëáåö ñâîáîäíûõ ÷ëåíîâ:

A =


a11 a12 . . . a1n
a21 a22 . . . a2n
...

...
. . .

...
am1 am2 . . . amn

 , X =


x1
x2
...
xn

 , B =


b1
b2
...
bm

 .

Ðåøåíèåì ñèñòåìû ëèíåéíûõ óðàâíåíèé íàçûâàåòñÿ óïîðÿäî÷åí-
íûé íàáîð èç n ÷èñåë, ïðè ïîäñòàíîâêå êîòîðûõ âìåñòî íåèçâåñòíûõ â
ñèñòåìó âñå óðàâíåíèÿ ñèñòåìû îáðàùàþòñÿ â âåðíûå ðàâåíñòâà.

Ñèñòåìà ëèíåéíûõ óðàâíåíèé íàçûâàåòñÿ ñîâìåñòíîé, åñëè îíà
èìååò õîòÿ áû îäíî ðåøåíèå, è íåñîâìåñòíîé, åñëè îíà íå èìååò íè
îäíîãî ðåøåíèÿ.
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Ñîâìåñòíàÿ ñèñòåìà íàçûâàåòñÿ îïðåäåëåííîé, åñëè îíà èìååò
åäèíñòâåííîå ðåøåíèå, è íåîïðåäåëåííîé, åñëè îíà èìååò áîëåå îäíîãî
ðåøåíèÿ.

Èññëåäîâàòü ñèñòåìó ëèíåéíûõ óðàâíåíèé � çíà÷èò âûÿñíèòü, ñîâ-
ìåñòíà îíà èëè íåò. Åñëè ñîâìåñòíà, òî íàéòè åå ðåøåíèå.

Ðåøåíèå íåâûðîæäåííûõ ñèñòåì ëèíåéíûõ óðàâíåíèé ñðåäñòâàìè
ìàòðè÷íîãî èñ÷èñëåíèÿ. Ðàññìîòðèì ñèñòåìó n ëèíåéíûõ óðàâíåíèé ñ
n íåèçâåñòíûìè:

a11x1 + a12x2 + · · ·+ a1nxn = b1,
a21x1 + a22x2 + · · ·+ a2nxn = b2,
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
an1x1 + an2x2 + · · ·+ annxn = bn,

èëè â ìàòðè÷íîé ôîðìå: AX = B.
Ìàòðèöà A ñèñòåìû êâàäðàòíàÿ, îïðåäåëèòåëü ýòîé ìàòðèöû íàçû-

âàåòñÿ îïðåäåëèòåëåì ñèñòåìû ëèíåéíûõ óðàâíåíèé. Åñëè îïðåäåëè-
òåëü ñèñòåìû îòëè÷åí îò íóëÿ, òî ñèñòåìà ëèíåéíûõ óðàâíåíèé íàçû-
âàåòñÿ íåâûðîæäåííîé. Â ýòîì ñëó÷àå ðåøåíèå íàõîäèòñÿ ïî ôîðìóëå:

X = A−1B.

Ýòîò ñïîñîá ðåøåíèÿ íàçûâàþò ìàòðè÷íûì ñïîñîáîì ðåøåíèÿ ñèñòåì
ëèíåéíûõ óðàâíåíèé. Ñóùåñòâóþò äðóãèå ñïîñîáû ðåøåíèé ñèñòåì ëè-
íåéíûõ óðàâíåíèé [5, ñ. 21-33].

Ðåøåíèå ìàòðè÷íûõ óðàâíåíèé (A, B, X � ìàòðèöû ñîîòâåòñòâóþ-
ùèõ ðàçìåðíîñòåé):

AX = B ⇒ X = A−1B,
XA = B ⇒ X = BA−1,
AX +B = k C ⇒ X = A−1(k C −B),
XA+B = k C ⇒ X = (k C −B)A−1.

2.1. Çàäà÷è

Ðåøèòå ñèñòåìó óðàâíåíèé ñðåäñòâàìè ìàòðè÷íîãî èñ÷èñëåíèÿ

2.1

 x1 + 2x2 + 3x3 = 2,
x1 − x2 + 2x3 = 7,
−x1 + 2x2 + 4x3 = −3;

2.2

 3x1 + x2 − 3x3 = 17,
2x1 − x2 − 2x3 = 3,
x1 − 2x2 + 4x3 = −15;
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2.3

 7x1 + 2x2 + 4x3 = 7,
3x1 + 6x2 + x3 = 14,
5x1 + 9x2 + 11x3 = 12;

2.4

 3x1 + 3x2 + 3x3 = 0,
x1 − 5x2 − 8x3 = 18,
2x1 + 4x2 + 6x3 = −6;

2.5

 5x1 + 7x2 + 8x3 = 26,
7x1 + 8x2 + 5x3 = 23,
8x1 + 5x2 + 7x3 = 11;

2.6

 −2x1 − x2 − 5x3 = −29,
7x1 + x3 = 46,
−5x1 − 2x2 + 7x3 = −8;

2.7

 9x1 − 2x2 + 24x3 = 49,
2x1 − x2 + 12x3 = 27,
3x1 − 5x2 + 48x3 = 118;

2.8

 x1 + x2 + x3 = −1,
3x1 + 6x2 + 4x3 = 4,
9x1 + 36x2 + 16x3 = 64;

2.9

 x1 − x2 + 2x3 = 4,
−2x1 + 3x2 − 3x3 = −1,
4x1 − 4x2 + 5x3 = 22;

2.10

 3x1 + 5x2 + 7x3 = −3,
5x1 + 2x2 + 4x3 = 4,
7x1 + 4x2 + 6x3 = 6;

2.11

 x1 + 12x2 + 19x3 = 60,
−14x1 + x2 + 17x3 = 9,
−19x1−13x2+x3=−54;

2.12

 10x1 + 8x2 + 6x3 = 50,
5x1 + 5x2 + 4x3 = −5,
12x1 + 3x2 + 2x3 = 230;

2.13

 1,4x1+3,2x2+6,1x3=−39,
10x1+5x2+15x3=−100,
12x1 + 3x2 + 2x3 = 22;

2.14

 23x1 + 25x2 + 27x3 = 37,
−x1 − 2x2 + 4x3 = 6,
3x1 + 3x2 + 3x3 = 3;

2.15

 x1 + 5x2 + 25x3 = 23,
x1 + 7x2 + 49x3 = 13,
x1 + 8x2 + 64x3 = 5;

2.16

 −2x1 + 7x2 − 3x3 = 37,
−5x1 + x2 − x3 = −36,
−4x1 + 2x2−2x3=−18;

2.17

 12x1+11x2+10x3=−4,
9x1 + 15x2 + 3x3 = 6,
4x1 + 8x2 = 5;

2.18

 2x1 + 3x2 + 3x3 = 4,
4x1 + 8x2 + 8x3 = 4,
6x1 + 9x2 + 10x3 = 11;

2.19

 −2x2 + 2x3 = 4,
−2x1 + 4x2 + 5x3 = 21,
x1 − 5x2 + 4x3 = 3;

2.20

 3x1 + 2x2 + 3x3 = 4,
2x1 + x2 + x3 = 3,
5x1 − 4x2 + 2x3 = 20;

2.21

 −x1 − 2x2 − 3x3 = −26,
4x1 + 2x2 + 2x3 = 28,
2, 5x1 − 2x2 + x3 = −3;

2.22

 13x1 + x2 + 2x3 = −10,
x1 + 11x2 − 3x3 = 7,
2x1 − 3x2 + 7x3 = 2;

2.23

 x1 + 3x2 + 3x3 = 8,
3x1 + x2 + 2x3 = 7,
2x1 + 3x2 + x3 = 9;
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2.24

 4x1 + 5x2 − 2x3 = 1,
2x1 + 7x2 − 3x3 = −2,
3x1 + x2 + 2x3 = 0;

2.25

 3x1 + x2 − x3 = −5,
x1 + 2x2 − 3x3 = −1,
2x1 − x2 + x3 = −5;

2.26

 x1 + x2 + x3 = 1,
x1 + 2x2 + 3x3 = 0,
x1 + 4x2 + 9x3 = −4;

2.27

 x1 − 2x2 − x3 = −5,
x1 + 2x2 − 2x3 = 2,
3x1 + x2 − 4x3 = −2;

2.28

 x1 − 2x2 + x3 = −2,
x1 + 2x2 + 2x3 = 1,
3x1 + x2 + 4x3 = 0;

2.29

 3x1 − 3x2 + 2x3 = 1,
4x1 − 5x2 + 3x3 = 1,
5x1 − 6x2 + 4x3 = 3;

2.30

 2x1 + 3x2 − 2x3 = 0,
x1 + 2x2 + x3 = −1,
3x1 + 4x2 + 2x3 = 1;

2.31

 x1 + 2x2 + x3 = 8,
x1 + x2 + 3x3 = 12,

x2 + x3 = 5;

2.32

 −4x1 − 3x2 + x3 = 5,
x1 − 2x2 + 2x3 = −1,
3x1 + 2x2 − x3 = 4;

2.33

 7x1 + 3x2 − x3 = 29,
x1 − 2x2 + x3 = −14,
−4x1 + 2x2 − x3 = 11;

2.34

 4x1 + 3x2 − x3 = 17,
−2x1 − x2 + 4x3 = −4,
2x1 + x2 − 6x3 = 2;

2.35

 x1 + 2x2 + 3x3 = 13,
2x1 − x2 − x3 = −3,
x1 + 3x2 + 4x3 = 18;

2.36

 2x1 + x2 + x3 = 3,
x1 + 2x2 − x3 = 0,
x1 − x2 + x3 = 12;

2.37

 x1 − 2x2 + 3x3 = 2,
2x1 − 3x2 + 7x3 = 7,
3x1 − 4x2 + 5x3 = 6;

2.38

 x1 + 2x2 = 10,
3x1 + 2x2 + x3 = 23,

x2 + 2x3 = 13;

2.39

 4x1 + 3x2 − x3 = 14,
−2x1 − x2 + 4x3 = −3,
5x1 + 3x2 − 2x3 = 16;

2.40

 2x1 + x2 + 2x3 = 5,
3x1 + 2x2 + 3x3 = 8,
−2x1 + 3x2 + 6x3 = 7.

2.2. Óïðàæíåíèÿ

Ðåøèòå ìàòðè÷íûå óðàâíåíèÿ
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2.2. ÓÏÐÀÆÍÅÍÈß

2.41

4 2 1
3 −2 0
0 −1 2

 ·X =

2 0 2
5 −7 −2
1 0 −1

 .

2.42

1 1 1
2 −3 1
4 1 −5

 ·X =

1 −1 0
2 2 2
0 −3 −2

 .

2.43 X ·

 1 3 1
4 3 −2
−5 −4 −1

 =

 1 1 −1
−1 2 3

0 −1 −2

 .

2.44

 5 3 −1
−2 0 4

3 5 −1

 ·X =

 1 4 16
−3 −2 0

5 7 22

 .

2.45 X ·

 5 1 2
−1 2 0

1 0 1

 =

 8 1 5
−2 2 −1
17 1 7

 .

2.46

 2 3 1
−1 2 4

5 3 0

 ·X =

 2 7 13
−1 0 5

5 13 20

 .

2.47

1 2 −3
0 1 2
1 0 4

 ·X =

4 0 −1
2 1 1
1 3 0

 .

2.48 X ·

 3 2 1
2 3 1
−1 −3 −1

 =

5 −2 0
1 −16 −4
2 3 1

 .

2.49

4 −2 0
1 1 2
3 −2 0

 ·X =

0 −2 6
2 4 3
0 −3 4

 .

2.50 X ·

1 1 1
2 3 1
2 2 3

 =

 4 5 3
−3 −2 7

6 9 2

 .

25



ÃËÀÂÀ 2. ÌÀÒÐÈÖÛ

2.3. Ïðèìåðû ðåøåíèÿ çàäàíèé

Ïðèìåð 2.1. Âû÷èñëèòü ïðîèçâåäåíèå ìàòðèö:

A =

 2 3 1
3 5 −2
−8 7 5

 , B =

−6 5
2 −4
3 −2

 .

AB =

 ~A1

~A2

~A3

 · (B↓1 B↓2
)

=

 ~A1 ·B↓1 ~A1 ·B↓2
~A2 ·B↓1 ~A2 ·B↓2
~A3 ·B↓1 ~A3 ·B↓2

 .

~A1 = (2, 3, 1), ~A2 = (3, 5,−2), ~A1 = (−8, 7, 5),

B↓1 =

 −6
2
3

 , B↓2 =

 5
−4
−2

 .

AB =

 2 3 1
3 5 −2
−8 7 5

 ·
−6 5

2 −4
3 −2

 =

=

 2 · (−6) + 3 · 2 + 1 · 3 2 · 5 + 3 · (−4) + 1 · (−2)
3 · (−6) + 5 · 2 + (−2) · 3 3 · 5 + 5 · (−4) + (−2) · (−2)
(−8) · (−6) + 7 · 2 + 5 · 3 (−8) · 5 + 7 · (−4) + 5 · (−2)

 =

=

 −3 −4
−14 −1

77 −78

 .

Ïðèìåð 2.2. Ðåøèòü ñèñòåìó ëèíåéíûõ óðàâíåíèé ñðåäñòâàìè
ìàòðè÷íîãî èñ÷èñëåíèÿ 2x1 − x2 + x3 = 0,

3x1 + 2x2 − 5x3 = 1,
x1 + 3x2 − 2x3 = 4.

Ðåøåíèå. Îáîçíà÷èì

A =

2 −1 1
3 2 −5
1 3 −2

 , X =

x1x2
x3

 , B =

0
1
4

 .

Â ìàòðè÷íîì âèäå ñèñòåìà çàïèøåòñÿ êàê AX = B. Íàéäåì îïðå-
äåëèòåëü ñèñòåìû:

| A | =

∣∣∣∣∣∣
2 −1 1
3 2 −5
1 3 −2

∣∣∣∣∣∣ = 2 · 2 · (−2) + 1 · 3 · 3 + (−1) · (−5) · 1−
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−1 · 2 · 1− 2 · (−5) · 3− (−1) · 3 · (−2) = −8 + 9 + 5− 2 + 30− 6 = 28,
Äëÿ íàõîæäåíèÿ îáðàòíîé ìàòðèöû ñíà÷àëà âûïèøåì àëãåáðàè÷å-

ñêèå äîïîëíåíèÿ:

A11 =

∣∣∣∣ 2 −5
3 −2

∣∣∣∣ = 14, A21 = −
∣∣∣∣−1 1

3 −2

∣∣∣∣ = 1, A31 =

∣∣∣∣−1 1
2 −5

∣∣∣∣ = 3,

A12=−
∣∣∣∣ 3 −5
1 −2

∣∣∣∣ = 1, A22 =

∣∣∣∣ 2 1
1 −2

∣∣∣∣ = −5, A32=−
∣∣∣∣ 2 1
3 −5

∣∣∣∣ = 13,

A13 =

∣∣∣∣ 3 2
1 3

∣∣∣∣ = 11, A23 = −
∣∣∣∣ 2 −1
1 3

∣∣∣∣ = −7, A33 =

∣∣∣∣ 2 −1
3 2

∣∣∣∣ = 7.

Ïîëó÷àåì îáðàòíóþ ìàòðèöó

A−1 =
1

| A |
·

A11 A21 A31

A12 A22 A32

A13 A23 A33

 =
1

28

14 1 3
1 −5 13
11 −7 7

 .

Òåïåðü íàéäåì íåèçâåñòíûå:

X = A−1B=
1

28

14 1 3
1 −5 13
11 −7 7

0
1
4

= 1

28

13
47
21

 .

Ðåøåíèåì ñèñòåìû ëèíåéíûõ óðàâíåíèé ÿâëÿþòñÿ ÷èñëà

x1 =
13

28
, x2 =

47

28
, x3 =

3

4
.

Ïðîâåðêà:
2 · 13

28
− 47

28
+

3

4
=

26− 47 + 21

28
= 0,

3 · 13

28
+ 2 · 47

28
− 5 · 3

4
=

39 + 94− 105

28
= 1,

13

28
+ 3 · 47

28
− 2 · 3

4
=

13 + 141− 42

28
= 4.

Ïðèìåð 2.3. Ðåøèòü ìàòðè÷íîå óðàâíåíèå1 1 0
2 1 2
0 1 1

X =

 5 −1 2
−6 4 6
−2 0 7

 .

Ðåøåíèå:
Ìàòðè÷íîå óðàâíåíèå èìååò âèä: AX = B, ðåøåíèå íàõîäèòñÿ ïî

ôîðìóëå: X = A−1B. Íàéäåì A−1.
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| A | =

∣∣∣∣∣∣
1 1 0
2 1 2
0 1 1

∣∣∣∣∣∣ = −3,

A11 =

∣∣∣∣ 1 2
1 1

∣∣∣∣ = −1, A21 = −
∣∣∣∣ 1 0

1 1

∣∣∣∣ = −1, A31 =

∣∣∣∣ 1 0
1 2

∣∣∣∣ = 2,

A12 = −
∣∣∣∣ 2 2

0 1

∣∣∣∣ = −2, A22 =

∣∣∣∣ 1 0
0 1

∣∣∣∣ = 1, A32 = −
∣∣∣∣ 1 0

2 2

∣∣∣∣ = −2,

A13 =

∣∣∣∣ 2 1
0 1

∣∣∣∣ = 2, A23 = −
∣∣∣∣ 1 1

0 1

∣∣∣∣ = −1, A33 =

∣∣∣∣ 1 1
2 1

∣∣∣∣ = −1.

A∗ =

A11 A21 A31

A12 A22 A32

A13 A23 A33

 =

−1 −1 2
−2 1 −2

2 −1 −1

.
Ïîëó÷àåì îáðàòíóþ ìàòðèöó

A−1 =
1

−3

−1 −1 2
−2 1 −2

2 −1 −1

 .

Íàéäåì X.

X = A−1B =
1

| A |
A∗B.

A∗B =

−1 −1 2
−2 1 −2

2 −1 −1

 5 −1 2
−6 4 6
−2 0 7

 =

=

 −5 + 6 + (−4) 1 + (−4) + 0 −2 +−16 + 14
−10 + (−6) + 4 2 + 4 + 0 −4 + 6 + (−14)

10 + 6 + 2 −2 + (−4) + 0 4 + (−6) + (−7)

 =

=

 −3 −3 6
−12 6 −12

18 −6 −9

 .

X =
1

−3

 −3 −3 6
−12 6 −12

18 −6 −9

 =

 1 1 −2
4 −2 4
−6 2 3

 .
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Ïðèìåð 2.4. Ðàçëàãàÿ ïî ñòðîêå, âû÷èñëèòü îïðåäåëèòåëü:

| A | =

∣∣∣∣∣∣∣∣
−5 1 3 −4

2 0 1 −1
3 1 −1 2
1 −5 3 −3

∣∣∣∣∣∣∣∣ .
Ðåøåíèå: Ðàçëîæèì ýòîò îïðåäåëèòåëü ïî âòîðîé ñòðîêå. Èñïîëüçóåì
ôîðìóëó: Aij = (−1)i+jMij .

| A | = a21A21 + a22A22 + a23A23 + a24A24 =

= −2

∣∣∣∣∣∣
1 3 −4
1 −1 2
−5 3 −3

∣∣∣∣∣∣+ 0−

∣∣∣∣∣∣
−5 1 −4

3 1 2
1 −5 −3

∣∣∣∣∣∣+ (−1)

∣∣∣∣∣∣
−5 1 3

3 1 −1
1 −5 3

∣∣∣∣∣∣ =

= −2(3− 12− 30 + 20− 6 + 9)− (15 + 60 + 2 + 4− 50 + 9)− (−15− 45−
−1− 3 + 25− 9) = 32− 40 + 48 = 40.

Ïðèìåð 2.5. Èñïîëüçóÿ òåîðåìó Ëàïëàñà, âû÷èñëèòü îïðåäåëè-
òåëü:

| A | =

∣∣∣∣∣∣∣∣∣∣
−1 −1 3 −1 0

0 2 0 −1 −4
1 −3 2 −2 1
−3 −1 −2 2 1

0 3 0 1 3

∣∣∣∣∣∣∣∣∣∣
.

Ðåøåíèå: Ðàçëîæèì ýòîò îïðåäåëèòåëü ïî ïåðâîìó è òðåòüåìó ñòîëáöó,
òàê êàê â íèõ ðàñïîëîæåíû íóëè.

Âûïèøåì ìèíîðû 2-ãî ïîðÿäêà, íàõîäÿùèåñÿ â ýòèõ ñòîëáöàõ.

MA ( 1 3
1 3 ) =

∣∣∣∣a11 a13
a31 a33

∣∣∣∣ =

∣∣∣∣−1 3
1 2

∣∣∣∣ = −5.

MA ( 1 4
1 3 ) =

∣∣∣∣a11 a13
a41 a43

∣∣∣∣ =

∣∣∣∣−1 3
−3 −2

∣∣∣∣ = 11.

MA ( 3 4
1 3 ) =

∣∣∣∣a31 a33
a41 a43

∣∣∣∣ =

∣∣∣∣ 1 2
−3 −2

∣∣∣∣ = 4.

Âûïèøåì àëãåáðàè÷åñêèå äîïîëíåíèÿ äàííûõ ìèíîðîâ.

CMA ( 1 3
1 3 ) = (−1)1+3+1+3CMA ( 1 3

1 3 ) = (−1)1+3+1+3

∣∣∣∣∣∣
a22 a24 a25
a42 a44 a45
a52 a54 a55

∣∣∣∣∣∣ =
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=

∣∣∣∣∣∣
2 −1 −4
−1 2 1

3 1 3

∣∣∣∣∣∣ = 44.

CMA ( 1 4
1 3 ) = (−1)1+4+1+3CMA ( 1 4

1 3 ) = (−1)1+4+1+3

∣∣∣∣∣∣
a22 a24 a25
a32 a34 a35
a52 a54 a55

∣∣∣∣∣∣ =

= (−1)

∣∣∣∣∣∣
2 −1 −4
−3 −2 1

3 1 3

∣∣∣∣∣∣ = 38.

CMA ( 3 4
1 3 ) = (−1)3+4+1+3CMA ( 3 4

1 3 ) = (−1)3+4+1+3

∣∣∣∣∣∣
a12 a14 a15
a22 a24 a25
a52 a54 a55

∣∣∣∣∣∣ =

= (−1)

∣∣∣∣∣∣
−1 −1 0

2 −1 −4
3 1 3

∣∣∣∣∣∣ = −17.

|A|=MA ( 1 3
1 3 )·CMA ( 1 3

1 3 )+MA ( 1 4
1 3 )·CMA ( 1 4

1 3 )+MA ( 3 4
1 3 )CMA ( 3 4

1 3 ) =

= (−5) · 44 + 11 · 38 + 4 · (−17) = 130.
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Ãëàâà 3

Ìíîãî÷ëåíû

Âûðàæåíèå âèäà f(x) = a0 + a1x + a2x
2 + · · · + anx

n, ãäå
a0, a1, a2, . . . , an∈R, n∈N, íàçûâàåòñÿ ìíîãî÷ëåíîì (èëè ïîëèíîìîì) îò
ïåðåìåííîé x íàä ïîëåì äåéñòâèòåëüíûõ ÷èñåë. ×èñëà a0, . . . , an íàçû-
âàþòñÿ êîýôôèöèåíòàìè ìíîãî÷ëåíà, à ÷èñëî n � åãî ñòåïåíüþ, åñëè
an 6= 0.

Ìíîãî÷ëåíû íóëåâîé ñòåïåíè � ýòî ýëåìåíòû ïîëÿ.
Ñòåïåíü ìíîãî÷ëåíà f(x) îáîçíà÷àåòñÿ ÷åðåç deg f(x). Ìíîãî÷ëåíû

ìîæíî ñêëàäûâàòü è ïåðåìíîæàòü, ïðè÷¼ì

deg(f(x) + g(x)) 6 max{deg f(x),deg g(x)},

deg (f(x)g(x)) = deg f(x) + deg g(x).

Ïðåäëîæåíèå. Ìíîæåñòâî ìíîãî÷ëåíîâ ÿâëÿåòñÿ àññîöèàòèâíûì è
êîììóòàòèâíûì êîëüöîì ñ åäèíèöåé.

Êîëüöî ìíîãî÷ëåíîâ îáîçíà÷àåòñÿ ÷åðåç R[x].

Çàìå÷àíèå. Âìåñòî ïîëÿ R â êà÷åñòâå êîýôôèöèåíòîâ ìîæíî âçÿòü
ïîëå êîìïëåêñíûõ ÷èñåë C . Ïîëó÷èì êîëüöî, êîòîðîå îáîçíà÷àåòñÿ
÷åðåç C[x].

Ìíîãî÷ëåíû f(x) =
n∑
k=0

akx
k è g(x) =

n∑
k=0

bkx
k ∈R[x] ðàâíû, åñëè

ak = bk ∀k = 1, . . . , n.

Ïóñòü f(x) =
n∑
k=0

akx
k è g(x) =

s∑
k=0

bkx
k ∈ R[x] è, íàïðèìåð, n > s.
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Ìíîãî÷ëåíû h(x) =
n∑
k=0

ckx
k è p(x) =

n+s∑
k=0

dkx
k íàçûâàþòñÿ ñóììîé

è ïðîèçâåäåíèåì ñîîòâåòñòâåííî ìíîãî÷ëåíîâ f(x) è g(x) è îáîçíà÷à-
þòñÿ:

h = f + g,

p = f · g,

åñëè
ck = ak + bk, ïðè÷åì ïðè n > s, bs+1, . . . , bn = 0

dk =
∑
i+j=k

aibj , k = 0, 1, . . . , n+ s.

Ïðåäëîæåíèå. Ïóñòü f(x) è g(x)∈R[x] è g(x) 6≡ 0. Òîãäà ñó-
ùåñòâóåò åäèíñòâåííàÿ ïàðà òàêèõ ìíîãî÷ëåíîâ q(x) è r(x), ÷òî
f(x) = q(x)g(x) + r(x), 0 6 deg r(x) < deg g(x).

Ìíîãî÷ëåí q(x) íàçûâàåòñÿ (íåïîëíûì) ÷àñòíûì îò äåëåíèÿ ìíî-
ãî÷ëåíà f(x) íà ìíîãî÷ëåí g(x), à r(x) � îñòàòêîì. Åñëè r(x) = 0, òî
ãîâîðÿò, ÷òî f(x) äåëèòñÿ íà g(x). Â ýòîì ñëó÷àå g(x) íàçûâàåòñÿ äåëè-
òåëåì ìíîãî÷ëåíà f(x), à q(x) � ïðîñòî ÷àñòíûì. Â ðåçóëüòàòå èìååì:

f(x)

g(x)
= q(x) +

r(x)

g(x)
.

Åñëè ìíîãî÷ëåí f(x) äåëèòñÿ (íàöåëî) íà ìíîãî÷ëåí g(x), òî áóäåì ýòî

îáîçíà÷àòü: f(x)
... g(x).

Ñâîéñòâà äåëèìîñòè ìíîãî÷ëåíîâ.

1) f(x)
... g(x), g(x)

...h(x)⇒ f(x)
...h(x).

2) f(x)
...ϕ(x), g(x)

...ϕ(x)⇒ (f(x)± g(x))
...ϕ(x).

3) f(x)
...ϕ(x)⇒ f(x) · g(x)

...ϕ(x),∀g(x).

4) Åñëè f1(x), f2(x), · · · , fk(x)
...ϕ(x), òî íà ϕ äåëèòñÿ è ìíîãî÷ëåí

f(x)g1(x) + · · ·+ fk(x)gk(x), ãäå gi(x) � ïðîèçâîëüíûå ìíîãî÷ëåíû.
5) Âñÿêèé ìíîãî÷ëåí f(x) äåëèòñÿ íà ëþáîé ìíîãî÷ëåí íóëåâîé

ñòåïåíè.

6) f(x)
...ϕ(x)⇒ f(x)

... c · ϕ(x),∀c 6= 0.
7) Ìíîãî÷ëåíû f(x) è g(x) îäíîâðåìåííî äåëÿòñÿ äðóã íà äðóãà

⇔ g(x) = cf(x), c 6= 0.

32



Äåëåíèå ìíîãî÷ëåíà f(x) íà ìíîãî÷ëåí g(x) ñ îñòàòêîì âûïîëíÿ-
åòñÿ ¾óãîëêîì¿, äàííûé ìåòîä îñóùåñòâëÿåòñÿ ñëåäóþùèì îáðàçîì:

f(x) = anx
n + an−1x

n−1+ · · · g(x) = bmx
m + · · ·

−(anb
−1
m xn−m · g(x)) = −(anx

n+ · · · ) anb−1m xn−m + · · · = q(x)

f1(x)

. . . .

r(x)

Ïóñòü
f(x) = anx

n + an−1x
n−1 + · · · a1x+ a0,

g(x) = bmx
m + bm−1x

m−1 + · · · b1x+ b0,

ãäå deg f(x) > deg g(x) è an, bm 6= 0. Ðàññìîòðèì ìíîãî÷ëåí

f1(x) = f(x)− anbm−1xn−mg(x).

Åñëè deg f1(x) < deg g(x), òî

q(x) = anbm
−1xn−m, r(x) = f1(x).

Åñëè deg f1(x) > deg g(x), òî äåëèì f1(x) íà f(x) è ò.ä. Ïîëó÷èì ìíî-
ãî÷ëåí âèäà:

q(x) = cn−mx
n−m + cn−m−1x

n−m−1 + · · ·+ c1x+ c0,

deg (f(x)− q(x)g(x)) < deg g(x). Ïîëó÷èëè q(x) � íåïîëíîå ÷àñòíîå îò
äåëåíèÿ ìíîãî÷ëåíà f(x) íà ìíîãî÷ëåí g(x), à îñòàòêîì îò äåëåíèÿ
áóäåò ìíîãî÷ëåí r(x) = f(x)− q(x)g(x).

Çíà÷åíèåì ìíîãî÷ëåíà f(x) = anx
n+an−1x

n−1+ · · · a1x+a0 â òî÷êå
α∈R íàçûâàþò ÷èñëî, ðàâíîå

f(α) = anα
n + an−1α

n−1 + · · · a1α+ a0.

α � êîðåíü ìíîãî÷ëåíà f(x), åñëè f(α) = 0.
Òåîðåìà Áåçó. Îñòàòîê îò äåëåíèÿ ëþáîãî ìíîãî÷ëåíà f(x)∈R[x]

íà äâó÷ëåí (x − c)∈R[x], c∈R, ðàâåí çíà÷åíèþ f(c). Â ÷àñòíîñòè, f(x)
äåëèòñÿ íà (x − c) òîãäà è òîëüêî òîãäà, êîãäà f(c) = 0 ( c � êîðåíü
ìíîãî÷ëåíà).
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Äîêàçàòåëüñòâî òåîðåìû ïðèâåäåíî â [1, ñ. 179].
Äëÿ âû÷èñëåíèÿ ÷àñòíîãî è îñòàòêà îò äåëåíèÿ ìíîãî÷ëåíà

f(x) = anx
n + an−1x

n−1 + · · · a1x+ a0

íà äâó÷ëåí (x− c) î÷åíü óäîáíî èñïîëüçîâàòü ñõåìó Ãîðíåðà.
Çàïîëíÿåòñÿ òàáëèöà

an an−1 · · · a0
c an = bn an−1 + bn · c = bn−1 · · · a0 + b1 · c = b0

Âåðõíÿÿ ñòðîêà êîòîðîé � ýòî êîýôôèöèåíòû ìíîãî÷ëåíà f(x), êîýô-
ôèöèåíòû íèæíåé ñòðîêè âû÷èñëÿþòñÿ ïî ðåêóððåíòíûì ôîðìóëàì:
bn = an, bi = ai + bi+1 c, i = 0, 1, . . . , n− 1.

Ïîëó÷åííûå ÷èñëà bn, bn−1, . . . , b1 ÿâëÿþòñÿ êîýôôèöèåíòàìè ÷àñò-
íîãî îò äåëåíèÿ ìíîãî÷ëåíà f(x) íà äâó÷ëåí (x − c), à b0 � îñòàòêîì
⇒ b0 = f(c). Òî åñòü

f(x) = (x− c)(bnxn−1 + bn−1x
n−2 + · · ·+ b2x+ b1) + b0.

Ñ ïîìîùüþ ñõåìû Ãîðíåðà ìîæíî ðåøàòü òàêèå òèïû çàäà÷:
1) íàéòè q(x) è r ïðè äåëåíèè f(x) íà (x− c);
2) âû÷èñëèòü çíà÷åíèå ìíîãî÷ëåíà f(x) ïðè x = c ;
3) âûÿñíèòü áóäåò ëè x = c êîðíåì ìíîãî÷ëåíà f(x);
4) îïðåäåëèòü êðàòíîñòü êîðíÿ;
5) ðàçëîæèòü ìíîãî÷ëåí ïî ñòåïåíÿì (x− c).
Ìíîãî÷ëåí ϕ(x) íàçûâàåòñÿ îáùèì äåëèòåëåì äëÿ ìíîãî÷ëåíîâ

f(x) è g(x), åñëè îí ñëóæèò äåëèòåëåì äëÿ êàæäîãî èç ýòèõ ìíîãî-
÷ëåíîâ.

Íàèáîëüøèì îáùèì äåëèòåëåì (ÍÎÄ) îòëè÷íûõ îò íóëÿ ìíîãî÷ëå-
íîâ f(x) è g(x) èç R[x] íàçûâàåòñÿ òàêîé ìíîãî÷ëåí d(x)∈R[x], êîòîðûé
ÿâëÿåòñÿ èõ îáùèì äåëèòåëåìè, ñàì äåëèòñÿ íà ëþáîé äðóãîé îáùèé
äåëèòåëü ýòèõ ìíîãî÷ëåíîâ.

Îáîçíà÷åíèå: ÍÎÄ(f(x), g(x)) = (f(x), g(x)) .
Íåíóëåâîé ìíîãî÷ëåí ñî ñòàðøèì êîýôôèöèåíòîì, ðàâíûì åäèíè-

öå, íàçûâàþò óíèòàðíûì.
Òåîðåìà. Ïóñòü äàíû äâà ìíîãî÷ëåíà f(x) è g(x), îòëè÷íûå îò

íóëÿ, òîãäà ñóùåñòâóåò åäèíñòâåííûé óíèòàðíûé íàèáîëüøèé îáùèé
äåëèòåëü ýòèõ ìíîãî÷ëåíîâ.

Àëãîðèòì Åâêëèäà íàõîæäåíèÿ ÍÎÄ äâóõ ìíîãî÷ëåíîâ.
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Ïóñòü äàíû äâà ìíîãî÷ëåíà f(x) è g(x), îòëè÷íûå îò íóëÿ, ïðè÷åì

deg f(x) > deg g(x), åñëè f(x)
... g(x), òî g(x) è åñòü ÍÎÄ. Â ïðîòèâíîì

ñëó÷àå ðàçäåëèì f(x) ñ îñòàòêîì íà g(x) :

f(x) = g(x) · q1(x) + r1(x).

Ïîñëå ýòîãî ðàçäåëèì g(x) ñ îñòàòêîì íà r1(x) :

g(x) = r1(x) · q2(x) + r3(x).

Åñëè r2(x) = 0, òî ïðîöåññ çàêîí÷åí, à åñëè r2 6= 0, òî ðàçäåëèì r1(x)
ñ îñòàòêîì íà r2(x) :

r1(x) = r2(x) · q3(x) + r3(x).

Ïðîäîëæàåì ýòî ïðîöåññ, ïîêà íå ïîëó÷èòñÿ îñòàòîê, ðàâíûé íóëþ, òàê
êàê ñòåïåíè îñòàòêîâ ïîñòîÿííî óáûâàþò. Èòàê, åñëè rn(x) � ïîñëåäíèé
íåíóëåâîé îñòàòîê, òî rn+1(x) = 0 è (f(x), g(x)) = rn(x) = d(x).

Òåîðåìà. Åñëè (f(x), g(x)) = d(x), òî ñóùåñòâóþò òàêèå ìíîãî÷ëå-
íû u(x), v(x)∈R[x], ÷òî ÍÎÄ ìîæåò áûòü ïðåäñòàâëåí â âèäå

d(x) = f(x)u(x) + g(x)v(x),

ïðè÷åì, åñëè deg f(x) > 0 è deg g(x) > 0, òî u(x), v(x) ìîæíî âûáðàòü
òàê, ÷òî deg u(x) < deg g(x), deg v(x) < deg f(x).

Äîêàçàòåëüñòâî òåîðåìû ïðèâåäåíî â [1, ñ. 184].
Íàèáîëüøèé îáùèé äåëèòåëü ìíîãî÷ëåíîâ îïðåäåëÿåòñÿ ëèøü ñ

òî÷íîñòüþ äî ìíîæèòåëÿ ñòàðøåé ñòåïåíè. Áåç ïîòåðè îáùíîñòè ìîæ-
íî ñ÷èòàòü, ÷òî ñòàðøèé êîýôôèöèåíò ÍÎÄ ðàâåí åäèíèöå.

Ìíîãî÷ëåíû f(x), g(x)∈R[x] íàçûâàþòñÿ âçàèìíî ïðîñòûìè, åñëè
(f(x), g(x)) = 1.

Òåîðåìà. (Êðèòåðèé âçàèìíîé ïðîñòîòû ìíîãî÷ëåíîâ)
Ìíîãî÷ëåíû f(x), g(x)∈R[x] âçàèìíî ïðîñòû òîãäà è òîëüêî òîãäà,

êîãäà
∃u(x), v(x)∈R[x] : f(x)u(x) + g(x)v(x) = 1.

Äîêàçàòåëüñòâî òåîðåìû îñòàåòñÿ â êà÷åñòâå óïðàæíåíèÿ.
Ñâîéñòâà âçàèìíî ïðîñòûõ ìíîãî÷ëåíîâ.
1. (f(x), g(x)) = 1, (f(x), h(x)) = 1⇒ (f(x), g(x)h(x)) = 1.

2. (f(x), g(x)) = 1, (g(x)h(x))
... f(x)⇒ h(x)

... f(x).
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3. (f(x), g(x)) = 1, h(x)
... f(x), h(x)

... g(x)⇒ h(x)
... (f(x)g(x)).

4. (f(x), g(x)) = d(x), d(x) 6= 0⇒
(
f(x)
d(x) ,

g(x)
d(x)

)
= 1.

Íàèìåíüøèì îáùèì êðàòíûì (ÍÎÊ) ìíîãî÷ëåíîâ f(x) è g(x) èç
R[x] íàçûâàåòñÿ òàêîé ìíîãî÷ëåí k(x)∈R[x], êîòîðûé îáëàäàåò ñëåäó-
þùèìè ñâîéñòâàìè:

1) k(x) � îáùåå êðàòíîå ìíîãî÷ëåíîâ f(x), g(x);

2) åñëè k1(x) � ëþáîå îáùåå êðàòíîå f(x), g(x), òî k1(x)
... k(x).

Îáîçíà÷åíèå: ÍÎÊ(f(x), g(x)) .
Äëÿ íàõîæäåíèÿ íàìåíüøåãî îáùåãî êðàòíîãî äâóõ ìíîãî÷ëåíîâ

ìîæíî èñïîëüçîâàòü ñâÿçü ìåæäó íàèáîëüøèì îáùèì äåëèòåëåì è
íàèìåíüøèì îáùèì êðàòíûì:

ÍÎÄ(f(x), g(x))·ÍÎÊ(f(x), g(x)) = f(x) · g(x).
Äåëèòåëü d(x)∈R[x] ìíîãî÷ëåíà f(x)∈R[x] íàçûâàåòñÿ ñîáñòâåí-

íûì, åñëè 0 < deg d(x) < deg f(x). Â ïðîòèâíîì ñëó÷àå � íåñîáñòâåí-
íûì.

Ìíîãî÷ëåí f(x)∈R[x] íàçûâàåòñÿ íåïðèâîäèìûì â êîëüöå R[x], åñ-
ëè deg f(x) > 0 è f(x) íå èìååò ñîáñòâåííûõ äåëèòåëåé â R[x]. Ìíîãî-
÷ëåí, èìåþùèé ñîáñòâåííûå äåëèòåëè â R[x], íàçûâàåòñÿ ïðèâîäèìûì.

Ìíîãî÷ëåí íóëåâîé ñòåïåíè è íóëåâîé ìíîãî÷ëåí íå ÿâëÿþòñÿ íè
ïðèâîäèìûìè, íè íåïðèâîäèìûìè.

Óòâåðæäåíèå. Ìíîãî÷ëåí f(x)∈R[x] ïðèâîäèì ⇔

f(x) = g(x) · h(x), deg f(x) > deg g(x), deg f(x) > deg h(x).

Äîêàçàòåëüñòâî î÷åâèäíî.
Óòâåðæäåíèå. Ìíîãî÷ëåí f(x)∈R[x] ïðè 2 6 deg f(x) 6 3 íåïðèâî-

äèì íàä R òîãäà è òîëüêî òîãäà, êîãäà f(x) íå èìååò êîðíåé â R.
Äîêàçàòåëüñòâî ñëåäóåò èç òåîðåìû Áåçó.
Ñëåäñòâèå. Â êîëüöå R[x] íåðàçëîæèìûìè ÿâëÿþòñÿ ìíîãî÷ëåíû

ïåðâîé ñòåïåíè, à òàêæå êâàäðàòíûå òð¼õ÷ëåíû
ax2 + bx+ c,D < 0.
Òåîðåìà. f(x)∈R[x] � íåïðèâîäèìûé ìíîãî÷ëåí. Òîãäà

1) ∀g(x)∈R[x] : g(x)
... f(x) èëè (f(x), g(x)) = 1;

2) ∀g(x), h(x)∈R[x] : g(x)h(x)
... f(x)⇒ g(x)

... f(x) èëè h(x)
... f(x);

3) åñëè g(x)∈R[x] � íåïðèâîäèìûé ìíîãî÷ëåí
⇒ (f(x), g(x)) = 1 ëèáî f(x) = kg(x), k∈R.
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Òåîðåìà. Ëþáîé ìíîãî÷ëåí f(x)∈R[x] deg f(x) > 0 ëèáî íåïðèâî-
äèì íàä R, ëèáî ðàçëàãàåòñÿ â ïðîèçâåäåíèå íåïðèâîäèìûõ íàä R ìíî-
ãî÷ëåíîâ. Ðàçëîæåíèå îäíîçíà÷íî ñ òî÷íîñòüþ äî ïåðåñòàíîâêè ìíî-
æèòåëåé.

f(x) = an(x− α1)n1 · . . . · (x− αk)nk ·
· (x2 + p1x+ q1)m1 · . . . · (x2 + psx+ qs)

ms .

Âñå ñîìíîæèòåëè ïîïàðíî ðàçëè÷íû, α1, α2 . . . αk � ðàçëè÷íûå äåé-
ñòâèòåëüíûå êîðíè ìíîãî÷ëåíà f(x), p2i − 4qi < 0, i = 1, 2, . . . , s è
deg f(x) = n1 + . . . + nk + 2(m1 + . . . +ms). ×èñëà nj , j = 1, 2, . . . , k
íàçûâàþòñÿ êðàòíîñòüþ êîðíÿ αj .

Òåîðåìà î ðàöèîíàëüíûõ êîðíÿõ ìíîãî÷ëåíà. Åñëè ìíîãî-
÷ëåí f(x) = anx

n + an−1x
n−1 + · · · a1x+ a0 ñ öåëûìè êîýôôèöèåíòàìè

èìååò ðàöèîíàëüíûé êîðåíü x0 =
p

q
, òî a0

... p è an
... q.

Äîêàçàòåëüñòâî: Ïóñòü ÷èñëî x0 =
p

q
êîðåíü ìíîãî÷ëåíà

f(x) = anx
n + an−1x

n−1 + · · ·+ a1x+ a0 ⇒

f

(
p

q

)
= an

(
p

q

)n
+ an−1

(
p

q

)n−1
+ · · · a1

(
p

q

)
+ a0 = 0.

Óìíîæèì ðàâåíñòâî íà qn, ïîëó÷èì:

anp
n + an−1p

n−1q + · · ·+ a1p q
n−1 + a0q

n ⇔
anp

n = −q(an−1pn−1 + · · · a1p qn−2 + a0q
n−1).

Ïî óñëîâèþ êîýôôèöèåíòû ai � öåëûå ÷èñëà⇒ ìíîæèòåëü â ñêîáêå
� öåëîå ÷èñëî ⇒ ïðàâàÿ è ëåâàÿ ÷àñòü ðàâåíñòâà äåëèòñÿ íà q. ×èñëî

p íå äåëèòñÿ íà q , òàê êàê èíà÷å äðîáü áûëà áû ñîêðàòèìîé ⇒ an
... q.

Àíàëîãè÷íî äîêàçûâàåòñÿ, ÷òî a0
... p. Òåîðåìà äîêàçàíà.

Ýòà òåîðåìà ïîçâîëÿåò íà ïðàêòèêå ëåãêî íàõîäèòü êîðíè ìíîãî-
÷ëåíà â òîì ñëó÷àå, êîãäà âñå êîýôôèöèåíòû ìíîãî÷ëåíà � öåëûå ÷èñ-
ëà, ñòàðøèé êîýôôèöèåíò ðàâåí åäèíèöå, à êîðåíü � ðàöèîíàëüíîå
÷èñëî. Åñëè öåëîå ÷èñëî ÿâëÿåòñÿ êîðíåì ìíîãî÷ëåíà, òî îíî ÿâëÿåò-
ñÿ äåëèòåëåì ñâîáîäíîãî ÷ëåíà a0.
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ÃËÀÂÀ 3. ÌÍÎÃÎ×ËÅÍÛ

3.1. Çàäà÷è

Íàéäèòå íàèáîëüøèé îáùèé äåëèòåëü ìíîãî÷ëåíîâ f(x) è g(x).
Ïðîâåðüòå ïóòåì ðàçëîæåíèÿ íà ìíîæèòåëè.

3.1 f(x) = 2x3 − 3x2 − 8x− 3, g(x) = x2 + 3x+ 2.

3.2 f(x) = x3 + x2 − 9x− 9, g(x) = x2 − x− 2.

3.3 f(x) = x3 + x2 − 4x− 4, g(x) = x2 + 4x+ 3.

3.4 f(x) = 2x3 + 5x2 + x− 2, g(x) = x2 − 2x− 3.

3.5 f(x) = x3 + 6x2 + 11x+ 6, g(x) = 2x2 + 3x+ 1.

3.6 f(x) = x3 + 2x2 − 5x− 6, g(x) = 2x2 + x− 2.

3.7 f(x) = x3 + 4x2 + x− 6, g(x) = x2 + 3x+ 2.

3.8 f(x) = x3 − 6x2 + 11x− 6, g(x) = x2 − x− 2.

3.9 f(x) = x3 + 4x2 + x− 6, g(x) = x2 + 4x+ 3.

3.10 f(x) = x3 − 6x2 + 11x− 6, g(x) = x2 − 2x− 3.

3.11 f(x) = 2x3 + 3x2 − 3x− 2, g(x) = 2x2 + 3x+ 1.

3.12 f(x) = 2x3 + x2 − 5x+ 2, g(x) = 2x2 + x− 1.

3.13 f(x) = x3 − x2 − 9x+ 9, g(x) = x2 + x− 2.

3.14 f(x) = 2x3 − 7x2 + 2x+ 3, g(x) = x2 − 3x+ 2.

3.15 1f(x) = x3 − x2 − 4x+ 4, g(x) = x2 + 2x− 3.

3.16 f(x) = 2x3 + x2 − 5x+ 2, g(x) = x2 − 4x+ 3.

3.17 f(x) = x3 + 4x2 + x− 6, g(x) = 2x2 − x− 1.

3.18 f(x) = x3 − 7x+ 6, g(x) = 2x2 − 3x+ 1.

3.19 f(x) = x3 + 6x2 + 11x+ 6, g(x) = x2 + x− 2.

3.20 f(x) = x3 − 4x2 + x+ 6, g(x) = x2 − 3x+ 2.

3.21 f(x) = x3 + 6x2 + 11x+ 6, g(x) = x2 + 2x− 3.
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3.1. ÇÀÄÀ×È

3.22 f(x) = x3 + 4x2 + x− 6, g(x) = x2 − 4x+ 3.

3.23 f(x) = 2x3 − 3x2 − 8x− 3, g(x) = 2x2 − x− 1.

3.24 f(x) = 2x3 + 5x2 + x− 2, g(x) = 2x2 − 3x+ 1.

3.25 f(x) = 2x3 − 7x2 + 7x− 2, g(x) = 2x2 + 3x− 2.

3.26 f(x) = x3 + 2x2 − 5x− 6 g(x) = x2 + 5x+ 6.

3.27 f(x) = x4 + x3 − 3x2 − 4x− 1, g(x) = x3 + x2 − x− 1.

3.28 f(x) = x4 + 5x3 − 7x2 − 5x+ 6, g(x) = x2 + 5x− 6.

3.29 f(x) = x3 − 8x2 + 13x− 6, g(x) = 3x2 − 16x+ 13.

3.30 f(x) = 2x3 − x2 − 5x+ 4, g(x) = 2x2 + x− 3.

3.31 f(x) = 3x3 − 22x2 + 30x+ 27, g(x) = x2 − 8x+ 15.

3.32 f(x) = x3 − 9x2 + 23x− 15, g(x) = x2 − 8x+ 7.

3.33 f(x) = x4 + 3x3 − x2 − 4x− 3, g(x) = 3x3 + 10x2 + 2x− 3.

3.34 f(x) = x4 + x3 + 2x2 + x+ 1, g(x) = x3 − 2x2 + x− 2.

3.35 f(x) = x3 + 3x2 − 2, g(x) = x3 + x2 + x+ 2.

3.36 f(x) = x4 − 4x+ 4, g(x) = x3 − 2x2 + x− 2.

3.37 f(x) = x3 + x2 − 2, g(x) = x3 + x2 − x− 1.

3.38 f(x) = x3 + 6x2 + 11x+ 6, g(x) = x3 + 7x2 + 14x+ 8.

3.39 f(x) = x4 + 2x3 − 3, g(x) = x3 − 2x2 − x+ 2.

3.40 f(x) = 6x5 + 2x4 − 5x3 − x− 3, g(x) = 2x3 − 3x+ 1.
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ÃËÀÂÀ 3. ÌÍÎÃÎ×ËÅÍÛ

3.2. Óïðàæíåíèÿ

Ïîëüçóÿñü ñõåìîé Ãîðíåðà, ðàçëîæèòü ìíîãî÷ëåí f(x) ïî ñòåïåíÿì
(x− x0).

3.41 f(x) = x4 + x3 + 2x2 + x+ 1, x0 = −1.

3.42 f(x) = x4 + 3x3 − x2 − 4x− 3, x0 = 1.

3.43 f(x) = x3 + x2 − 4x− 4, x0 = 2.

3.44 f(x) = x4 + 2x3 − 3, x0 = 1.

3.45 f(x) = x4 + 5x3 − 7x2 − 5x+ 6, x0 = −1.

3.46 f(x) = 2x4 − x3 + 2x2 − 5x− 6, x0 = 3

3.47 f(x) = x4 + x3 − 3x2 − 4x− 1, x0 = 2.

3.48 f(x) = x3 − 6x2 + 11x− 6, x0 = −3.

3.49 f(x) = x4 − 4x+ 4, x0 = −2.

3.50 f(x) = x5 − 6x4 + x3 + 11x− 6, x0 = −1.

×åìó ðàâåí ïîêàçàòåëü êðàòíîñòè êîðíÿ x = x0 äëÿ ìíîãî÷ëåíà
f(x).

3.51 f(x) = x5 − 5x4 + 7x3 − 2x2 + 4x− 8, x0 = 2.

3.52 f(x) = x5 + 7x4 + 16x3 + 8x2 − 16x− 16, x0 = −2.

3.53 f(x) = 3x5 + 2x4 + x3 − 10x− 8, x0 = −1.

3.54 f(x) = x5 − 6x4 + 2x3 + 36x2 − 27x− 54, x0 = 3.

Íàéòè íàèìåíüøåå îáùåå êðàòíîå ìíîãî÷ëåíîâ.

3.55 f(x) = 2x3 − 3x2 − 8x− 3, g(x) = x2 + 3x+ 2.

3.56 f(x) = x3 + x2 − 9x− 9, g(x) = x2 − x− 2.

3.57 f(x) = x3 + x2 − 4x− 4, g(x) = x2 + 4x+ 3.

3.58 f(x) = 2x3 + 5x2 + x− 2, g(x) = x2 − 2x− 3.

3.58 f(x) = x3 + 6x2 + 11x+ 6, g(x) = 2x2 + 3x+ 1.

3.60 f(x) = x3 + 2x2 − 5x− 6, g(x) = 2x2 + x− 2.
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3.3. ÏÐÈÌÅÐÛ ÐÅØÅÍÈß ÇÀÄÀÍÈÉ

3.3. Ïðèìåðû ðåøåíèÿ çàäàíèé

Ïðèìåð 3.1. Ðàçäåëèòü ìíîãî÷ëåí f(x) íà ìíîãî÷ëåí g(x) ñ îñòàò-
êîì.

2x6 −3x4 − 5x3 +x − 6 x4 +3x3 + 5

−(2x6 + 6x5 + 10x2 ) 2x2−6x+ 15

− 6x5 − 3x4 − 5x3 − 10x2 +x −6

− (−6x5 − 18x4 − 30x )

15x4 − 5x3 − 10x2 + 31x − 6

− (15x4 +45x3 + 75)

− 50x3 − 10x2 + 31x − 81

q(x) = 2x2 − 6x+ 15 � íåïîëíîå ÷àñòíîå,
r(x) = −50x3 − 10x2 + 31x− 81 � îñòàòîê.

Ïðèìåð 3.2. Íàéòè íàèáîëüøèé îáùèé äåëèòåëü ìíîãî÷ëåíîâ
f(x) è g(x).

f(x) = x5+3x4−12x3−52x2−52x−12, g(x) = x4+3x3−6x2−22x−12

x5 +3x4 − 12x3−52x2−52x−12 x4+3x3 − 6x2 − 22x− 12

−(x5 +3x4 − 6x3−22x2−12x ) x

− 6x3−30x2−40x−12

Ïðèìåíÿÿ àëãîðèòì Åâêëèäà ê ìíîãî÷ëåíàì ñ öåëûìè êîýôôèöèåí-
òàìè, ìîæíî èçáåæàòü äðîáíûõ êîýôôèöèåíòîâ. Äëÿ ýòîãî áóäåì äî-
ìíîæàòü (äåëèòü) äåëèìîå èëè äåëèòåëü íà ìíîæèòåëè, ïîçâîëÿþùèå
èçáàâèòüñÿ îò äðîáíûõ êîýôôèöèåíòîâ. Òàê êàê ÍÎÄ íàõîäèòñÿ ñ òî÷-
íîñòüþ äî ìíîæèòåëÿ, òî íà ðåçóëüòàò âû÷èñëåíèé ýòî âëèÿòü íå áóäåò.

Â íàøåì ïðèìåðå äîìíîæèì ìíîãî÷ëåí g(x) íà 3, à îñòàòîê ðàçäå-
ëèì íà −2, òàêèì îáðàçîì, ïåðâûé îñòàòîê ïîñëå ñîêðàùåíèÿ íà −2
ðàâåí r1(x) = 3x3 + 15x2 + 20x+ 6. Äåëèì íà íåãî ìíîãî÷ëåí 3 g(x) :

3x4 +9x3−18x2 −66x −36 3x3+15x2 + 20x+ 6

−(3x4 +15x3+20x2 +6x ) x− 2

− 6x3−38x2 −72x −36

− (−6x3−30x2 −40x−12)

− 8x2 − 32x − 24
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Ñîêðàòèì íà −8 ⇒ r2(x) = x2 + 4x+ 3. Òîãäà èìååì:

3x3 +15x2+20x +6 x2 + 4x+3

−(3x3 +12x2 +9x ) 3x+ 3

3x2+11x +6

− (3x2+12x+9)

− x − 3

Ñîêðàòèì íà −1 ⇒ r3(x) = x+ 3. Ïîëó÷àåì:

x2 +4x +3 x+ 3

−(x2 +3x ) x+ 1

x +3

− (x+ 3)

0

Òàê êàê r2(x) = r3(x) · (x+ 1), òî r3(x) áóäåò òåì ïîñëåäíèì îñòàòêîì,
íà êîòîðûé íàöåëî äåëèòñÿ ïðåäøåñòâóþùèé îñòàòîê. Ñëåäîâàòåëüíî,
îí áóäåò èñêîìûì íàèáîëüøèì îáùèì äåëèòåëåì ìíîãî÷ëåíîâ:

(f(x), g(x)) = x+ 3.

Ïðèìåð 3.3.Íàéòè íàèáîëüøèé îáùèé äåëèòåëü ìíîãî÷ëåíîè f(x)
è g(x). Ïðîèçâåñòè ïðîâåðêó ïóòåì ðàçëîæåíèÿ íà ìíîæèòåëè.

f(x) = x4 − 21x2 + 76x− 84, g(x) = x3 + 4x2 − 12x

x4 −21x2+76x −84 x3+4x2 − 12x

−(x4 +4x3−12x2 ) x

− 4x3 −9x2+76x −84

− (−4x3−16x2+48x )

7x2+28x − 84

Ðàçäåëèì 7x2 + 28x − 84 íà 7 è ïîëó÷èì r(x) = x2 + 4x − 12. Òàê êàê
g(x) = r(x) · x, òî r(x) áóäåò îñòàòêîì, íà êîòîðûé äåëèòñÿ ìíîãî÷ëåí
g(x). Ñëåäîâàòåëüíî, d(x) = (f(x), g(x)) = x2 + 4x− 12.
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Ðàçëîæèì ìíîãî÷ëåíû íà ìíîæèòåëè:

g(x) = x3 + 4x2 − 12x = x · (x2 + 4x− 12) = x(x− 2)(x+ 6),

f(x) = x4 − 21x2 + 76x− 84 = (x2 + 4x− 12) · (x2 − 4x+ 7) =

= (x− 2)(x+ 6)(x2 − 4x+ 7).

Ìíîãî÷ëåí x2 − 4x+ 7 íåïðèâîäèì (òàê êàê íå èìååò äåéñòâèòåëüíûõ
êîðíåé), çíà÷èò, d(x) = x2 + 4x− 12.

Ïðèìåð 3.4. Ðàçëîæèòü ìíîãî÷ëåí f(x) íà ìíîæèòåëè.

f(x) = x3 − 3x2 − 10x+ 16.

Ðåøåíèå: a0=16, è åñëè ó ìíîãî÷ëåíà åñòü öåëûå êîðíè, òî
îíè ÿâëÿþòñÿ äåëèòåëÿìè ÷èñëà 16. Ýòî ìîãóò áûòü òîëüêî ÷èñëà
±1,±2,±4,±4,±8,±16. Íåïîñðåäñòâåííîé ïðîâåðêîé ïîëó÷àåì, ÷òî
f(2) = 0, x0 = 2 � êîðåíü ìíîãî÷ëåíà f(x).

Ðàçäåëèì f(x) = x3 − 3x2 − 6x + 16 íà (x − 2), èñïîëüçóÿ ñõåìó
Ãîðíåðà.

a3 a2 a1 a0
c a3 = b3 a2 + b3 · c=b2 a1 + b2 · c=b1 a0 + b1 · c=b0

Èìååì c = 2, a3 = 1, a2 = −3, a1 = −− 6, a0 = 16.

−1 −3 −6 16

2 1 −3+1 · 2=− 1 −6+(−1) · 2=− 8 16+(−12) · 2=0

Òàêèì îáðàçîì, èñêîìîå ÷àñòíîå áóäåò q(x) = x2 − x− 8.
Ðàçëîæèì ìíîãî÷ëåí q(x) = x2 − x − 8 íà ìíîæèòåëè. D = 33 ⇒

q(x) = x2 − x− 8 =
(
x− 1−

√
33

2

)(
x− 1+

√
33

2

)
.

Ïîëó÷àåì ðàçëîæåíèå íà ìíîæèòåëè

f(x) = (x− 2)

(
x− 1−

√
33

2

)(
x− 1 +

√
33

2

)
.

Ïðèìåð 3.5. Ñ ïîìîùüþ ñõåìû Ãîðíåðà îïðåäåëèòü, ÿâëÿåòñÿ ëè
÷èñëî x = −3 êîðíåì ìíîãî÷ëåíà

f(x) = x5 + 8x4 + 19x3 + 8x2 + 27.
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Åñëè ÿâëÿåòñÿ, òî íàéòè åãî êðàòíîñòü.
Ðåøåíèå: âîñïîëüçóåìñÿ ñõåìîé Ãîðíåðà

1 8 19 9 0 27

−3 1 5 4 −3 9 0

−3 1 2 −2 3 0

−3 1 −1 1 0

−3 1 −4 13

Èç âòîðîé ñòðî÷êè òàáëèöû ⇒ x0 = −3 � êîðåíü ìíîãî÷ëåíà f(x).
Èç òðåòüåé ñòðî÷êè òàáëèöû ⇒ x0 = −3 � êîðåíü êðàòíîñòè ≥ 2.
Èç ÷åòâåðòîé ñòðî÷êè òàáëèöû⇒ x0 = −3 � êîðåíü êðàòíîñòè ≥ 3.
Èç ïÿòîé ñòðî÷êè òàáëèöû ⇒ x0 = −3 � êîðåíü êðàòíîñòè = 3.

⇒ f(x) = x5 + 8x4 + 19x3 + 8x2 + 27 = (x+ 3)3(x2 − x+ 1).

Ïðèìåð 3.6. Ðàçëîæèòü ìíîãî÷ëåí f(x) = x5− 4x3 + 6x2− 8x+ 10
ïî ñòåïåíÿì (x− 2).

Ðåøåíèå: âîñïîëüçóåìñÿ ñõåìîé Ãîðíåðà

1 0 −4 6 −8 10

2 1 2 0 6 4 18

2 1 4 8 22 48

2 1 6 20 62

2 1 8 36

2 1 10

Îòñþäà

f(x) =

[[[
[1(x−2)+10](x−2)+36

]
(x−2)+62

]
(x−2)+48

]
(x−2)+18.

Ðàñêðûâ ñêîáêè, ïîëó÷àåì

f(x) = (x− 2)5 + 10(x− 2)4 + 36(x− 2)3 + 62(x− 2)2 + 48(x− 2) + 18.
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Ïðèìåð 3.7. Íàéòè íàèìåíüøåå îáùåå êðàòíîå ìíîãî÷ëåíîâ

f(x) = x3 + x− 2, g(x) = x3 + x2 − x− 1.

Ðåøåíèå. Ñíà÷àëà íàéäåì ÍÎÄ ìíîãî÷ëåíîâ.

x3 +x −2 x3+x2 − x− 1

−(x3+x2 −x−1) 1

−x2+2x −1

x3 +x2 −x −1 −x2 + 2x−1

−(x3 −2x2 +x ) −x− 3

3x2−2x −1

−(3x2−6x+3)

4x −4

Ðàçäåëèì 4x− 4 íà 4, ïîëó÷èì x− 1

−x2 +2x −1 x− 1

−(−x2 +x ) −x+ 1

x −1

− (x−1)

0

−x2 + 2x− 1 = (x− 1)(−x+ 1),⇒ d(x) = (f(x), g(x)) = x− 1.
Èñïîëüçóåì ðàâåíñòâî

d(x) ·ÍÎÊ(f(x), g(x)) = (x− 1) ·ÍÎÊf(x), g(x)) =

= f(x) · g(x) = (x3 + x− 2)(x3 + x2 − x− 1).

Îòêóäà ÍÎÊ(f(x), g(x)) =
(x3 + x− 2)(x3 + x2 − x− 1)

x− 1
=

=
(x− 1)(x2 + x+ 2)(x3 + x2 − x− 1)

x− 1
=

= (x2 + x+ 2)(x3 + x2 − x− 1) = x5 + 2x4 + 2x3 − 3x− 2.
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Ãëàâà 4

Êîìïëåêñíûå ÷èñëà

Íàòóðàëüíûå ÷èñëà âîçíèêëè êàê åñòåñòâåííîå îáîáùåíèå ïîíÿòèÿ
êîëè÷åñòâà ïðåäìåòîâ. Äëÿ òîãî ÷òîáû âû÷èòàíèå áûëî âñþäó îïðå-
äåëåííîé îïåðàöèåé, áûëè ââåäåíû öåëûå ÷èñëà, êîòîðûå ìîãóò áûòü
îòðèöàòåëüíûìè. Àíàëîãè÷íî äëÿ îñóùåñòâëåíèÿ äåëåíèÿ ïðèõîäèòñÿ
ââåñòè ìíîæåñòâî ðàöèîíàëüíûõ ÷èñåë Q, êîòîðûå îáðàçóþò ïîëå îò-
íîñèòåëüíî ñëîæåíèÿ è óìíîæåíèÿ. Ñëåäóþùèé øàã àáñòðàêöèè � ðàñ-
ñìàòðèâàòü òàêîå ìíîæåñòâî ÷èñåë, â êîòîðîì ìîæíî èçâëåêàòü êîðíè,
ò. å. ïðîèçâîäèòü äåéñòâèå, îáðàòíîå ê âîçâåäåíèþ â ñòåïåíü. Ìíîæå-
ñòâà äåéñòâèòåëüíûõ ÷èñåë R íåäîñòàòî÷íî, òàê êàê êâàäðàòíûé êî-
ðåíü èç îòðèöàòåëüíîãî ÷èñëà íå ÿâëÿåòñÿ äåéñòâèòåëüíûì ÷èñëîì.
Ïîýòîìó ââåäåì íîâûé ýëåìåíò i =

√
−1, íàçûâàåìûé ìíèìîé åäèíè-

öåé, è ðàññìîòðèì ìíîæåñòâî âñåõ âûðàæåíèé âèäà a+ b i, ãäå a, b∈R.
Ýòî áóäåò ìíîæåñòâî êîìïëåêñíûõ ÷èñåë C.

Êîìïëåêñíûå ÷èñëà ìîæíî ñ÷èòàòü óïîðÿäî÷åííûìè ïàðàìè ÷èñåë
(a, b), ãäå a, b∈R , äëÿ êîòîðûõ ïîíÿòèÿ ðàâåíñòâà, ñóììû, ïðîèçâå-
äåíèÿ è îòîæäåñòâëåíèÿ íåêîòîðûõ ïàð ñ äåéñòâèòåëüíûìè ÷èñëàìè
ââîäÿòñÿ ñîãëàñíî ñëåäóþùèì àêñèîìàì:

1. Ðàâåíñòâî ïàð (a, b), (c, b)
(a, b) = (c, d)⇔ a = c, b = d.
2. Ñóììîé ïàð (a, b), (c, b) íàçûâàåòñÿ ïàðà
(a, b) + (c, d) = (a+ c, b+ d).
3. Ïðîèçâåäåíèå ïàð (a, b), (c, b) íàçûâàåòñÿ ïàðà
(a, b) · (c, d) = (ac− bd, ad+ bc).
4. Ïàðà (a, 0) îòîæäåñòâëÿåòñÿ ñ ÷èñëîì a
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(a, 0) = a.
Èç 3 è 4 àêñèîì⇒ m(a, b) = (ma,mb). Äåéñòâèòåëüíî,m = (m, 0)⇒

m(a, b) = (m, 0)(a, b) = (ma− 0 · b,mb+ 0 · a) = (ma,mb).
Äëÿ çàäàííûõ äåéñòâèé âûïîëíÿþòñÿ ñëåäóþùèå ñâîéñòâà:
1. (a, b) + (c, d) = (c, d) + (a, b) êîììóòàòèâíîñòü ñëîæåíèÿ.
2. ((a, b) + (c, d)) + (g, h) = (a, b) + ((c, d) + (g, h)) àññîöèàòèâíîñòü

ñëîæåíèÿ.
3. Ïàðà (0, 0) = 0 � íåéòðàëüíûé ýëåìåíò ïî ñëîæåíèþ,
(a, b) + (0, 0) = (a, b);
4. Ïàðà (−a,−b) ïðîòèâîïîëîæíàÿ äëÿ ïàðû (a, b),
(a, b) + (−a,−b) = (0, 0).
5. (a, b) · (c, d) = (c, d) · (a, b) êîììóòàòèâíîñòü óìíîæåíèÿ.
6. ((a, b) + (c, d)) · (g, h) = (a, b) · (g, h) + (c, d) · (g, h),
(g, h) · ((a, b) + (c, d)) = (g, h) · (a, b) + (g, h) · (c, d) äèñòðèáóòèâíîñòü.
7. ((a, b) · (c, d)) · (g, h) = (a, b) · ((c, d) · (g, h)) àññîöèàòèâíîñòü óìíî-

æåíèÿ.
8. Ïàðà (1, 0) = 1 � íåéòðàëüíûé ýëåìåíò ïî óìíîæåíèþ,

(a, b)(1, 0) = (a, b).
Ñëåäîâàòåëüíî, êîìïëåêñíûå ÷èñëà ñîñòàâëÿþò êîììóòàòèâíîå àñ-

ñîöèàòèâíîå êîëüöî ñ åäèíèöåé.
Ïàðû (a, b), (a,−b) íàçûâàþòñÿ ñîïðÿæåííûìè,
(a, b)(a,−b) = a2 + b2.
9. Äëÿ ëþáîé ïàðû (a, b) 6= (0, 0) ñóùåñòâóåò îáðàòíàÿ

(a, b)−1 =

(
a

a2 + b2
,− b

a2 + b2

)
.

Ïîëó÷àåì, ÷òî êîìïëåêñíûå ÷èñëà îáðàçóþò ïîëå, êîòîðîå îáîçíà-
÷èì C. Àëãåáðàè÷åñêàÿ ôîðìà çàïèñè êîìïëåêñíîãî ÷èñëà z = a+ b i,
(a, b∈R) ñîîòâåòñòâóåò ïàðå

(a, b) = (a, 0) + (0, b) = (a, 0) + (b, 0)(0, 1) = a+ b i.
Òåïåðü ìíèìàÿ åäèíèöà i = (0, 1), à èç 3 ñëåäóåò, ÷òî i2 =

(0, 1)(0, 1) = (−1, 0) = −1.
Â àëãåáðàè÷åñêîé ôîðìå a = Re z, b = Im z, ãäå Re z íàçûâàåòñÿ

äåéñòâèòåëüíîé ÷àñòüþ, à Im z � ìíèìîé ÷àñòüþ êîìïëåêñíîãî ÷èñëà
z.

Ïóñòü z1 = a1 + b1 i, z2 = a2 + b2 i, òîãäà
z1 + z2 = a1 + a2 + (b1 + b2) i
z1 · z2 = a1a2 − b1b2 + (a1b2 + b1a2) i
z1
z2

=
a1a2 + b1b2
a22 + b22

+
a2b1 − a1b2
a22 + b22

i = z1 · z−12 .
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ÃËÀÂÀ 4. ÊÎÌÏËÅÊÑÍÛÅ ×ÈÑËÀ

Êîìïëåêñíîå ÷èñëî, ñîïðÿæåííîå ê ÷èñëó z = a + b i îáîçíà÷àåòñÿ
z = a− b i.

Ïóñòü z1 = a1 + b1 i, z2 = a2 + b2 i, òîãäà âûïîëíÿþòñÿ ñëåäóþùèå
ðàâåíñòâà:

1. z1 = z1;
2. z1 ± z2 = z1 ± z2;
3. z1z2 = z1 · z2;
4. z1−1 = z1−1, z1 6= 0;
5. z1 + z1 = 2a1;
6. z1 − z1 = 2b1 i;
7. z1z1 = a21 + b21;

8.
(
z1
z2

)
=
z1
z2
, z2 6= 0.

Äîêàçàòåëüñòâî ðàâåíñòâ îñòàåòñÿ â êà÷åñòâå óïðàæíåíèé.
Êîìïëåêñíîå ÷èñëî èçîáðàæàåòñÿ ðàäèóñ-âåêòîðîì, íà÷àëî êîòîðî-

ãî íàõîäèòñÿ â òî÷êå (0; 0), à êîíåö â òî÷êå (a; b) (ðèñ.4.1).

Ðèñ. 4.1. Ìîäóëü è àðãóìåíò êîìëåêñíîãî ÷èñëà

Ìîäóëåì êîìïëåêñíîãî ÷èñëà z = a+ b i íàçûâàåòñÿ äëèíà âåêòîðà
z è îáîçíà÷àåòñÿ |z| : |z| =

√
a2 + b2, |z| > 0, |z| = 0⇔ {a = 0, b = 0}.

Óãîë ϕ ìåæäó ðàäèóñ-âåêòîðîì òî÷êè z è ïîëîæèòåëüíûì íà-
ïðàâëåíèåì îñè Ox íàçûâàåòñÿ àðãóìåíòîì ÷èñëà z è îáîçíà÷àåòñÿ
Argz. Àðãóìåíò ÷èñëà z îïðåäåëÿåòñÿ ñ òî÷íîñòüþ äî êðàòíîãî 2π.
Argz = {ϕ+ 2πk, k∈Z}. Àðãóìåíò äëÿ z = 0 íå îïðåäåëåí.
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Ãëàâíûì çíà÷åíèåì àðãóìåíòà íàçûâàåòñÿ çíà÷åíèå ϕ∈(−π, π].
Îáîçíà÷åíèå arg z. Arg z = arg z + 2πk, k∈Z. Ãëàâíîå çíà÷åíèå àðãó-
ìåíòà îïðåäåëÿåòñÿ ôîðìóëîé:

ϕ = arg(z) =



arctg
b

a
, åñëè a > 0,

arctg
b

a
+ π, åñëè a < 0, b > 0,

arctg
b

a
− π, åñëè a < 0, b < 0,

π

2
, åñëè a = 0, b > 0,

−π
2
, åñëè a = 0, b < 0.

Òðèãîíîìåòðè÷åñêàÿ ôîðìà çàïèñè êîìïëåêñíîãî ÷èñëà:

z = |z|(cosϕ+ i sinϕ).

Ïóñòü äàíû äâà ÷èñëà
z1 = |z1|(cosϕ1 + i sinϕ1), z2 = |z2|(cosϕ2 + i sinϕ2).
Òîãäà ìîäóëü ïðîèçâåäåíèÿ êîìïëåêñíûõ ÷èñåë ðàâåí ïðîèçâåäå-

íèþ ìîäóëåé, à àðãóìåíò ïðîèçâåäåíèÿ � ñóììå àðãóìåíòîâ.
z1 · z2 = |z1| · |z2|(cos(ϕ1 + ϕ2) + i sin(ϕ1 + ϕ2)).
Ìîäóëü ÷àñòíîãî äâóõ êîìïëåêñíûõ ÷èñåë ðàâåí ìîäóëþ äåëèìîãî,

äåëåííîìó íà ìîäóëü äåëèòåëÿ, à àðãóìåíò ïîëó÷àåòñÿ âû÷èòàíèåì
àðãóìåíòà äåëèòåëÿ èç àðãóìåíòà äåëèìîãî.

z1
z2

=
|z1|
|z2|

(cos(ϕ1 − ϕ2) + i sin(ϕ1 − ϕ2)).

z−1 = |z|−1(cos(−ϕ) + i sin(−ϕ)).
Äîêàçàòåëüñòâî îñòàåòñÿ â êà÷åñòâå óïðàæíåíèÿ.
Èç ôîðìóëû äëÿ óìíîæåíèÿ êîìïëåêñíûõ ÷èñåë, çàäàííûõ â òðè-

ãîíîìåòðè÷åñêîé ôîðìå, ïîëó÷àåòñÿ ôîðìóëà Ìóàâðà

zn = (|z|(cosϕ+ i sinϕ))n = |z|n(cosnϕ+ i sinnϕ), n∈Z.

Êîðåíü n-é ñòåïåíè èç êîìïëåêñíîãî ÷èñëà z èìååò n ðàçëè÷íûõ çíà-
÷åíèé è íàõîäèòñÿ ïî ôîðìóëå:

n
√
z = n

√
|z|
(

cos
ϕ+ 2πk

n
+ i sin

ϕ+ 2πk

n

)
, k = 0, 1, . . . , n− 1.
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Èñïîëüçóÿ ôîðìóëó Ýéëåðà eiϕ = cosϕ + i sinϕ ìîæíî ïîëó÷èòü
ïîêàçàòåëüíóþ ôîðìó çàïèñè êîìïëåêñíîãî ÷èñëà z = |z|eiϕ.

Åñëè z1 = |z1|eiϕ1 , z2 = |z2|eiϕ2 , òî ñïðàâåäëèâû ðàâåíñòâà:

z1 · z2 = |z1| · |z2|ei(ϕ1+ϕ2),
z1
z2

=
|z1|
|z2|

ei(ϕ1−ϕ2).

Êîðíè n-é ñòåïåíè èç 1 â ïîêàçàòåëüíîé ôîðìå èìåþò âèä

ak = e
2πk i
n , k = 0, 1 . . . n− 1.

Â ÷àñòíîñòè, ìíîæåñòâî êîðíåé n-é ñòåïåíè èç 1 îáðàçóþò ïî óìíîæå-
íèþ öèêëè÷åñêóþ ãðóïïó, èçîìîðôíóþ àáåëåâîé ãðóïïå Zn ïî ñëîæå-
íèþ.

4.1. Çàäà÷è

Âûïîëíèòü äåéñòâèÿ. Ðåçóëüòàò çàïèñàòü â àëãåáðàè÷åñêîé ôîðìå.

4.1

−1

2
− 3

2
i

3− i


3

+ i 24,

4.2
(
−2− 8i

4− i

)5

+ i 62,

4.3

−5

2
+

3

4
i

3

2
+ 5i


−2

+ i78,

4.4
(

3− i
−2− 6i

)5

+ i 28,

4.5
(

2− 8i

−4− i

)14

+ i 60,

4.6

−1 + 4i

2 +
1

2
i


2

+ i 214,

4.7

 1− 7

2
i

−7− 2i


3

+ i14,

4.8
(
−6− 2i

1 + 3i

)3

+ i 44,

4.9
(

13 + i

7− 6i

)4

+ i 38,

4.10
(

5 + 2i

2− 5i

)7

+ i122,

4.11
(
−7− 12i

−12 + 7i

)5

− i 341,

4.12

 3 + 10i

−5 +
3

2
i


2

+ i 84,
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4.1. ÇÀÄÀ×È

4.13

1− 5

2
i

5

2
+ i


−8

+ i78,

4.14

−1

2
− 4i

1− 1

4
i


4

+ i 56,

4.15
(1− 4i)(−1 + 4i)

3− 2i
+ i 35,

4.16
i− 7

2i+ 3
+ 10 i55 − (2 + i)2,

4.17
3i+ 2

4− i
+ 5 i59 − (3− i)2,

4.18
(i− 1)2

2 + 5i
− 7 i 57,

4.19
2− 7i

3 + 4i
+ i71 − (3 + i)2,

4.20 i 63 +
1

i
+

2 + 3i

3 + 2i
,

4.21 i201 +
2− 4i

3 + i
+ (1− i)2,

4.22
(2− i)(3 + i)

3 + 2i
+ i 45,

4.23
(

3 + i

1 + i

)2

+ 4

(
1 + i

1− i

)121

,

4.24
(

5i

3 + 4i

)2

+ 10 i17 +
3− 2i

i
,

4.25
6 + 2i

3− 7i
− 2 + 3i

2 + 5i
+ 7 i137,

4.26
−9 + 3i

1− 2i
+

2 + 3i

i
+ i 75,

4.27
(1 + i)(2− i)

(5− i) · i
+

1 + 2i

2 + i
+ i 25,

4.28
(1− i)2

2 + 3i
− 1

1− i
− i8 +

1

2i10
,

4.29
(

5i

3 + 4i

)2

(1− i) + 8 i173,

4.30
(i− 1)2

2 + 3i
− 1

i− 1
+

1

2i 10
,

4.31
(1 + i)(2− 3i)

(3− i) · i
+

1 + 2i

1 + i
+

1

i 20
,

4.32

 i

4
− 1

2i+
1

2


−3

+ i 26,

4.33

1 +
3

2
i

3 + 2i


4

− 7 i118,

4.34 (1 + i)2 +
2i− 3

i+ 1
− i 66,

4.35
(5 + i)(3 + 5i)

2i
−1 + 2i

2 + i
−8 i 77,

4.36
(5 + i)(7− 6i)

3 + i
− 1 + i

1− i
+ 4i 33,

4.37
(i+ 1)5

(1− i)3
− 1

i+ 3
+ i 98,

4.38
(

5− 7i

7− 5i

)7

+ i 22 +
6− 7i

i
,

4.39

1− 3

4
i

3− 4i


3

+ i189,
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4.40

4− 5

2
i

5

2
− 4i


−3

+ i168.

4.2. Óïðàæíåíèÿ

Ïðåäñòàâüòå ÷èñëî:

• â òðèãîíîìåòðè÷åñêîé ôîðìå;

• â ïîêàçàòåëüíîé ôîðìå.

Âû÷èñëèòå z40.

4.41 −
√

3− i,

4.42 2
√

3 + 2i,

4.43 −3
√

3 + 3i,

4.44 4
√

3 + 4i,

4.45 5− 5i,

4.46 1−
√

3i,

4.47 2 + 2
√

3i,

4.48 −1−
√

3i,

4.49 −3− 3
√

3i,

4.50 −2− 2i

Íàéòè êîðíè óðàâíåíèÿ z2 + z0 = 0.

4.51 z0 = 2 + 2
√

3i,

4.52 z0 = 3− i,

4.53 z0 =
1

2
−
√

3

2
i,

4.54 z0 = 1−
√

3i,

4.55 z0 = −
√

3− i,

4.56 z0 = −1− i.

4.3. Ïðèìåðû ðåøåíèÿ çàäàíèé

Ïðèìåð 4.1.

Âûïîëíèòü äåéñòâèÿ. Ðåçóëüòàò çàïèñàòü â àëãåáðàè÷åñêîé ôîðìå. 1

2
− 5

2
i

5 + i


−5

+ i123
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4.3. ÏÐÈÌÅÐÛ ÐÅØÅÍÈß ÇÀÄÀÍÈÉ

Óïðîñòèì âûðàæåíèå, ñòîÿùåå â ñêîáêàõ. Äîìíîæèì ÷èñëèòåëü è
çíàìåíàòåëü, íà ÷èñëî, ñîïðÿæåííîå ê çíàìåíàòåëþ.(

1

2
− 5

2
i

)
(5− i)

(5 + i)(5− i)
=

1

2
(1− 5i)(5− i)

(5 + i)(5− i)
=

1

2
(5− i− 25i+ 5i2)

25− i2
=

=

1

2
(−26i)

26
= − i

2
Âîçâåäåì ïîëó÷èâøååñÿ ÷èñëî â ñòåïåíü(
− i

2

)−5
=

(
−2

i

)5

= −25

i5
= −32

i
= −32 · i

i · i
= −32 i

−1
= 32 i.

i123 = i4·30+3 = −i
Çäåñü èñïîëüçîâàëè ñâîéñòâà ñòåïåíè ÷èñëà i :
i0 = 1, i1 = i, i2 = −1, i3 = −i, i4 = 1, . . . , i4k+p = ip.
Ïîëó÷àåì 1

2
− 5

2
i

5 + i


−5

+ i123 = 32 i− i = 31 i.

Ïðèìåð 4.2.

Âûïîëíèòü äåéñòâèÿ. Ðåçóëüòàò çàïèñàòü â àëãåáðàè÷åñêîé ôîðìå.
(2 + i)(5− i)

(3− i)i
− 2 + i

1 + 2i
+

1

10 i 19
.

Ðåøåíèå:

(2 + i)(5− i)
(3− i)i

=
10− 2i+ 5i− i2

3i− i2
=

11 + 3i

1 + 3i
=

(11 + 3i)(1− 3i)

(1 + 3i)(1− 3i)
=

=
11− 33i+ 3i− 9i1

1− 9i2
=

20− 30i

10
= 2− 3i,

2 + i

1 + 2i
=

(2 + i)(1− 2i)

(1 + 2i)(1− 2i)
=

2− 4i+ i− 2i2

1− 4i2
=

4− 3i

5
=

4

5
− 3

5
i,

i19 = i4·4+3 = i3 = −i, 1

10 i19
=

1

10(−i)
=

i

10(−i)i
=

1

10
i,

(2 + i)(5− i)
(3− i)i

− 2 + i

1 + 2i
+

1

10 i 19
= 2 + 3i−

(
4

5
− 3

5
i

)
+

1

10
i =

= 2 + 3i− 4

5
+

3

5
i+

1

10
i =

(
2− 4

5

)
+

(
+

3

5
+

1

10

)
=

6

5
+

37

10
i.

Ïðèìåð 4.3. Ïðåäñòàâüòå ÷èñëî z = −4 + 4
√

3i
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• â òðèãîíîìåòðè÷åñêîé ôîðìå;

• â ïîêàçàòåëüíîé ôîðìå.

Âû÷èñëèòå z30.
Ðåøåíèå: z = −4 + 4

√
3i, a = −4, b = 4

√
3. Íàéäåì ìîäóëü ÷èñëà z.

|z| =
√

(−4)2 + (4
√

3)2 =
√

16 + 16 · 3 =
√

64 = 8.

Âû÷èñëèì àðãóìåíò ÷èñëà z. a < 0, b > 0⇒ arg z = arctg
b

a
+ π.

ϕ = arg z = arctg
4
√

3

−4
+ π = arctg(−

√
3) + π = −π

3
+ π =

2

3
π,

z = −4 + 4
√

3 = 8(cos 2
3π + i sin 2

3π) � òðèãîíîìåòðè÷åñêàÿ ôîðìà
çàïèñè êîìïëåêñíîãî ÷èñëà.

z = 8ei
2
3π � ïîêàçàòåëüíàÿ ôîðìà çàïèñè êîìïëåêñíîãî ÷èñëà.

z30 = |z|30(cos(30ϕ) + i sin(30ϕ)) =

= 830
(

cos

(
30 · 2

3
π

)
+ i sin

(
30 · 2

3
π

))
= 830(cos 20π + i sin 20π) =

= 830.
Ïðèìåð 4.4.

Íàéòè êîðíè óðàâíåíèÿ z3 +
1

2
+

√
3

2
i = 0.

Ðåøåíèå:

z3 = −1

2
−
√

3

2
i,

Îáîçíà÷èì z0 = z3, òîãäà

z = 3
√
z0 =

3

√
−1

2
−
√

3

2
i,

3
√
z0 = 3

√
|z0|
(

cos
ϕ+ 2πk

3
+ i sin

ϕ+ 2πk

3

)
, k = 0, 1, 2.

Íàéäåì ìîäóëü è àðãóìåíò

|z0| =

√√√√(−1

2

)2

+

(
−
√

3

2

)2

=

√
1

4
+

3

4
= 1,

ϕ = arg z0 = arctg

−
√

3

2

−1

2

− π = arctg
√

3− π =
π

3
− π = −2

3
π.
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4.3. ÏÐÈÌÅÐÛ ÐÅØÅÍÈß ÇÀÄÀÍÈÉ

3

√
−1

2
−
√

3

2
i = cos

−2

3
π + 2πk

3

+ i sin

−2

3
π + 2πk

3

 ,

k = 0, 1, 2. Ïîëó÷àåì òðè êîðíÿ:

k = 0, α0 = cos

(
−2

9

)
π + i sin

(
−2

9

)
π = cos

2

9
π − i sin

2

9
π,

k = 1, α1 = cos

−2

3
π + 2π

3

+ i sin

−2

3
π + 2π

3

 =

= cos
4

9
π + i sin

4

9
π,

k = 2, α2 = cos

−2

3
π + 4π

3

+ i sin

−2

3
π + 4π

3

 =

= cos
10

9
π+i sin

10

9
π = cos

(
−8

9

)
π+i sin

(
−8

9

)
π = cos

8

9
π−i sin

8

9
π.
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Ãëàâà 5

Ëèíåéíûå ïðåîáðàçîâàíèÿ

ëèíåéíûõ ïðîñòðàíñòâ

Ìíîæåñòâî L ñ çàäàííîé íà íåì îïåðàöèåé ñëîæåíèÿ íàçûâàåò-
ñÿ ëèíåéíûì (âåêòîðíûì) ïðîñòðàíñòâîì íàä ïîëåì P , åñëè äëÿ âñåõ
v ∈ L, λ ∈ P îïðåäåëåíî âíåøíåå ïðîèçâåäåíèå λv ∈ L è ïðè ýòîì
âûïîëíåíû ñëåäóþùèå òîæäåñòâà:

• 〈L,+〉 ÿâëÿåòñÿ àáåëåâîé ãðóïïîé

• λ1(λ2v) = (λ1λ2)v

• (λ1 + λ2)v = λ1v + λ2v

• λ(v1 + v2) = λv1 + λv2

• 1 · v = v

Âíåøíåå ïðîèçâåäåíèå íå ÿâëÿåòñÿ äâóõìåñòíîé îïåðàöèåé, òàê êàê
åãî ñîìíîæèòåëè ëåæàò â ðàçíûõ ìíîæåñòâàõ. Îäíàêî, âíåøíåå óìíî-
æåíèå íà ôèêñèðîâàííûé ýëåìåíò ïîëÿ áóäåò îäíîìåñòíîé îïåðàöèåé
è ëèíåéíîå ïðîñòðàíñòâî ìîæíî ñ÷èòàòü àëãåáðàè÷åñêîé ñòðóêòóðîé.
Íî åñëè ïîëå P áåñêîíå÷íî, òî ñèãíàòóðà òîæå áåñêîíå÷íà.

Ïóñòü L � ëèíåéíîå ïðîñòðàíñòâî è K � åãî ïîäìíîæåñòâî, ÿâëÿþ-
ùååñÿ ïîäãðóïïîé àáåëåâîé ãðóïïû 〈L,+〉. Åñëè K çàìêíóòî îòíîñè-
òåëüíî óìíîæåíèÿ íà âñå ýëåìåíòû ïîëÿ (v ∈ K,λ ∈ P ⇒ λv ∈ K), òî
K íàçûâàåòñÿ ïîäïðîñòðàíñòâîì ïðîñòðàíñòâà L.
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Ýëåìåíòû ëèíåéíîãî ïðîñòðàíñòâà ïðèíÿòî íàçûâàòü âåêòîðàìè
(ãåîìåòðè÷åñêèå âåêòîðû åñòü ëèíåéíîå ïðîñòðàíñòâî íàä ïîëåì äåé-
ñòâèòåëüíûõ ÷èñåë). Âåêòîð âèäà λ1v1 + λ2v2 + · · · + λnvn íàçûâà-
åòñÿ ëèíåéíîé êîìáèíàöèåé âåêòîðîâ v1, v2, . . . , vn. Ïðè λ1 = λ2 =
· · · = λn = 0 ïîëó÷àåì òðèâèàëüíóþ ëèíåéíóþ êîìáèíàöèþ, êîòîðàÿ
ðàâíà íåéòðàëüíîìó ýëåìåíòó (íóëåâîìó âåêòîðó) 0 àáåëåâîé ãðóï-
ïû 〈L,+〉. Âåêòîðû v1, v2, . . . , vn íàçûâàþòñÿ ëèíåéíî íåçàâèñèìûìè,
åñëè íèêàêàÿ èõ íåòðèâèàëüíàÿ ëèíåéíàÿ êîìáèíàöèÿ íå ðàâíà íóëå-
âîìó âåêòîðó. Â ïðîòèâíîì ñëó÷àå, êîãäà ñóùåñòâóåò íåòðèâèàëüíàÿ
ëèíåéíàÿ êîìáèíàöèÿ ðàâíàÿ íóëåâîìó âåêòîðó, ãîâîðÿò, ÷òî âåêòîðû
v1, v2, . . . , vn ÿâëÿþòñÿ ëèíåéíî çàâèñèìûìè. Âåðíî ñëåäóþùåå óòâåð-
æäåíèå:

Âåêòîðû v1, v2, . . . , vn ÿâëÿþòñÿ ëèíåéíî çàâèñèìûìè òîãäà è òîëü-
êî òîãäà, êîãäà îäèí èç íèõ ðàâåí ëèíåéíîé êîìáèíàöèè îñòàëüíûõ.

Åñëè ìû âîçüìåì îäèí âåêòîð, çàòåì äîáàâèì ê íåìó åùå îäèí,
ïîòîì åùå, òî ðàíî èëè ïîçäíî ìû ïîëó÷èì ìíîæåñòâî ëèíåéíî çàâè-
ñèìûõ âåêòîðîâ. Íàèáîëüøåå ïî êîëè÷åñòâó âåêòîðîâ ëèíåéíî íåçàâè-
ñèìîå ìíîæåñòâî íàçûâàåòñÿ áàçèñîì ëèíåéíîãî ïðîñòðàíñòâà. Îêàçû-
âàåòñÿ, âåðíà

Òåîðåìà. Âñå áàçèñû çàäàííîãî ëèíåéíîãî ïðîñòðàíñòâà L èìåþò
îäèíàêîâîå êîëè÷åñòâî âåêòîðîâ, êîòîðîå íàçûâàåòñÿ ðàçìåðíîñòüþ
ýòîãî ïðîñòðàíñòâà è îáîçíà÷àåòñÿ dimL.

Ñëåäñòâèåì ýòîé òåîðåìû ñëóæèò óòâåðæäåíèå: êàæäûé âåêòîð îä-
íîçíà÷íî ïðåäñòàâëÿåòñÿ â âèäå ëèíåéíîé êîìáèíàöèè áàçèñíûõ âåê-
òîðîâ. À èìåííî, åñëè v = λ1e1 + λ2e2 + · · · + λnen, ãäå e1, e2, . . . , en �
áàçèñ L, òî λ1, λ2, . . . , λn íàçûâàþòñÿ êîîðäèíàòàìè âåêòîðà v â ýòîì
áàçèñå. ×àñòî êîîðäèíàòû çàïèñûâàþò â ñòîëáåö:

v↓ =


λ1
λ2
...
λn


Ïî èçâåñòíûì êîîðäèíàòàì âåêòîðîâ v↓1 , v

↓
2 , . . . , v

↓
n ëåãêî ïðîâåðèòü

èõ ëèíåéíóþ íåçàâèñèìîñòü:
Âåêòîðû v1, v2, . . . , vn ÿâëÿþòñÿ ëèíåéíî íåçàâèñèìûìè òîãäà è

òîëüêî òîãäà, êîãäà ìàòðèöà, ñîñòàâëåííàÿ èç ñòîëáöîâ èõ êîîðäèíàò(
v↓1 v

↓
2 · · · v↓n

)
èìååò íåíóëåâîé îïðåäåëèòåëü.
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ÃËÀÂÀ 5. ËÈÍÅÉÍÛÅ ÏÐÅÎÁÐÀÇÎÂÀÍÈß

Ïîäïðîñòðàíñòâî, ïîðîæäåííîå âåêòîðàìè v1, v2, . . . , vn, ñîñòîèò èç
âñåâîçìîæíûõ èõ ëèíåéíûõ êîìáèíàöèé. Â ÷àñòíîñòè, ïîäïðîñòðàí-
ñòâî, ïîðîæäåííîå îäíèì âåêòîðîì v 6= 0, åñòü {λv |λ ∈ P} è èìååò
ðàçìåðíîñòü îäèí.

Îòîáðàæåíèå f : L1 → L2 íàçûâàåòñÿ ëèíåéíûì îòîáðàæåíèåì,
åñëè âûïîëíåíû ñâîéñòâà:

• f(λv) = λf(v)

• f(v1 + v2) = f(v1) + f(v2)

Åñëè e1, e2, . . . , en � áàçèñ L1, à k1, k2, . . . , km � áàçèñ L2, òî ëè-
íåéíîå îòîáðàæíèå îäíîçíà÷íî îïðåäåëÿåòñÿ êîîðäèíàòàìè âåêòîðîâ
f(e1), f(e2), . . . , f(en), à äëÿ ëþáîãî äðóãîãî v = λ1e1+λ2e2+ · · ·+λnen
âåðíî f(v) = λ1f(e1)+λ2f(e2)+ · · ·+λnf(en). Îáîçíà÷èì aij êîîðäèíà-
òû âåêòîðà f(ej) â áàçèñå k1, k2, . . . , km, òî åñòü f(ej) = a1jk1 +a2jk2 +
· · ·+ amjkm. Ìàòðèöà

Af =


a11 a12 · · · a1n
a21 a22 · · · a2n
...

...
am1 am2 · · · amn


íàçûâàåòñÿ ìàòðèöåé ëèíåéíîãî îòîáðàæåíèÿ f : L1 → L2 â áàçèñàõ
e1, e2, . . . , en, k1, k2, . . . , km. Ïî çàäàííîé ìàòðèöå ðåçóëüòàò ëèíåéíîãî
îòîáðàæåíèÿ íàõîäèòñÿ êàê

f(v)↓ = Af · v↓

Êîãäà ïðîñòðàíñòâà L1 è L2 ÿâëÿþòñÿ îäíèì è òåì æå ïðîñòðàí-
ñòâîì L ñ áàçèñîì e1, e2, . . . , en, òî ëèíåéíîå îòîáðàæíèå f : L → L
íàçûâàåòñÿ ëèíåéíûì ïðåîáðàçîâàíèåì ïðîñòðàíñòâà L. Ìàòðèöà Af
ëèíåéíîãî ïðåîáðàçîâàíèÿ â áàçèñå e1, e2, . . . , en áóäåò êâàäðàòíîé ìàò-
ðèöåé ðàçìåðà n × n. Äëÿ ëèíåéíîãî ïðåîáðàçîâàíèÿ ïðîñòðàíñòâà L
âîçìîæíà ñèòóàöèÿ, êîãäà íåêîòîðûé íåíóëåâîé âåêòîð v ∈ L ïðè ïðå-
îáðàçîâàíèè ïåðåõîäèò â âåêòîð, êîëëèíåàðíûé èñõîäíîìó: f(v) = αv.
Ýòà ñèòóàöèÿ èíòåðåñíà òåì, ÷òî òîãäà âñå ïîäïðîñòðàíñòâî, ïîðîæ-
äåííîå v ïåðåõîäèò ñàìî â ñåáÿ:

f(λv) = λf(v) = λ(αv) = α(λv).
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Ãåîìåòðè÷åñêèé ñìûñë ñîñòîèò â ðàñòÿæåíèè â α ðàç ¾ïðÿìîé¿,
ñîñòàâëåííîé èç âåêòîðîâ, êîëëèíåàðíûõ v. Â ýòîì ñëó÷àå ãîâîðÿò, ÷òî
âåêòîð v ÿâëÿåòñÿ ñîáñòâåííûì âåêòîðîì ëèíåéíîãî ïðåîáðàçîâàíèÿ,
ñîîòâåòñòâóþùèì ñîáñòâåííîìó çíà÷åíèþ α.

Îáîáùåíèåì ýòîé ñèòóàöèè ÿâëÿåòñÿ îïðåäåëåíèå èíâàðèàíòíîãî
ïîäïðîñòðàíñòâà. Ïîäïðîñòðàíñòâî K ⊂ L íàçûâàåòñÿ èíâàðèàíòíûì
îòíîñèòåëüíî ïðåîáðàçîâàíèÿ f : L → L, åñëè äëÿ âñåõ v ∈ K âûïîë-
íåíî f(v) ∈ K.

Ïóñòü ëèíåéíîå ïðåîáðàçîâàíèå f : L → L çàäàíî ìàòðèöåé Af .
Óìíîæåíèå íà ñêàëÿð α ñîîòâåòñòâóåò ëèíåéíîìó ïðåîáðàçîâàíèþ ñ
ìàòðèöåé αE. Òàêèì îáðàçîì,

f(v)↓ = αv↓ ⇐⇒ Af · v↓ = αE · v↓ ⇐⇒ (Af − αE) v↓ = 0↓.

Òàê êàê v � íåíóëåâîé âåêòîð, òî ìàòðèöà Af − αE âûðîæäåííàÿ è
det(Af − αE) = 0.

Äëÿ êâàäðàòíîé ìàòðèöû ðàçìåðà n×n óðàâíåíèå det(Af−αE) = 0
èìååò ñòåïåíü n è íàçûâàåòñÿ õàðàêòåðèñòè÷åñêèì óðàâíåíèåì. ×èñëî
êîðíåé ýòîãî óðàâíåíèÿ íå áîëüøå n, à êàæäûé êîðåíü α ÿâëÿåòñÿ
ñîáñòâåííûì çíà÷åíèåì ëèíåéíîãî ïðåîáðàçîâàíèÿ.

Åñëè α ÿâëÿåòñÿ ïðîñòûì êîðíåì, òî ýòîìó ñîáñòâåííîìó çíà÷åíèþ
ñîîòâåòñòâóåò îäíîìåðíîå ïîäïðîñòðàíñòâî ñîáñòâåííûõ âåêòîðîâ. Òà-
êèì îáðàçîì, ñîáñòâåííûé âåêòîð îïðåäåëÿåòñÿ ñ òî÷íîñòüþ äî ïðîèç-
âîëüíîé ïîñòîÿííîé èç ïîëÿ P .

Åñëè α ÿâëÿåòñÿ êðàòíûì êîðíåì õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ,
òî âîçìîæíû íåñêîëüêî âàðèàíòîâ. Íàïðèìåð, ñîáñòâåííîìó çíà÷åíèþ
α, êîòîðîå ÿâëÿåòñÿ êîðíåì êðàòíîñòè äâà, ñîîòâåòñòâóåò èíâàðèàíò-
íîå îòíîñèòåëüíî ðàññìàòðèâàåìîãî ëèíåéíîãî ïðåîáðàçîâàíèÿ ïîä-
ïðîñòðàíñòâî ðàçìåðíîñòè äâà. Íî åãî áàçèñ ìîæåò ñîñòîÿòü ëèáî èç
äâóõ ëèíåéíî íåçàâèñèìûõ ñîáñòâåííûõ âåêòîðîâ, ëèáî èç îäíîãî ñîá-
ñòâåííîãî âåêòîðà v è ïðèñîåäèíåííîãî ê íåìó âåêòîðà w:

f(w) = αw + v.

Äëÿ êîðíåé êðàòíîñòè òðè è áîëåå êîëè÷åñòâî âàðèàíòîâ ñòðóêòó-
ðû èíâàðèàíòíîãî ïîäïðîñòðàíñòâà åùå áîëüøå.

59



ÃËÀÂÀ 5. ËÈÍÅÉÍÛÅ ÏÐÅÎÁÐÀÇÎÂÀÍÈß

5.1. Çàäà÷è

Çàäàíà ìàòðèöà ëèíåéíîãî ïðåîáðàçîâàíèÿ â íåêîòîðîì áàçèñå A.
Íàéòè âñå åãî ñîáñòâåííûå çíà÷åíèÿ è îäèí èç ñîáñòâåííûõ âåêòîðîâ.

5.1

 2 −1 1
1 1 −1
2 0 1



5.2

 0 −1 1
1 −1 −1
2 0 −1



5.3

 2 1 0
1 2 −1
1 1 2



5.4

 4 −2 2
0 1 5
0 −1 −2



5.5

 2 1 −2
2 −2 9
0 −2 6



5.6

 3 −1 −1
0 2 −5
0 2 0



5.7

 2 −1 1
1 2 −1
−1 1 2



5.8

 −4 −1 1
17 5 −6
8 3 −4



5.9

 2 1 0
0 2 −2
−1 1 3



5.10

 4 −2 2
2 2 −1
−1 1 1



5.11

 3 2 1
0 1 3
6 2 −4



5.12

 −1 1 −2
2 −5 9
0 −2 3



5.13

 −1 −1 1
17 8 −6
8 3 −1



5.14

 1 1 0
1 1 −1
1 1 1


Çàäàíà ìàòðèöà ëèíåéíîãî ïðåîáðàçîâàíèÿ â íåêîòîðîì áàçèñå A.

Íàéòè âñå åãî ñîáñòâåííûå çíà÷åíèÿ è âñå ñîáñòâåííûå âåêòîðû.

5.15
(

2 2
2 2

)

5.16
(

0 1
−2 3

)
5.17

(
7 3
3 −1

)

5.18
(

1 3
−1 5

)
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5.2. ÓÏÐÀÆÍÅÍÈß

5.19
(

6 1
5 2

)

5.20
(

3 −2
3 −4

)

5.21
(

2 1
3 4

)

5.22
(

1 −1
1 −4

)

5.23
(
−1 8

1 1

)

5.24
(

9 −2
−2 6

)

5.25
(

1 −1
−1 1

)

5.26
(

32 30
30 7

)

5.27
(

1 1
4 1

)

5.28
(

1 −1
2 4

)

5.29
(
−6 −16

3 8

)

5.30
(

8 14
−3 −5

)

5.31
(

0 −8
1 6

)

5.32
(

2 12
0 −3

)

5.33
(

19 −36
7 −13

)

5.34
(
−6 16
−3 8

)

5.35
(

1 3
3 1

)

5.36
(

2 4
4 2

)

5.37
(

2 3
1 4

)

5.38
(

2 3
2 −3

)

5.39
(

1 −1
0 −5

)

5.40
(

4 4
1 4

)

5.2. Óïðàæíåíèÿ

Çàäàíà ìàòðèöà ëèíåéíîãî ïðåîáðàçîâàíèÿ â íåêîòîðîì áàçèñå A.
Íàéòè âñå åãî ñîáñòâåííûå çíà÷åíèÿ è âñå ñîáñòâåííûå, à åñëè åñòü, òî
è ïðèñîåäèíåííûå âåêòîðû.
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5.41

 1 −1 1
1 1 −1
2 −1 0


5.42

 1 −2 −1
1 −1 1
1 0 −1


5.43

 2 −1 1
1 2 −1
1 −1 2


5.44

 3 −1 1
1 1 1
4 −1 4


5.45

 2 2 2
3 −3 1
0 1 3


5.46

 3 0 6
2 1 2
1 3 −4



5.47

 6 0 −2
−4 2 2
−2 −2 4



5.48

 2 0 −1
−2 0 1
−1 −1 1



5.49
(

1 1
−1 3

)

5.50
(
−2 1
−1 0

)

5.51
(

0 1
−1 2

)

5.52
(

4 −1
4 0

)

5.3. Ïðèìåðû ðåøåíèÿ çàäàíèé

Çàäàíà ìàòðèöà ëèíåéíîãî ïðåîáðàçîâàíèÿ â íåêîòîðîì áàçèñå A.
Íàéòè âñå åãî ñîáñòâåííûå çíà÷åíèÿ è âñå ñîáñòâåííûå, à åñëè åñòü, òî
è ïðèñîåäèíåííûå âåêòîðû.

Ïðèìåð 5.1. A =

 3 2 1
0 1 3
0 2 −4

.
Ñîñòàâëÿåì õàðàêòåðèñòè÷åñêîå óðàâíåíèå

det(A− αE) = det

 3− α 2 1
0 1− α 3
0 2 −4− α

 =

= (3− α)(1− α)(−4− α)− 2 · 3 · (3− α) =

= (3− α)(−4− α+ 4α+ α2 − 6) =

= (3− α)(α2 + 3α− 10) = 0.
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Îäèí èç êîðíåé õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ α = 3. Ïîäåëèì
îáå ÷àñòè óðàâíåíèÿ íà (3 − α) è ïîëó÷èì êâàäðàòíîå óðàâíåíèå
α2 + 3α − 10 = 0. Åãî êîðíè α = −5 è α = 2. Òàêèì îáðàçîì, íàéäå-
íû âñå òðè ñîáñòâåííûõ çíà÷åíèÿ ëèíåéíîãî ïðåîáðàçîâàíèÿ. Òàê êàê
êðàòíûõ êîðíåé íåò, òî êàæäîìó ñîáñòâåííîìó çíà÷åíèþ ñîîòâåòñòâó-
åò îäèí ñîáñòâåííûé âåêòîð, çàäàííûé ñ òî÷íîñòüþ äî ïðîèçâîëüíîé
ïîñòîÿííîé.

Ðàññìîòðèì ñîáñòâåííîå çíà÷åíèå α = 3. Îáîçíà÷èì êîîðäèíàòû
ñîáñòâåííîãî âåêòîðà v1, v2, v3. Ðåøèì ñèñòåìó

(A− αE) v↓ =

 0 2 1
0 −2 3
0 2 −7

 ·
 v1

v2
v3

=

 2v2 + v3
−2v2 + 3v3
2v2 − 7v3

=

 0
0
0

 .

Èç 2v2 + v3 = 0 è −2v2 + 3v3 = 0 ñëåäóåò 4v3 = 0. Çíà÷èò v3 = 0 è,
ñëåäîâàòåëüíî, v2 = 0. Çíà÷åíèå v1 ðàâíî ïðîèçâîëüíîé ïîñòîÿííîé C,
òàê êàê â ñèñòåìó óðàâíåíèé v1 íå âõîäèò â ÿâíîì âèäå. Ñîáñòâåííûé
âåêòîð, ñîîòâåòñòâóþùèé ñîáñòâåííîìó çíà÷åíèþ α = 3, èìååò âèä

v =

 C
0
0

 = C ·

 1
0
0

 .

Òåïåðü ðàññìîòðèì ñîáñòâåííîå çíà÷åíèå α = 2. Òîãäà

(A− αE) =

 1 2 1
0 −1 3
0 2 −6


è ñèñòåìà óðàâíåíèé áóäåò v1 + 2v2 + v3

−v2 + 3v3
2v2 − 6v3

 =

 0
0
0

 .

Ïîñëåäíèå äâà óðàâíåíèÿ ðàâíîñèëüíû v2 = 3v3. Ïîäñòàâèì â ïåð-
âîå óðàâíåíèå:

v1 = −2v2 − v3 = −6v3 − v3 = −7v3.
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Â êà÷åñòâå çíà÷åíèÿ v3 ìîæíî âçÿòü ïðîèçâîëüíóþ ïîñòîÿííóþ C,
òîãäà v2 = 3C, v1 = −7C. Ñîáñòâåííûé âåêòîð, ñîîòâåòñòâóþùèé ñîá-
ñòâåííîìó çíà÷åíèþ α = 2, èìååò âèä

v =

 −7C
3C
C

 = C ·

 −7
3
1

 .

Íàêîíåö, äëÿ α = −5 ñèñòåìà ïðèìåò âèä 8v1 + 2v2 + v3
6v2 + 3v3
2v2 + v3

 =

 0
0
0

 .

Ïîñëåäíèå äâà óðàâíåíèÿ ýêâèâàëåíòíû v3 = −2v2. Ïîäñòàâèì â
ïåðâîå óðàâíåíèå: 8v1 = 0. Çíà÷èò, v1 = 0, è ñîáñòâåííûé âåêòîð,
ñîîòâåòñòâóþùèé ñîáñòâåííîìó çíà÷åíèþ α = −5, èìååò âèä

v =

 0
C
−2C

 = C ·

 0
1
−2

 .

Ïðèìåð 5.2. A =

(
2 9
−1 −4

)
.

Ñîñòàâëÿåì õàðàêòåðèñòè÷åñêîå óðàâíåíèå

det(A− αE)= det

(
2− α 9
−1 −4− α

)
= (2− α)(−4− α)−(−9) =

= −8 + 4α− 2α+ α2 + 9 = α2 + 2α+ 1 = (α+ 1)2 = 0.

Êîðåíü α = −1 èìååò êðàòíîñòü 2. Ñíà÷àëà èùåì ñîáñòâåííûé âåêòîð.

(A− αE) =

(
3 9
−1 −3

)
.

Îáà óðàâíåíèÿ 3v1 + 9v2 = 0 è −v1 − 3v2 = 0 ðàâíîñèëüíû v1 = −3v2.
Ñîáñòâåííûé âåêòîð

v =

(
−3C
C

)
= C ·

(
−3
1

)
.
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Äëÿ ïðèñîåäèíåííîãî ê íåìó âåêòîðà

w =

(
w1

w2

)
âûïîëíÿåòñÿ ñèñòåìà óðàâíåíèé

(A− αE)w↓ =

(
3 9
−1 −3

)
·
(
w1

w2

)
=

(
v1
v2

)
=

(
−3
1

)
,

ò. å. {
3w1 + 9w2 = −3
−w1 − 3w2 = 1

.

Îáà óðàâíåíèÿ ðàâíîñèëüíû w1 = −3w2 − 1. Ïðèñîåäèíåííûé âåêòîð
èìååò âèä

w =

(
−3C − 1

C

)
,

ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ.
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Ãëàâà 6

Êâàäðàòè÷íûå ôîðìû

Êâàäðàòè÷íîé ôîðìîé îò n ïåðåìåííûõ íàä ïîëåì P íàçûâàåòñÿ
âûðàæåíèå âèäà

f(x1, x2, . . . , xn) =

n∑
i,j=1

aijxixj ,

ãäå x1, x2, . . . , xn � ïåðåìåííûå, aij ∈ P . Òàê êàê xixj = xjxi, òî óäîáíî
ñ÷èòàòü, ÷òî (aij + aji)xixj = 2bijxixj , åñëè õàðàêòåðèñòèêà ïîëÿ íå
ðàâíà 2. Ýòî óñëîâèå âåðíî äëÿ âñåõ ÷èñëîâûõ ïîëåé.

Îáîçíà÷èì bij =
aij + aji

2
,

X =


x1
x2
...
xn

 , Bf =


b11 b12 · · · b1n
b21 b22 b2n
...

...
bn1 bn2 · · · bnn

 .

Òîãäà f(x1, x2, . . . , xn) = XT · Bf · X, ïðè÷åì ìàòðèöà Bf ñèì-
ìåòðè÷íàÿ: bji = bij . Îíà íàçûâàåòñÿ ìàòðèöåé êâàäðàòè÷íîé ôîðìû
f(x1, x2, . . . , xn).

Êâàäðàòè÷íàÿ ôîðìà g(y1, y2, . . . , yn) ïîëó÷àåòñÿ èç ôîðìû
f(x1, x2, . . . , xn) íåâûðîæäåííîé çàìåíîé ïåðåìåííûõ, åñëè äëÿ íåêî-
òîðîé íåâûðîæäåííîé ìàòðèöû C ïîñëå çàìåíû X = CY ïîëó÷àåòñÿ
ðàâåíñòâî

f(x1(y1, . . . , yn), x2(y1, . . . , yn), . . . , xn(y1, . . . , yn)) = g(y1, y2, . . . , yn).
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Â ýòîì ñëó÷àå ìåæäó ìàòðèöàìè êâàäðàòè÷íûõ ôîðì âûïîëíåíî ñî-
îòíîøåíèå Bg = CTBfC. Òàê êàê ó íåâûðîæäåííîé ìàòðèöû âñå-
ãäà åñòü îáðàòíàÿ ìàòðèöà, òî è ôîðìà f(x1, x2, . . . , xn) ïîëó÷àåòñÿ
èç g(y1, y2, . . . , yn) íåâûðîæäåííîé çàìåíîé ïåðåìåííûõ. Òàêèå ïàðû
ôîðì íàçûâàþò ýêâèâàëåíòíûìè.

Êàíîíè÷åñêàÿ êâàäðàòè÷íàÿ ôîðìà íå ñîäåðæèò ïðîèçâåäåíèé ðàç-
íûõ ýëåìåíòîâ, ò. å. èìååò âèä

f(x1, x2, . . . , xn) = a11x
2
1 + a22x

2
2 + · · ·+ annx

2
n.

Åå ìàòðèöà ÿâëÿåòñÿ äèàãîíàëüíîé ìàòðèöåé.
Òåîðåìà. Ëþáàÿ êâàäðàòè÷íàÿ ôîðìà ýêâèâàëåíòíà íåêîòîðîé êà-

íîíè÷åñêîé êâàäðàòè÷íîé ôîðìå.
Åñëè ìû ðàññìàòðèâàåì ôîðìû íàä ïîëåì äåéñòâèòåëüíûõ ÷èñåë,

òî ìàòðèöû ýêâèâàëåíòíûõ êàíîíè÷åñêèõ êâàäðàòè÷íûõ ôîðì èìåþò
îäèíàêîâîå êîëè÷åñòâî ïîëîæèòåëüíûõ è îäèíàêîâîå êîëè÷åñòâî îò-
ðèöàòåëüíûõ ýëåìåíòîâ íà ãëàâíîé äèàãîíàëè. Ýòîò ôàêò ïðè n = 2
è n = 3 âàæåí äëÿ àíàëèòè÷åñêîé ãåîìåòðèè êðèâûõ è ïîâåðõíîñòåé
âòîðîãî ïîðÿäêà. Èçâåñòíî, ÷òî íàä ïîëåì äåéñòâèòåëüíûõ ÷èñåë ëþ-
áàÿ ñèììåòðè÷íàÿ ìàòðèöà B ìîæåò áûòü ïðèâåäåíà ê äèàãîíàëüíîìó
âèäó ñ ïîìîùüþ îðòîãîíàëüíîé ìàòðèöû G ñëåäóþùèì îáðàçîì:

D = G−1BG = GTBG.

Ãåîìåòðè÷åñêèé ñìûñë çàêëþ÷àåòñÿ â òàêîì ïîâîðîòå ñèñòåìû êîîð-
äèíàò, ÷òî óðàâíåíèå êðèâîé (èëè ïîâåðõíîñòè) âòîðîãî ïîðÿäêà ïðè-
íèìàåò êàíîíè÷åñêèé âèä.

Íàïîìíèì, ÷òî ìàòðèöà G íàçûâàåòñÿ îðòîãîíàëüíîé, åñëè G−1 =
GT . Ïîýòîìó çàäà÷à îòûñêàíèÿ íåâûðîæäåííîé çàìåíû ïåðåìåííûõ
äëÿ ïðèâåäåíèÿ êâàäðàòè÷íîé ôîðìû ñ ìàòðèöåé B ê êàíîíè÷åñêîìó
âèäó ñâîäèòñÿ ê îòûñêàíèþ áàçèñà èç ñîáñòâåííûõ âåêòîðîâ ìàòðèöû
B è ïîñëåäóþùåìó èõ íîðìèðîâàíèþ. Íîðìèðîâàíèå âåêòîðà ñ êîîð-
äèíàòàìè λ1, λ2, . . . , λn � ýòî äåëåíèå êàæäîé êîîðäèíàòû íà âåëè÷èíó√
λ21 + λ22 + · · ·+ λ2n.
Êâàäðàòè÷íàÿ ôîðìà f(x1, x2, . . . , xn) íàä ïîëåì äåéñòâèòåëüíûõ

÷èñåë íàçûâàåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé, åñëè ïðè ëþáûõ çíà-
÷åíèÿõ x1, x2, . . . , xn, íå âñå èç êîòîðûõ ðàâíû 0, âåðíî

f(x1, x2, . . . , xn) > 0.
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ßñíî, ÷òî êàíîíè÷åñêàÿ ïîëîæèòåëüíî îïðåäåëåííàÿ ôîðìà èìååò
äèàãîíàëüíóþ ìàòðèöó ñ ïîëîæèòåëüíûìè ýëåìåíòàìè íà äèàãîíàëè.
Îäíàêî ìîæíî ïðîâåðèòü ïîëîæèòåëüíóþ îïðåäåëåííîñòü, íå ïðèâîäÿ
ê êàíîíè÷åñêîìó âèäó.

Òåîðåìà. Êâàäðàòè÷íàÿ ôîðìà íàä ïîëåì äåéñòâèòåëüíûõ ÷èñåë
ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé òîãäà è òîëüêî òîãäà, êîãäà âñå
ãëàâíûå óãëîâûå ìèíîðû åå ìàòðèöû ïîëîæèòåëüíû.

Äîêàçàòåëüñòâî ïðèâåäåíî â [2, ñ. 163].

6.1. Çàäà÷è

Çàäàíà êâàäðàòè÷íàÿ ôîðìà f(x1, x2) íàä ïîëåì äåéñòâèòåëüíûõ
÷èñåë. Íàéòè åå ìàòðèöó è ìàòðèöó çàìåíû ïåðåìåííûõ, ïðèâîäÿùèõ
ýòî ôîðìó ê êàíîíè÷åñêîé. Ïðîâåðèòü íåïîñðåäñòâåííîé çàìåíîé ïå-
ðåìåííûõ.

6.1 7x21 + 8x1x2 + x22

6.2 2x21 + 6x1x2 + 10x22

6.3 30x21 + 10x1x2 + 6x22

6.4 5x21 + 24x1x2 − 5x22

6.5 3x21 + 8x1x2 + 9x22

6.6 x21 + 6x1x2 + 9x22

6.7 20x21 + 10x1x2 − 4x22

6.8 11x21 + 24x1x2 + x22

6.9 5x21 − 8x1x2 − x22

6.10 2x21 − 14x1x2 + 2x22

6.11 4x21 − 6x1x2 − 4x22

6.12 10x21 − 10x1x2 − 14x22

6.13 x21 + 8x1x2 + 7x22

6.14 3x21 − 8x1x2 − 3x22

6.15 5x21 − 6x1x2 − 3x22

6.16 −3x21 − 10x1x2 + 21x22

6.17 2x21 − 24x1x2 + 12x22

6.18 9x21 − 4x1x2 + 6x22

6.19 32x21 + 60x1x2 + 7x22

6.20 3x21 + 8x1x2 + 3x22

6.21 10x21 − 6x1x2 + 2x22

6.22 6x21 + 10x1x2 + 30x22

6.23 −5x21 − 24x1x2 + 5x22

6.24 9x21 − 8x1x2 + 3x22

6.25 −9x21 − 6x1x2 − x22
6.26 4x21 − 10x1x2 − 20x22

6.27 x21 + 24x1x2 + 11x22

6.28 x21 + 8x1x2 − 5x22

6.29 −4x21 + 6x1x2 + 4x22
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6.30 −x21 + 10x1x2 − x22
6.31 14x21 + 10x1x2 − 10x22

6.32 3x21 + 8x1x2 − 3x22

6.33 3x21 + 6x1x2 − 5x22

6.34 21x21 + 10x1x2 − 3x22

6.35 12x21 + 24x1x2 + 2x22

6.36 6x21 + 4x1x2 + 9x22

6.37 7x21 − 60x1x2 + 32x22

6.38 10x21 + 6x1x2 + 2x22

6.39 x21 − 24x1x2 + 11x22

6.40 5x21 − 12x1x2 + 5x22

6.2. Óïðàæíåíèÿ

Çàäàíà êâàäðàòè÷íàÿ ôîðìà f(x1, x2, x3) íàä ïîëåì äåéñòâèòåëü-
íûõ ÷èñåë. Íàéòè åå ìàòðèöó è ìàòðèöó çàìåíû ïåðåìåííûõ, ïðèâîäÿ-
ùèõ ýòî ôîðìó ê êàíîíè÷åñêîé. Ïðîâåðèòü íåïîñðåäñòâåííîé çàìåíîé
ïåðåìåííûõ.

6.41 6x21 − 4x1x2 + 5x22 + 4x1x3 + 7x23

6.42 x21 + 2x1x2 + 5x22 − 4x1x3 − 4x23

6.43 x1x2 + x1x3 + x2x3

6.44 4x21 − 4x1x2 + x22 + 4x1x3 − 3x2x3 + x23

6.45 11x21 + 16x1x2 + 5x22 + 4x1x3 − 20x2x3 + 2x23

6.46 x21 − 6x1x2 + x22 + 6x1x3 − 6x2x3 + 5x23

6.47 x21 + 4x1x2 + x22 + 4x1x3 + 4x2x3 + x23

6.48 17x21 − 4x1x2 + 14x22 − 4x1x3 − 8x2x3 + 14x23

Ïðîâåðèòü, ÿâëÿåòñÿ ëè çàäàííàÿ êâàäðàòè÷íàÿ ôîðìà ïîëîæè-
òåëüíî îïðåäåëåííîé.

6.49 2x21 − 2x1x2 + 5x22 + 6x1x3 − 4x2x3 + 5x23 + 2x1x4 + 4x3x4 + 3x24

6.50 4x21 − 4x1x2 + 2x22 + 2x2x3 + 3x23 + 4x1x4 − 2x2x4 + 2x3x4 + 3x24

6.51 3x21 − 2x1x2 + 2x22 + 2x2x3 + 4x23 + 4x1x4 − 2x2x4 + 2x3x4 + x24

6.52 5x21 + 4x1x2 + 2x22 + 2x1x3 + 2x2x3 + 4x23 + 2x2x4 − 6x3x4 + x24
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6.3. Ïðèìåðû ðåøåíèÿ çàäàíèé

Ïðèìåð 6.1. Çàäàíà êâàäðàòè÷íàÿ ôîðìà íàä ïîëåì äåéñòâèòåëü-
íûõ ÷èñåë. Íàéòè åå ìàòðèöó è ìàòðèöó çàìåíû ïåðåìåííûõ, ïðèâîäÿ-
ùèõ ýòî ôîðìó ê êàíîíè÷åñêîé. Ïðîâåðèòü íåïîñðåäñòâåííîé çàìåíîé
ïåðåìåííûõ.

f(x1, x2) = x21 + 10x1x2 + x22.
Òàê êàê 10 = 2 · 5, òî ìàòðèöà êâàäðàòè÷íîé ôîðìû åñòü

A =

(
1 5
5 1

)
.

Åå ñîáñòâåííûå çíà÷åíèÿ � êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ
(1−α)(1−α)−5 ·5 = 0 èëè 1−2α+α2−25 = α2−2α−24 = 0. Ðåøàåì
êâàäðàòíîå óðàâíåíèå

α1,2 = 1±
√

1− (−24) = 1± 5

Ñîáñòâåííîìó çíà÷åíèþ α1 = 6 ñîîòâåòñòâóåò ñîáñòâåííûé âåêòîð (ìå-
òîä íàõîæäåíèÿ ñîáñòâåííîãî âåêòîðà ïðèâåäåí â ïàðàãðàôå 5.3)

v1 =

(
1
1

)
.

Äëÿ íîðìèðîâàíèÿ ïîäåëèì íà
√

12 + 12 =
√

2:

v1 =


1√
2

1√
2

 .

Ñîáñòâåííîìó çíà÷åíèþ α2 = −4 ñîîòâåòñòâóåò ñîáñòâåííûé âåêòîð

v2 =

(
1
−1

)
.

Ïîñëå íîðìèðîâàíèÿ ïîëó÷àåòñÿ

v2 =


1√
2

− 1√
2

 .
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6.3. ÏÐÈÌÅÐÛ ÐÅØÅÍÈß ÇÀÄÀÍÈÉ

Ìàòðèöà çàìåíû ïåðåìåííûõ ñîñòàâëÿåòñÿ èç ñòîëáöîâ êîîðäèíàò
íîðìèðîâàííûõ ñîáñòâåííûõ âåêòîðîâ:

C =


1√
2

1√
2

1√
2
− 1√

2

 .

Òàêèì îáðàçîì, çàìåíà x1 =
1√
2
y1 +

1√
2
y2, x2 =

1√
2
y1 −

1√
2
y2

ïðèâîäèò êâàäðàòè÷íóþ ôîðìó ê êàíîíè÷åñêîìó âèäó.
Ïðîâåðêà:

f(y1, y2)=

(
1√
2
y1 +

1√
2
y2

)2

+10

(
1√
2
y1 +

1√
2
y2

)(
1√
2
y1 −

1√
2
y2

)
+

+

(
1√
2
y1 −

1√
2
y2

)2

=
1

2

(
y21 + 2y1y2 + y22 + 10(y21 − y22)+

+y21 − 2y1y2 + y22
)

=
1

2

(
12y21 − 8y22

)
= 6y21 − 4y22 .

Çàìåòèì, ÷òî êîýôôèöèåíòû êàíîíè÷åñêîé ôîðìû ðàâíû ñîáñòâåííûì
çíà÷åíèÿì ìàòðèöû èñõîäíîé êâàäðàòè÷íîé ôîðìû.

Ïðèìåð 6.2. Ïðîâåðèòü, ÿâëÿåòñÿ ëè çàäàííàÿ êâàäðàòè÷íàÿ ôîð-
ìà ïîëîæèòåëüíî îïðåäåëåííîé.

2x21 + 2x1x2 + 3x22 + 6x1x3 + 2x2x3 + 5x23 + 2x1x4 + 2x3x4 + 3x24 .
Ìàòðèöà äàííîé ôîðìû åñòü

2 1 3 1
1 3 1 0
3 1 5 1
1 0 1 3

 .

Âû÷èñëèì åå ãëàâíûå óãëîâûå ìèíîðû:

M1 = 2 > 0;

M2 =

∣∣∣∣ 2 1
1 3

∣∣∣∣ = 6− 1 = 5 > 0;

M3 =

∣∣∣∣∣∣
2 1 3
1 3 1
3 1 5

∣∣∣∣∣∣ = 30 + 3 + 3− (27 + 5 + 2) = 2 > 0;
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ÃËÀÂÀ 6. ÊÂÀÄÐÀÒÈ×ÍÛÅ ÔÎÐÌÛ

M4 =

∣∣∣∣∣∣∣∣
2 1 3 1
1 3 1 0
3 1 5 1
1 0 1 3

∣∣∣∣∣∣∣∣ = −

∣∣∣∣∣∣
1 3 1
3 1 0
1 5 1

∣∣∣∣∣∣+ 0−

∣∣∣∣∣∣
2 1 1
1 3 0
3 1 1

∣∣∣∣∣∣+

+3·

∣∣∣∣∣∣
2 1 3
1 3 1
3 1 5

∣∣∣∣∣∣ = −(1+15−1−9)−(6+1−9−1)+3·2 = −6+3+6 = 3 > 0.

Ïðè âû÷èñëåíèè ïîñëåäíåãî îïðåäåëèòåëÿ èñïîëüçîâàëè ðàçëîæåíèå
ïî ÷åòâåðòîé ñòðîêå (ñì. ñëåäñòâèå èç òåîðåìû Ëàïëàñà, ãëàâà 2).

Òàê êàê âñå ÷åòûðå ãëàâíûõ óãëîâûõ ìèíîðà áîëüøå íóëÿ, òî ýòà
êâàäðàòè÷íàÿ ôîðìà ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé.
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Çàêëþ÷åíèå

Íàñòîÿùåå ïîñîáèå ñëóæèò äîïîëíåíèåì ê ó÷åáíèêàì, ïðèâåäåí-
íûì â ñïèñêå ëèòåðàòóðû. Â ýòèõ ó÷åáíèêàõ ïîäðîáíî èçëîæåí òåî-
ðåòè÷åñêèé ìàòåðèàë, íî íåäîñòàòî÷íî ìíîãî ïðèìåðîâ è çàäàíèé äëÿ
ñàìîñòîÿòåëüíîé ðàáîòû.

Ïðè îòáîðå ìàòåðèàëà äëÿ çàäàíèé àâòîðû â ïåðâóþ î÷åðåäü ñòðå-
ìèëèñü ê áîëåå èëè ìåíåå ðàâíîé ñëîæíîñòè äëÿ âñåõ âàðèàíòîâ. Íà-
âûêè, ïðèîáðåòåííûå ïðè ðåøåíèè ýòèõ çàäàíèé, âïîñëåäñòâèè ïðèãî-
äÿòñÿ ïðè èçó÷åíèè äðóãèõ ìàòåìàòè÷åñêèõ è ïðîôåññèîíàëüíûõ äèñ-
öèïëèí. Àëãåáðàè÷åñêèé ïîäõîä, âêëþ÷àþùèé ìàòðèöû, ìíîãî÷ëåíû,
êîìïëåêñíûå ÷èñëà, ñîáñòâåííûå âåêòîðû, øèðîêî ðàñïðîñòðàíåí â ñî-
âðåìåííîé íàóêå è òåõíèêå.
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