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BeepeHue

Teopust BepOATHOCTEH, KaK U Opyrue HayK, BO3HUKJIA U3 NOTpeOHOCTE ! Mpak-
THKN. Ee 3s1eMeRTH ObUIH «3HAKOMbIY €ll¢ NepBOOBITHBHIM JIIOAAM: IIAHCH YOHTh
3BepsA Yy ABYX OXOTHHKOB, KOHEYHO, OOJIBINE, 9€M Y OIHOrO.

BosuukHOBeHHE «MATEMATHKH CJIy9aifHoro» oTHOCHTCA K cepenune X VII pexa
1 CBA3AHO ¢ MONBITKOHR CO3AaHusl TeOpHH a3apTHHIX UIP, OCOGEHHO B KOCTH.

ITpumep omwolt uz cuTyauuil: 1Ba HIPOKA HOTOBOPHJIUCH HTPATH B KOCTH IO MO~
MeHTa, KOLIa O0HOMY U3 HUX YIACTCA BLINNPATH TPU MapThH; Urpa ObLia IpepBata,
KOLZja IepBhIil UIPOK BBIMTPAJT ABE MApPTHH, & BTOPOH — OIHV; KaK CHPaREIJIUBO
paszesmTs craBky? 3 : 1 — kak nokazaau ppanuyvsckue MaremaTiky b. Ilackasms
(1623-1662) u I1. ®epma (1601 1665). U B nacTosmee BpeMs IpuMepsl 13 06JI1acTH
a3apTHHIX UTP MHPOKO IIPUMEHSIIOTCS B TEOPUH BEpPOSITHOCTEH, TaK KaK IJIs HUX
JIETKO CTPOUTH MATEMATHYECKHE MOICIH.

IlepByio kuury no reopuu sepoarnocrei «O pacderax B a3apT1;oﬁ urpe» omy-
6smkoBan ronnasackuit maremaruk X. Iofirenc (1629 1695).

CranopJieHne TeOPUH BEPUATHOCTEN KaK MATeMaTUYECKOil HAYKH CBA3aHO C
umenem 1. Bepuyrimm (1654 -1705), KoTOpbIl BBEJ KJIACCHYECKOEe OIpenesIeHHe CO-
ObITUA 1 AOKa3aa npocreimull cayyail 3akona GOTBIINX YHCeT.

B XVIII XIX pexax OEHTPAJIBHOC MeCTO B PA3BUTHH TEOPUUN BEPOSTHOCTEH
3aHIMAJTH Npepebubie Teopembl. K 3ToMy nepuony otnocarcs pabors A. Myaspa.
(1667-1754), IT. Jlamaca (1749- 1827), K. Taycca (1777 1855), C. ITyaccona (1781
1840).

B xonne XIX — payane XX seka 6maronaps yenomam I1. J1. Yebnuuena (1821 -
1894), A. A. Mapxkosa (1856 1922), A. M. JIanynosa (1857 -1918) cosnanbi MeTomsl
HOKA3ATEIILCTRA MPEHe/THbABIX TeopeM AJIs CYMM He3aBHCHMBIX ITPOM3ROJBHO pac-
MIPEIEJIEHHBIX CITY YalHBIX BEJINYNH.

Hanbueiiiee passurie TCOPHN BEPOATHOCTEll CBA3AHO C MMEHAMH DYCCKHX
maremarukos E.E. Cayukoro (1880- 1948), A. 51 Xunuunna (1894 1959), A. H. Kos-
moropoa (1903-1987), B. B. Iuenenko (1912 1995), a takxe 3apyGesKBbIX yde-
ubix H. Bunepa (1894 1964), 9. Bopens (1871-1956), B.®emnepa (1906 1970),
P. ®unrepa (1890 1962) u np. Teopus pepoarnocTeii nomyynia ctporoe GopMab-
HO-JIOTMYECKOe OCHOBanue Ha Oaze Teopun muOxecTB. Chemyer 0cob0 OTMETUTH
akanemuka A. H. KosiMOroposa, yCTaHOBMBILEIO aKCHOMATUKY TEOPHH BEPOSTHO-
creit. OrpomHOe pA3BHIHE NOJIYYHUIH «OTHOYKOBABIINECH» OT TEOPUH BEPOATHO-
crelt TakKne OTpac/iy HayKH, KaK MATeMaTHYeCKasa CTATHCTUKA, TeOPHS CJTy YaHHLIX
IPOHECCOR, TEOPUs MACCOBOI0 OOCJLyKUBaHUs, TeOPHsi HHQOPMAIHN 1 Ap.

Coppemennas Teopust BepOATHOCTEH — CTpOro oBOCHOBAHHAS MaTeMaTnde-
ckag Hayka. OHa MMPOKO HCMOJb3yeT NOCTURKEHUS OPYTHX MATEMATHYCCKIX HAYK
(o aTOMY MOBOIY COBpEMEHHBIH BepoATHOCTUK JIk. Iy B IIYTKY KAK-TO CKA3aJI:
«Bcem crenmasncram no reopus BEpOATHOCTEH XOPOIIO M3BECTHO, YTO MaTeMaTH-
Ka IpelCcTaBsser coOoH 9acTh TEOPUH BEpOATHOCTEH»); UMEET. B CROIO Ouepefb,
MHOTOYHCJICHHEIC ITPUJIOKCHUA B €CTECTBEHHbIX M IYMAHHTAPHBIX HAYKAX.
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CnyyaiiHble coObITUS

1.1. NpeameT Teopun BepoaTHocTel

JIrobas TouHaa HayKa U3y4aeT He CAMH SIBJICHUS, IPOTEKAIOIINE B ITPY-
pone, B oflnecTse, a UX MATEMATHYECKUE MOIEJM, T. €. ONUCAHUC ABJICHMH
TIpY MOMOIIM HAOOPa CTPOTO ONPEAESIEHHBIX CHMBOJIOB W ONEpalyil Hal Hu-
mu. 1Ipy 3TOM ISt HOCTPOEHUSA MATEMATHYECKON MOJIC/IM PCAJILHOTO ABJIe-
HHUs BO MHOI'WX CJIy4asxX HOCTATOYHO YYHTBIBATH TOJIBKO OCHOBHBIE (Dak-
TOPBL, 32KOHOMEPHOCTH, KOTOPbIE MO3BOJIAIOT NPCABUIETD PE3YJALTAT OIlbl-
Ta, (HabJIIOAeHNs, 9KCIEPUMEHTA) TI0 €r0 33/ TAHHbIM HAYAJIBHBIM yYCJIOBHSM.
ITUM W 3aHMMAfOTCA GONBUIMHCTBO MATEMATHYECKUX (M OpyTWX) JMCHUI-
JuH. OBHApYKEHHBIE 3AKOHOMEPHOCTH SIBJICHHS HA3BIBAIOTCH JemepMuri-
cmuveckumy (onpenesiennbivu). Tak, nampumep, dopmyna

_1 .2
S~2gt

MO3BOJIFCT HAlTH MyTh, HPOHIeHHBIH CBOOOIHO MAJAIOIIMM TEJIOM 33 T ce-
KYH/T OT HAYMAJIA [BUKCHUSI.

OpnHaxo ectb MHOXKECTBO 387184, JIIsl PEIIEHHsT KOTOPHIX NPUXOOUTCS
(Hamo!) yumthBaTE M Citydaiinbie (baKTOPbI, NPUJIAIOIME UCXOLY OIbITa
aJ1eMeHT HeollpegenennocTr. Hanpumep, B Bonpocax crpennbol 1o menv He-
BO3MOXHO 6e3 ydera ciyqaiiHeix (HhakTOpOB OTBCTUTH Ha, BOIIPOC: CKOJIBKO
pakeT Hy>HO IOTPaTUTD Ui TopakeHus ean? HeBo3sMOXHO Ope/icKas3ars,
KakKas CTOpPOHa BblIager npu Opocannu MOHETHL. CKOJLKO JIET NMPOXUBCT
pormuBLmiicss ceroga pebeHOK? CKOJIBKO BpeMeHM nmpopaboTaeT KylLIeH-
ublif HaMu resiesrsop? CKOJIBKO CTYHEHTOB ONO3AAI0T Ha JICKIMIO 10 Teo-
puu BepoaTHoctei? N 1. a. Takwe 3amaum, mexom KOTOPBIX HEJb3s Hpe-
CKa3aTb C MOJIHOM YBEPEHHOCTBIO, TPeOyloT u3ydeHusa He TOJIbKO OCHOB-
HbIX, TJIABHBIX 3aKOHOMEPHOCTEN, OUPENESAINX ABACHUE B O0IINX yep-

Tax, HO U CJIy4YalHeIX, BTOPOCTENMEHHBX (PAKTOPOB. BLIABICHALIC B TAKUX
3a7a9ax (OMBITAX) 3AKOHOMEPHOCTH HASLIBAIOTCA CINAMUCTIUNECKUMY (1Am
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1.2.

seposmuocmuvmu ). CTATHCTUYECKHE 3aKOHOMEPHOCTH MCCICAYIOTCH METO-
[AMHA CICHHAJILHBIX MATEeMATHIECKUX JIUCIMILINH — TEOpHH BEpPOATHOCTEH
W MaTEeMATHIeCKOU CTATUCTUKN.

Teopus seposmuocmelt — MareMaTniccKaa HayKa, u3ydalolias 3aKo-
HOMEPHOCTH, TIPHUCYIHME MACCOBbIM CJIyYailHbIM ABJICHUAM. TIpu sTOM U3-
yUIAEMbIE ABJICHUS paCCMannBaleCﬂ B abcrpaxTHOH bopme, HE3ABUCHMO
OT UX KOHKpeTHOU npuponsl. To ecth Teopus BEpOSITHOCTEH paccMaTpuBa-
eT He CAMM peaJTbHbIC ABJICHUA., & UX YIPOUICHHBIC CXEMBI — MaTeMaTHte-
ckue mone. Ilpedmemom meopuu eeposimuociiel, ABIAIOTCA MaTeMaTh-
qeCcKMe MOJICSIH CIydaiiibix spjenuit. [1pu sToM noxn CAYHATHDM ABACHUEM
OHEMAIOT fABJICHUE, NMPEJICKA3aTh UCXO[ KOTOPOro HEBO3MOXKHO (ipu He-
OLMHOKPATHOM BOCIIPOM3BCIECHUN OTHOTO M TOTO XKe ONbITa OHO MpOTEKACT
KazKI[blil pa3 HECKOJIbKO no-unomy). Ilpumepol cay QoL AeneHUll: BBHI-
nagenue repba mpu nogbpachbiBAHMK MOHETHL, BBIMIDBIUI 10 KyIJICHHOMY
JorepeiinoMy 6MJeTy. pe3synbTal U3MEpEeHUHA Kakoil-mmbo BeJIMIMHBL, [JIU-
TeJBLHOCTE paboTh! TeJIeBU30pa U T. I1.

Ieav meopuu seposamuocmelt — OCyHECTBJIEHHE NPOrHO3A B obstactu
cayYalHbIX ABJICHUI, BJIVAHME HA XOI 9THX ABJICHHMI, KOHTPOJb HUX, OI'DPa-
muuenne chepr aeficTus caydaiinoctn. B Hacroamee BpeMs HET HpaKTH-
JeCKW HM OJHOH 0bJIacT; HAyKM, B KOTOpOW B TOil wim WHOM CTeneHnn He
HPUMEHSTUCH OBl BEPOATHOCTHBIC METOIIBI.

Cnyuaiitbie cobbITUs, NX Knaccugukaums

CHauaa OIpeesiM TOHATHE «CIyY9aiiHoe COObITHe» HCXOJIA U3 €r0 UH-
TYyMTUBHOTO, HArAAnoro nonvanus. Iycts mposommes HEKOTOPbIH OIBIT
(axcnepument, nabmonenve, UCILITAHNUC) , UCXOJL KOTOPOTO NPEJICKA3ATD 33~
panee Hesb3A. Taxkue 9KCTEPHMMEHTHI B TCOPHH BEPOSITHOCTEH HA3BIBAIOT
caynatinotmu. TIpy 9TOM PaCCMATPUBAIOTCH TOJIHKO TAKHE 9KCNEPUMEHTEL,
KOTOPBIE MOKHO 1IIOBTOPATD, XOTA OB TEOPETHIeCKH, TP HEUSMEHHOM KOM-
IIJIEKCE YCJIOBMH [TPOM3BOJILHOE THUCJIO Pas.

Cayuationm coGoumuenm (MM MPOCTO: cOGWMuUEM) HASHIBACTCH Jr06o#
UCXOJI ONBITa, KOTOPBIl MOXeT MpOu30iTH UJI He [IPOU3OUTH.

CobpiTusi 0B03HAUAIOTCH, KAK TPABUIIO, 3AITIaBHBIMK OyKBaMM JIATHH-
ckoro andasuta: A, B, C, ...

IIpumep 1.1. Onbia: Gpocanye MrpajibHOH KOCTH; cobuiTue A — BBIDA-
penue 5 oukos, cobbiTie B — BbIIaJleHue 4eTHOTO MCJIa OYKOB, cobbiTHe
C — puinagenve 7 o9KoB, cobprtue ) — BbITIA/IEHNE TEJIOro KCJIa OY9KOB,
cobeiTe F — BbLia/eHne He MeHee 3-X O9KOB, . . ..
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HGHOCpelICTBeHHI)IC HCXOIbI OIIBITA HA3BIBAIOTCA ANCMEHTMAPHBIMU CO-
boimuamu u 0003HAYAOTCA ucpes w. S.HGMCHT&})HI)IP cobprTusa (I/IX Ha3bl-
BaIOT TaK¥Xke «IJICMCHTAMU», K TOIKAMUD, (<Cﬂyqaﬂl\/ﬂ/l>>) PaACCMaTpnBarOTCH
KaK Hepa3sJIOXKHMbIE U B3aMMOHUCKNIOYAIOMME MCXOObI Wy, wg, W3 ...9TOTO
OIIbI'TA.

MuoxecTBo BCEX dsIemMenHTapHBIX COOBITHI HA3HIBACTCS NPOCTNPAHCII-
BOM IACMEHIMAPHOT COOLIMUT UNU NPOCTRPAHCMEOM ucT0d06, OBOSHAUACT-
ca depes ().

Paccmorpum npumep 1.1. 3neck 6 amementapupix cobbrruii w), Wa, W3,
wy, ws, we. CobbITHE w; O3HAYAECT, YTO B PE3yJbTATE BPOCAHMI KOCTH Bbi-
najuo ¢ oukoB, ¢ = 1,2.3,4,5.6. IIpocTpancrso sjnemMenTapHBIX cOBbLITHI
12aK0B0: Q) = {w), we, w3, ws, ws, we} nam = {1,2,3.4,5, 6}.

CobbiTue HA3BIBACTCA JOCTNOGEPHBIM. €CIIM OllL OOAZATCITHHO HACTYTIUT
B pe3yJibTare JAHHOTrO omblTa, obo3Hauaerca yepes ().

CobbiTie HA3LIBACTCH HEGOZMOHCHBIM. ECIIM OHO BABEAOMO HE IIPOU30it-
JIeT B pesyJibTaTe NPOBCAEHUA OLIBbITA, 0bo3HAYaeTCA 1epes .

B npumepe 1.1 cobbrtua A u B — cayuaitusie. cobortne C — Heos-
MOXKHOe, cobbrtie D — nocrosepHoe.

,D;Ba COOLITHS HA3LIBAIOTCA HECOBMECTNHBIMU. €CJIN [TOABJICHUE OJTHOIO
U3 HUX HCKJIIOYaeT ITOodABJICHKE Apyroro CcOOBITUS B OITIIOM K TOM 2K€ OnbITe,
T. €. HC CMOryT HpOI/ISOﬁTH BMECTE B OIHOM OnbiTe. B LIPOTHBHOM CJIy4yae
cobbiTus Ha3bIBAIOTCHA COBMECTMHDIMU.

Tak, B npumepe 1.1 cobbituss A u B — wecosmectubte, .1 u F — co-
BMECTHEIC.
Cobbrtust Ay, As, ..., A, HAZHIBAIOTCA NONAPHO-HECOSMECTIIHUIMAU, €CITH

J0bble ABa 13 HUX HECOBMECTHBI.

Heckouibko cobbrruit 06pasyror noanyio zpynny, ecJv oHu THOTIAPHO He-
COBMECTHBl ¥ B Pe3yJIbTATe KaXKOOIO ONBITA NPOMCXOMUT OHO W TOJBKO
OOHO W3 HUX.

B npumvepe 1.1 cobbrmis wy we 0Bpasyior mosyo rpynuy, w; ws —
HET.

Heckonbko cobbrtuii B TAHHOM OMbBITE HASLIBAIOTCH PABHOBO3MONCHDI-
MU, €CJI HU O[THO M3 HUX HE FABJISETCA O0bEKTHBHO 60JIee BOSMOXHBIM, YeM
Apyrue, T.e. Bce COOBITUA MMEIOT PABHLIC «IMIAHCHI».

B npumepe 1.1 snemernrapubie cobuitus wy, we, ws, Wy, ws, We PABHO-
BO3MOXHBL. Beimaienue repba (A) wim pemikn (B) npu 6pocanim MoHeTh —
PABHOBOBMOXHBIE COOLITHA, €CJIH, KOHEYHO, MOHETA UMEET CUMMETPHYHYIO
¢opmy, He mornyra, ... . '
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1.3. [OelicTBua Hag, coObLITUAMU

Bl

& (&

BBeeM OCHOBHBIE ONEpaIian Hal COOBITHAME; OHU HOJTHOCTBIO COOTBET-
CTBYIOT OCHOBHBIM OIICPALMAM HaJl MHOXECTBAMU.

Cymmoti cobvmuti A v B HaspBacTCA cobertne C = A+ B. cocrosiee
B HACTYILICHHX XOTst 6b1 opHoro w3 Hux (T.e. mmu A, nm B, wm Awv B
BMeECTE).

IIpouseederaem cobwmuti A v B naspiBaercs coObITHE C = A- B,
COCTOSAIIEE B COBMECTHOM HACTYILICHWH 3TUX cobbrtnii (T.e. nw A u B opto-
BPEMEHHO).

Pasnocmuto cobwmuii A u B naswsaetca cobprrie C = A — B, npo-
MCXOIIAIIEe TOTIA M TOJILKO TOLA. KOTIa Tpoucxomut cobpitue A, 1o He
npoucxonuT cobprrve B.

Ipomueonoacoctvim cobolmuio A Ha3bIBAETCH COOBITHE A, kotopoe
[IPOMCXOMET TOTIIA U TOJILKO TOT/a, KOLJA HE HPOMCXOMUT COOBITUE A (1e.
A osmauaer, 910 cobbrTrie A He HACTYTIIIIO).

Coburtue A eneuem cobvimue B (nym A ABISeTCA YACTHBIM CJIy4aeM
B), ecimt @3 TOro, 4T0 IPOMCXOIUT cobbiTre A, ClIedyeT. ¥T0 MPOMCXOIM1
cobprtiie B; samucoiaiot A C B.

Ecom A € B u B C A, 10 cobprtua A u B Ha3bIBalOTCH PAGHHLMUS
sanuckBaior A = B.

Tax, B npamepe 1.1 (. 1.2) B = {2,4,6}, E = {3,4,5.6}. A = {5},

{1,2,3,&,5,6}. Torna: B + E = {2,3,4,5,6}, B- E = {4,6},
B—-E={2}, A={1,2,3,4,6}, BCD,D=Q= {1,2,3,4,5.6}.

CobbITus ¥ NeHCTBUA HAJL HUMW MOXXHO HALJIATHO HJIIOCTPUPOBATDL C
noMoIbo duazpamm Itaepa—Benna: nocroseproe cobbITHE Q0 mzobpaxa-
eTCH IPAMOYTOILHUKOM; 3JIEMEHTAPHBIE CJiydalibie CoObITHA — TOYKaMK
IPAMOYTOJILHIUKA; CJTyyaiiHoe cobbiTie — 0DJIACTIO BHYTPU HETO.

TeiicTeuz Hag COOBITHIME MOXKHO H300pasuTh Tak, KaK NOKasaHO HA
puc. 1-5.

Oneparmy Ha1 cOOBITUAMY 00JIAJAI0T CIEIYIOIMMI CBOHCTBAMM:

» A+ B=B+A. A-B= B- A (nepeMmecTuTesnHoe);
« (A+B)-C=A-C+B-C,A-B+C= (A+C)-(B+ C) (pacnipene-

JINTEJILHOE);

« (A+B)+C=A+(B+C(),(A-B)-C=A-(B-() (couerarernbroe);
» A+ A=A A- A=A

s A4+Q=Q,A-Q=4;

» A+ A= QAEZQ;

s T=0,0=0,A=A4

- A-B=A-B

« A¥rB=A-Bmn A-B = A+ B — szakons Ie Moprasa.
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)| |k

A-B A-B

Puc. 2 Puc. 3

b N

A

Puc. 4 Puc. 5

B ux cipaBenymmBocTi MOXHO YOEIUTHCA ¢ IOMOIIBIO omarpamm Jilye-
pa—Benna.

IIpumep 1.2. Jlokasars dhopmysny A+ B = A + AB.

Q MWcnonbsys HexoTopble U3 BHIe NPUBEICHHBIX NPABUJI, MOJIYUAEM:

A+B=(A+B)-Q=A-Q+B-Q = A-Q+ B-(A+7) = A-Q+ (A+A)-B =
=A-Q+A-B+A-B=(Q+B)-A+A-B=Q-A+A-B=A+4-B.

Taxum 06paszoM, cymmy aobux deyx cobomuti ModtcHO npedcmasumos 6
6ude cymmos J6YT HECOBMECTNHBE COGBIMAULL.

TeomeTputieckoe JI0Ka3aTe/ILCTBO IPENCTABICHO Ha puc. 6. o

Puc. 6
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YnpaxHeHus

1. Jokasarn ¢popmysies: 1) B = A-B+A-B:2) (A+C)-(B+C) = A-B+C;
3YA+B=A-B.

2. Ilycts A, B u C' — Tpu NPOU3BOIHHBIX cobbrTaA. BeIpasuTh Yepes Hux
cemyionme coBbITHA: a) IPOU3OILIN BCE TPY COOBITU; 6) POM3OULIIO
ronpko C; B) UpoM30HLIO XOTA ObL ONHO U3 coOLITHIL; T) HE OIHOIO
COBBITUA HE Mpou301Lio; 1) npomsonutn A u B. HO C He TpOM30LLIO;
€) MpOM3O0ILIO OIHO U3 ITUX COOBITHIA; ) Mpor30IIo He GoJiee IBYX
coObITHIit.

3. Peseitnasi cxema (puc. 7) coctout u3 6 371eMEHTOB. IMyctb cobbrrus A;
(i = 1,6) cocToAT B TOM, 9T0 COOTBETCTBYIOUIME JICMEHTHI paboTaoT
GesoTKasHo B Teuenne spemenu T'. Boipasuth depes A; cobprtue, CoCTo-
amee B TOM, 4TO cxeMa 3a Bpema T pabotaer 6e30TKa3HO.

— -

305

Puc. 7

1.4. CnyuaiiHbie cobbitus. Anre6pa coGbITUiA.
(TeopeTKo-MHOXECTBEHHas TPaKTOBKA)

OrnpeenuM Tetiepb OCHOBHBIE NOHATUA TEOPUH BEpOATHOCTEl, Criemys
TEOPETUKO-MHOXKECCTBEHHOMY TIOIIXOJ1Y, paspabOTaHHOMY aKaIeMUKOM Kour-
moroposbim A. H. B 1933 rony.

TTycTb NPOU3BOIMTCS HEKOTOPHIH OMBIT CO CITy Al HbIM HCXOJIOM.

ai Muoxkectso @ = {w} BCex BO3MOXKHBIX B3aMMOHCKJIIOMAIONIMX HCXO-

1 [10B IAHHOIO ONBITA HABBIBAETCA NPOCTNPAHCINGOM INEMEHIAPHBLL cobvimud

(kopoTko: [T9C), a camu NCXOMIBL W —— JAEMERTMAPHLMIL cobwmuamu (Wim
&3JIEMEHTAMUI», «TOIKAMU»).
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Caynatinom cobpumuem A (Hm ipocro cobvimuem A) HASBIBASTCS JTEO-
6oe NOIMHOXKECTBO MHOXeCTBa, ), eciut ) KOHETHO UJIU CYCTHO (1. €. ane-
MEHTHI HTOI0 MHOXKECTBA MOXHO HNPOHYMCPOBATH C IIOMOINLIO MHOXKECTBA
HaTypaJsibHbIX "ucesi): A C Q.

IneMenTapHbie CODBITUSH, BXOIALUC B IOAMHOXCCTBO A MPOCTPAHCTBA
(), HasLIBAIOTCA OAG2ONpUAMCIEYIOUUMY cOGUmuI0 A.

Muoxecrso Q nassiBacrces docmoseprvim cobbrrmem. Emy osarompu-
ATCTBYeT Jioboe seMeHTapHOe COObITUHE: B PC3YIILTATE OUBLITA OHO 0BA3A-
TEJIBHO TTPpOU30UIET.

IlycToe MHOXECTBO @ HABBIBACTCS HEBO3MONCHHMM COBLITHEM; B PE3YJ1h-
Tare ONBITA OHO MPOM30HTH HE MOXKET.

Ipumep 1.3. Ouwit: oims pas 6pocaroT urpagbHyIo KocTsb. B 5Tom cITyHace
IT9C rakoso: Q@ = {1,2,3,4,5.6} uinu Q = {wy.wa, . ... we}, roe w; — su1e-
MEHTApHOE COOBITUC, COCTOSIILEE B BBILIAJICHAU I'PAHU C ¢ O4KaMu (i = ﬁ)
B nannom caryqae Q xoneuno. IIpumepom cobuitua A siaactes, Hanpumep,
BBINAJICHUE HEYCTHONO HUCJIa OUKOB; 09eBUIHO, 410 A = {w), w3, ws}: co-
OpiTiio A BIIAronpUATCTBYIOT BJIEMElTAPHBIC COBBITHS W, w3, Wws. ONHAKO
€CJIM HAC WHTEPECYeT TOJIbKO (DAKT BLINAIEHNUA YCTHOIO YUCAA OIKOB. TO
[T9C moxwo mocTpouts uuave: ) = {wi,ws}, IIC Wy — BLIIALCHUE YETIIOTO
YUCJIA O9KOB, W9 — HEYETHOI'O.

IIpumep 1.4. Onvir: crpensba 110 meau 10 nepporo nonaJdanws. Torma
q = {11 HII HHII HHHH

’U)] Twyt wg ’U)4
H — senonananuwe. Mexomos y 31oro onpita 6eCKOHCIHO (reopetutieckn);
) cuerno.

.}, rjge IT osuagaer NnoraJanue B HEJIb,

IIpumep 1.5. Onwbit: nabronenne 3a BpemcHeM GC30TKA3HONH PaBOTHI HE-
KOTOPOro arperara. B 5ToM cilyuae 1 KavecTBe pesyabTrara MOXKeT NOABUTb-
cs moboe uncno ¢ > 0; spems { Menscrest Heupephisio; [19C Takoso:
Q = {t,0 <t < oc}. Ucxomos y a7oro onsrra Geckouedro, § wecuerno
(KOHTUHYAJIBHO).

Han cobprrmsamy MOXHO NPOBOIUTH BCe ONEPAIWH, BHLITIOJIHUMBIE J1JIS
MHOXKECTB.

Cymma (mmm obwenunenve) apyx cobbrruit A € Q u B € Q (06o3naua-
erca A+ B umr AU B) — 9T0 MHOXECTBO, KOTOPOE COACPEKNT JICMEHTHI.
npuHaJexanme Xord 66l OnHOMY U3 cobbiTuit A u B.

Ilpoussedenue npyx cobbiruii A € Q u B € () (obosuasaerca AB wiu
AN B) — »To MEOXECTBO, KOTOPOC COICPKUT HIEMEHTHI, 0BIITE 117151 COBBI-

Tuit A m B.
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Pasrocmu coberruii A € Q u B € Q (obosnataercs A— B wm A\B) —
3TO MHOXKECTBO, KOTOPOE COICPKHT 3JICMEHTHI coberTra A. He npuHAJLIIC-
xamme cobprtuio B.

Mpomusonoacactoe cobuituio A € Q coborne 4 = Q\A. (A naspiBalOT
Taxxke JonoaneHuem MEOXeCTBa A.)

Coboimue A saevem cobwmue B (obosmauaerca A C B), ecim kaskiprit
snemenT cobbitusi A conepxurcsa B B.

o onpenesiennto: & C A nuia aoboro A.

Cobbrtig A 1 B HA3BIBAIOTCA HECOBMECTIHBLMU, €CJI UX IIPOMSBEIEHNE
ecTh HEBO3MOKHOE cobbitre, T.e. A- B = &.

Heckonbko cobertuit Ay, Ag,. .., A; 00pasyior noanyro 2pynny HECOB-
MECTHBIX COBBITHIL ecsim X cyMMa pefctasysier see [19C, a camu coOpTust

n
necoBmecTHBl, T.e. Y. A; =Qu A - Aj =@ (i # j)-
i=1

TMostayio rpynmy o6pasylor, Hampumep, cobsrtua A u A(A+A=1Q,
A-A=o).

B cilyuae HeCUeTHOTO HpOCTpancTBa {2 B KavuerTse COOBITHI pacemar-
PUBAIOTCS He Bee MOIMHOXKECTBa (). a JMIb HEKOTOPBIE KJIACCH 9THX MO~
MHOKECTB, HA3BIBAEMBIE aJIre0paMu U o-anrebpamMmu MHOKECTB.

Kuiace S TOIMHOXECTB IPOCTpaHCTBA §) HASHIBACTCH GA2€0DOU MHO-
arcecme (cobomudl). ecom:

l.oes, Qes:

2. n3 A € S Boitekaer, 4ro A € S;

3. us Ac S. B € S purekaer, 4o A+ B €S, A-B€S.

3aMeTuM, YTO B YCJIOBHA 3 JOCTATOYHO TPeOOBATH oo A+ B € S,
b AB€ S, tax xax A+ B=A-B, A-B=A+D.

Asrebpy cobbrtuit 00pasyeT, HanpuMep. CUCTeMa HOIMHOKCCTR S =
= {@.Q}. OefictBUTesIbHO, B PE3YILTATE IIPUMEHEHUA J000it 13 BHILIEIPU-

BEJICHHBIX ONepaiuii K JIIOBIM JIBYM 3J1eMeHTaM KJacca S cHoBa, TIOJIyYa-
eTCa BIIeMEHT JTauHoro Kiacca: @+ Q2 =Q, - Q =g, o=Q,0=0.

[Ipu paciMpeHun onepaluii CJIOKeHnA ¥ yMHOKCHIA Ha cnyuaii cuer-
HOTO MHOXKECTBa ajrebpa MHOXECTB S Ha3BIBaCTCA 7-aJIreOpoit.
oQ oQ
ccmnms A, €8, m=1,2,3,..., cienyer », A, €S, [ An €S (mocTa-
n=1

n=1
o0 oQ
touno TpeboBarh -mbo Y A, € S, ambo I1 4. € 9).
n=1 n=1
MHOKECTBO BCEX TIOIMHOXKECTB MHOXECTBa {1, €cjin OHO KOHEYTHO WJin
cuerHO, obpasyeT asredpy.

\
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1.5. CBOWACTBO CTaTUCTUYECKOI YCTOMYNBOCTH
OTHOCUTENIbHOW 4acTOTbl COObLITUS

ITycTe B 1 NOBTOPSIOIMXCA ONBITAX HEKOTOPOE cobbrTae A HACTYNUNO
nA pas.
ucno ny vaseBaeTCst vacmomoti cobbrrust A, a oTHOIECHHE

— P*(A) (1.1)

HA3BIBACTCA Omrocumenvol wacmomod (W wacmocmsio) cobbitust A B
paccMaTpuBaeMoil Cepur OTIBLITOB.

OrnocurenbHas yactora cobbITUs 06J1a1aeT CJIELIYIOIMME CBOUCTBAMM:
1. YHacrocts 106010 COBBITHA 3aKTIOYCHA MEXK/Y HyJIeM W €IVHUIEH, T. €.

0 P(A4) <1
2. HacTocTbh HEBO3MOXKHOTO COGLITHS PABHA HYJIIO, T. €.
P 2) =
3. Hacroctp mocroBepHOro cobuitusi pasHa 1, 1. e.
P (Q)=1

4. YacTocth CyMMBl JIByX HCCOBMECTHBIX COBBITHIH paBHa CyMMe 4Yacto-
creit 9Tux cobbiTuit, T. e. eciin AB = @, 1o

P*(A + B) = P*(A) + P*(B).

[ CsoitctBa oueBunmbL, Tak Kak ) < < 14 < n Wi moboro cobuitug A; nna
HEBO3MOXXHOIO COObITHSA 14 = 0; J1/1 IOCTOBEPHOTO CO6bITI/Iﬂ N4 = N; €CIn

cobuitust A u B uecosmectrl (AB = @), 10 nA+B = n4 + npg, caenosa-

temio, P*(A+B) = T4 MALNE _NA L NE _ peayy prp)

Hactocts 0branaer eme onuuM by HIaMEHTATbHBIM CBOICTBOM, HA3bLI-
BAEMBIM C60UCMB0M CTNAMUCTIUNECKOT YCMOGNUEOCTNU: C YBEJTMUCHIEM <IH-
CJIa OUBITOB (T. €. ) OHa NPUHUMAET 3HAYCHUs, GIIMBKMC K HEKOTOPOMY I1G-
CTOAHHOMY 4YMCJIY (TOBOPSAT: «9IACTOCTD CTaOMITMBUPYETCs, NPUOIMKAACDH
K HEKOTOpOMY HHCJIy», €HACTOCTh KOJIEOJIETCA OKOJIO HEKOTOPOTO UMCJIAs,
U «€€ SHAICHUA IPYIIIHPYIOTCSE OKOJIO HEKOTOPOrO IMCIIa).

Tak, manpumep, B onbiTe — GpOCAHNE MOHETH (omuoponHoii, cuMmMer-
PWYHOR, . .. ) — OTHOCHTEILHAA YACTOTA NOABJICHMS repba nipu 4040 6poca-

musAx (2K. Biodxpon) okasanacek passoit 0.5069 = 121833

, @ B ombite ¢ 12000
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1.6.

u 24000 6pocammamu (K. ITnpcon) oHa okasaiach paBHOM COOTBETCTBEH-

_ 6018 _ 12012 ,
wo 0,5015 = 12000 u 0.5005 = 54000" 7. €. YaCTHOCTh NMpHOIIKaeTCaA K
qWCIy 5 = 0,500.... A 4acTOCTb POXJEHUA MAJIbUUKA, KaK NOKa3bIBAIT

Habmonennd. Kosebaerca okodio uncia 0,015,

O1MeTuM, YTO TEOPHs BEPOATHUCTE] H3yIaeT TOJIBKO T€ MACCOBBIE CIy-
yallHble ABJICHNS C HEOMPEIEeSIEHHBIM MCXOIO0M, JJif KOTOPBIX Ipeosiara-
eTCA HaJINUHe YCTORUUBOCTY OTHOCUTEILHON 1acTOTHL.

CraTucTuydeckoe onpegeneHue BepoaTHOCTH

Jlisi MareMard4ecKoro M3yYeHus cily<daifnoro coOBITHs HEOOXOOIMO
BBECTH KaKyIO-IM60 KOJIMIECTBEHHYIO OLICHKY COObITHA. [lonaATHO, ¥TO OftHK
coBBITHA UMEIoT GoJTbie WaHCoB («6osee BEpOATHBIy) HACTYNIUTD, Y€M JIPY-
rie. Taxoll OLIEHKOR ABJIACTCA 6EPOATNHOCTY CODVMUS, T. €. INCJI0, BBIPA-
JKAFOIEE CTETIeHb BO3MOKHOCTY €10 OABJICHUA B PACCMATPIBACMOM ONBITE.
MareMaTHUecK X OHpeesieHuii BEPOATHOCTH CyIIECTBYeT HECKOJIBKO. BCE
OHW JONOJIHAIOT 1 0600maioT Ipyr apyra.

PAcCCMOTPHM OIBIT, KOTOPBIl MOXXHO NOBTOPATH JII0O0E YUCIIO pas (ro-
BOPAT: «IIPOBOIATCA NOBTOPHBIE UCHBITAHUIA»), B KOTOPOM Hab01aerca
HeKkoTopoe cobbltue A.

Cmamucmuneckoti 6eposmuocmsio coOblTna A HasbIBAETCH “MCIIO,
OKOJI0 KOTOPOTO KOJeHIeTcs OTHOCHTETbHAA YaCTOTa COOBITUA A npu no-
CTATOYHO BOJIBILIOM HYMCJIe UCTIBITAHUH (ONBITOB).

BepozrHocts cobbrtus A obosnadaercs cumposiom P(A). Corsacuo
JAHHOMY OIIPEICTICHUIO

n
P(A) ~ P*(A) = 52 (1.2)

MareMaTniecK M 060CHOBaHIEeM 6IM30CTH OTHOCHTE BbHOM yacToTel P*(A)
u BepoaTrOCTH P(A) Hekoroporo cobbitua A cory)uT Teopema f. Bepuysm
(cm. m. 5.3).

Bepoaraoctu P(A) npunucbiBaiorcs cBoiicTBa 1-4 OTHOCUTEIIBHON -
CTOTHL:
1. CTarucTuiecKas BEPOATHOCTD JI0BOro COOBITHA 3aKII0UEHA MEXKILY Hy-

JeM U enuHunei, T. e.

0< P4 <1

2.  CrarvcTHUecKas BEPOATHOCTb HEBO3MOXKHOTO COOHITHMA DAaBHA HYJIO,
T. €.

P(o) =0.
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1.7.

(&3

3. Crarucrudeckas BepoATHOCTD JOCTOBEPHOTO COOBITUA PaBHA CIMHUIE,
T. e.

PQ) =1.

4. Crarucraueckasi BEpOATHOCTD CyMMbl HECOBMECTHBIX COOBITHIl paBHA
CYMME BEPOATHOCTEH 3THX cobbiTHil, T.e. ecyiu A- B = & , TO

P(A+ B) = P(A) + P(B).

Craructusdeckuii cnocob onpenesiexnns BEPOATHOCTY, ONMpaics Ha
PEAJILHBIA OIBIT, JOCTATOUHO IOJIHO BHIABJIAECT CONEPKARME TOLO IOHS-
s Hekoropeie yyenvie (P. Musec u npyrue) cantasor, @ro IMIIMPUIECKOE
OIIpENEJICHNE BEPOATHOCTH (T. €. p = 7}1)11010 n—n’i) CllefiyeT CYNTaTh OCHOBHBIM
OIIPEJICTICHNEM BEPOATHOCTL.

Hepocrarkom cratucrudeckoro oupenesienna ssysercs HEOJIHO3HAY-
HOCTD CTATUCTUYIECKON BEPOATHOCTH; TaK B [IPUMEpPE C GPOCAHMEM MOHETHI
(1. 1.5) B KaueCTBe BEPOATHOCTH MOXKHO OPUHATH He TOJIbKO uncso 0,5, Ho
n 0,49 uim 0,51 w T 4. lnsa HajexHOro OIIPEJICJICHMS BEPOATHOCTH HYyX-
HO npoyiesiaTh 60sIbIIoe YMCIIO NCHbITanwi (ONBITOB), Y0 He BCerya IIPOCTO
(nnv pemeno).

Knaccuueckoe onpepnenenne BepostHocT

CymectByer npoctoii crnoco6 ONPEIEJICHUST BEPOATHOCTH COOBLITHS,
OCHOBAHHBIX HA PABHOBO3SMOXHOCTH JIOGOTO M3 KOHEUHOO YHMCIA, HCXOIIOB
onbrta. [Tycts mpoBommrea onbit ¢ n wexonamm, KOTOPBIC MOXXHO ITPEACTa-
BUTb B BUJC NOAHOU 2DYNNBL HECOBMECTIHBT DACHOGOZMONCHUT COBHITILL.
Takune ucxonpr HasbBaTCA CAywasMU, WanCaMy, INCMEHMAPHBMU COObI-
MUAMU, OTIBIT — KAaccuueckum. I1po Tako onbIT roBopaT, wTo OH CBOINTCS
K creme cayuaes mim creme ypr (160 BEPOATHOCTHYIO 3a0a9y JJIA TAKOTO
OIBITA MOXHO 3aMEHUTh SKBUBAJIEHTHON eii 3anageii ¢ YPHAMH, conep¥)a-
UMK MAPHL PA3HBIX 1[BETOB). ‘

Cayuait w, koToperit npuBOAUT K HaCTYIJICHUIO cOObITUA A, HashIBAET-
cs1 Onazonpuamuom (M — baazonpusmemeyrowum) emy, T.e. ciydait w
BnegeT coboitre A: w C A.

Beposimuocmaio cobwmus A naseisaerca otHomenue qauca m CJIY4aEB,
GIATONPUATCTBYIOIIMX HTOMY coOBITHIO, K OBIIEMY YHCJTy 1. CITY4Yaes, T. e.

P (A) = %7 (1'3)
Hapany c obosuavennem P(A) nns BEPOATHOCTU COOBITUA A wcnonb3yerca
obosuauenre p, r.e. p = P(A).
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3 KJIACCHIECKOro onpeneieHns BepoaTHocTH (1.3) BeITeKaoT cliemy-
0mpe cBuicTBa:
1. Bepoaraoctb 1106010 COOBITUA 3AKIIIOYCHA MEK Y HYJICM U eIIMHUTICH,

T. €.
0< P(A) <L

2. BepoaTHOCTb HEBO3MOXHOrO COOBITHSA pasHa HYTIO. T. €.
P(@) = 0.

3. BepoaTHocTb 10CTOBEPHOrO COOLITUA pABHA €NUHKLE, T. €.
P(Q) =1.

4. BepoATHOCTH CyMMB! HCCUBMECTHBIX COOBITHI paBHa CyMME BEPOATHO-
creii 91X cobbrtHii, T. €. ecoim A - B = &, 10

P(A+ B) = P(A) + P(B).

Ol¥t IPOBEPSTIOTCA TAK XK€, KAK M JUIA OTHOCHTENIbHO acToThl (1. 1.5).
B nacrosiee BpeMsa CBOHCTBA BCPOSITHOCTH ONPEACIISIOTCH B BULIE AKCHOM
(em. m. 1.11).

Ilpumep 1.6. B ypue (emxoctn) naxonarca 12 6eJibix # 8 9€pHBIX 1IAPOB.
KakoBa BEPOATHOCTL TOTO, ITO Haylady BbIHYTbiil map Oyaer Geqpiv?

Q [ycrs A — cobbrrme, COCTOAmEe B TOM. 9TO BHIHYT Gesibiii map. Sc-
Ho, uyto N = 12 + 8 = 20 — [uncJI0 BCEX PaBHOBO3MOXKHBIX CJLyaCh (ncxo-

JI0B onbITa). Uncsio ciyuaes, 6,1aronpuaTCTBYI0ImMX cobbrTmio A, pasiuo 12,
12
20°

re. m = 12. Ciegosaresbuo, 1o dopmyse (1.3) nmeem: P(A) = T. €.

P(4) = 0,6.

YnpaxHeHusa

1. HailTy BepoATHOCTD TOI'0, 9T0 B HAYAATY HAIMCAHHOM ABY3HATHOM ‘M-
cae nughpbl pasHbe.

2. Habupas nomep tesiedona, abOHCHT 3a0bLIT 2 NOCICIHNE uuhpsl ¥ Ha-
Gpasr ux Hayran. Haifitu BeposTROCTH TOPO, 4TO HAOPAHBL HYKHBIC 11H-

¢dpbI.
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1.8. 9nemeHTbLI KOMOUHATOPUKN

Cornacuo kJ1aCCHYECKOMY ONPEAETICHNIO TIOACYET BEPOATHOCTH COBbI-
™A A cBOIMTCA K NOACUETY 9ucia GJaronpusTCTBYIOMMX €My HCXOMO0B.
Ienaior 510 06bI9HO KOMOMHATOPHLIMI MCTOIAMH.

Komburamopure — pasnesl MATEMaTHKU, B KOTOPOM H3YUAIOTCH 3a-
Jau BHIOOpa 3JIEMEHTOB U3 33JaHHOIO MHOXKECTBA M PACIIOJIOXEHUS] MX B
TPYHIBb! [0 3aJaHHBIM NPaBUJIaM, B YaCTHOCTY 3303491 O NOACYETe YNC/a
KoMOuHAIMR (BHIOOPOK), TOJIYyYaeMbIX U3 3JICMEHTOB 3aaHHOTN0 KOHEYHO-
1o MHOXecTBa. B kaxnoit u3 nux tpebyercs noacunTarTh 9HCIO BO3MOK-
HBIX BAPHAHTOB OCYIIECTBJICHUs HEKOTOPOTo JIeHCTBUsI. OTBETUTH HA BOLPOC
«CKOJIBKUMU CTIOCOBaME?>».

MHuorne KoMOMHATOPHBIE 33,1441 MOTYT GBITH PEHIEHBI ¢ HOMOIBIO CJie-
AYIOUMX JBYX BAXKHBIX IMPABUII, HA3BIBAEMBIX COOTBEOTCTBEHHO NPAGUAGMU
YMHONCEHUS, U CAOHCEHUS.

Ilpasuno ymmorcenus (OCHOBHON IPUHIMI): €CTIM W3 HEKOTOPOXO KO-
HEYHOrO MHOXKECTBA, NEPBLI OOBEKT (IEMEHT 1) MOKHO BLIOPATH 70 CIO-
cobamu ¥ IocsIe Kaxk JOro TAKOLO BbIGOpA BTOPOH OGLEKT (3JIeMEeHT y) MOXK-
HO BBIOpaATH 112 cniocobamm, To 06a obbeKTa (T M Y) B YKa3alHOM HOPSIKe
MOXHO BHIOPATH N - Ny CHOCOBAMHU.

DTOT HPUHUMIL OYEBUJIHO, PACTIDUCTPAHAECTCS Ha CIOyuai Tpex u Gosee
0O BEKTOB.

Ilpumep 1.7. CKoTbKO TPEX3HAYHBIX YMCES] MOXKHO COCTABUTH U3 mudp 1.
2, 3. 4, 5, ecnm: a) umpui He noBTopaAOTCsi? 6) 1MPPH MOCYT TIOBTOPSITHCH

Q Umeercs 5 pasnm4nbix cnocobos sbiGopa 1mudpbl 115 IIEPBOTO MECTa,
(chesa B Tpexsmaunom uucue). Hocsie Toro kak meppoe MeCTO 3aHs10, Ha-
npuMep, tEdpoit 2, ocrasiock deTvipe uudphbl I 3ATOMICHUS BTOPOTO
MecTa. [lJ1s 3aH0JIHEHNA TPETHero MCCTa OCTAeTCA BLIOOD U3 Tpex udp.
CrenoBarenbHO, COMIACHO NPABHJLY YMHOXeHUst uMeeTcs 5 - 4 - 3 = 60 cno-
COOOB PacCTaHOBKM 1M(MP. T.C. MCKOMOE HUCIO TPEX3HATHBIX YUCES €CThb

60. (Bor nekoropbie us stux umncest: 243, 541, 514, 132, ... ) HousiTHO. uTO
ecyid Pl MOTYT HOBTOPSATBHCH, TO TPEX3HAYHEIX wuces b - 5 -5 = 125.
(Bot nekoropeie u3 nux: 255, 333, 414, 111, ...) )

Ilpasuno cymmo. Ecsn aeKoTopbiii 06HEKT £ MOXKHO BHIOPATH 1] CIOCO-
Gamm, a OOBEKT y MOXKHO BBIOPATH 19 CHOCOBAME, TIPHIEM IEPBHIE U BTOPHIE
Cnoco0Bl He TIepecekaloTcst, T0 Jioboil 13 yKasaHHbIX 0ObLeKToB (2 Wi i),
MOXHO BHIOPATH 711 + 1o cnocobamu.

“)TO HPABHJIO PACIPOCTPAHAETCS HA JII000e KOHETHOC YHCIIO OOBEKTOB.
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Ipumep 1.8. B crynemdeckoii rpynne 14 pgesymiek u 6 onomeit. Crouib-
KWMH CTIIOCOGAME MOXKHO BBIGDATD. JJIs BHIIOJHEHUS PA3JIMIHBIX 33JaHUHT,
JIByX CTYJIEHTOB OJIHOTO TIoJa?

Q Tlo npaBuTy yMHOXEHHS JBYX IEByLIEK MOXHO BeIOpars 14 - 13 = 182
criocubami, a aByx fonomreir — 6 -5 = 30 cmocobamu. Cremyer BoiGpaTsh
JIBYX CTYA€HTOB OJIHOTO TOJIA: JIBYX CTYIEHTOK wiH aByx topomeit. Corac-
HO MPABUITY CJIOKEHUs TaKux cnocobos Bbibopa Oynmer 182 + 30 = 212. @

Penienne BepoATHOCTHBIX (M HE TOJILKO HX) 3339 9aCTO 00JIeraeTcs,
€CJIM MCIIONIb30BaTh KoMOuHaropubie (opMmysnl. Kaxnad us HuX ompezne-
JISIET 9HCJI0 BCEBO3MOXKHBIX MCXOIOB B HEKOTOPOM OIBITE (SKCHEPUMEHTE),
COCTOSIILIEM B BLIGOPE HAy/iady 1M 3JIEMEHTOB U3 1 Pa3JMYHBIX 3JIEMEHTOB
paccMaTpuBAEMOTO MHOXKECTBA.

Cy1iecTByIoT 1Be cXeMbl Bbibopa m asieMentos (0 < m < 1) U3 HCXOL-
HOIO MHOXKECTBa: 663 s036pawenus (6e3 nopropernil) u ¢ eosepawjenuem (c
noproperueM). B nepBoM cityuae BHIGPAHHbIC 3JIEMEHTHI HE BO3BPAIAIOTCS
06paTHO; MOXHO 0TOOpaTh Cpasy BCE 1M 3JIEMEHTOB MJIM LOCJIENOBATEIHHO
ot6upars uX 1o ogaOoMy. Bo BTOpOii cxXeMe BHIGOP OCYINECTBIIAETCA TOYJIIE-
MEHTHO C 00513aTeJIbHBIM BO3BpallieHHeM 0TOOPAHHOIO 3JIEMEHTa HA KAXKIIOM
mare.

Cxema BbiOOpa 6e3 BO3BpalleHnn

[MycTh AaHO MHOXKECTBO, COCTOSAILEE U3 71 PA3JIUYHBIX DJIEMEHTOB.

Pasmewenuem 3 1 35eMenToB 1o m asementoB (0 < m < n) Hasbl-
BaeTcs JII000e YIOPFAIOYEHHOE TIOIMHOXKECTBO JAHHOTO MHOXKECTBa, COOEP-
Kauiee 1 J1EMEHTOB.

U3 onpeieIeHns BHITEKACT, 9TO PA3MEILEHHs — 9TO BHIOOpKH (KomOu-
HaIliK), COCTOSUIAE U3 77 3JIEMEHTOB, KOTOPbIE OTJIMYAIOTCA ApYyT OT Apyra
ymb0 COCTABOM 3JIEMEHTOB, JINOO MIOPAOKOM UX PACIIONIOKEHU.

Yucesio pasMeniennii U3 1 3JICMEHTOB TI0 17 3JIeMEHTOB 0003HAYAETCA
cumBosiom AT («A w3 38 10 9M») K BBRIMHCTAETCA TIO (GOPMYJIe

A" =pn—1)n—-2)-...-(n—m+1) (1.4)

Ar = e pl=1-2-3-..-m, 1=1, 0=1 (L)
(n—m)!
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[d Hns cocrapnenus pasmemenus A7 Hanmo BeIGpaTh M 3JIEMEHTOB W3
MHOXKECTBa C 70 3JIEMEHTAMH U YIOPSJOYUTL UX, T.€. 3aM0JHUTL 17 MeCT
dJIeMeHTaMu MHOXKecTBa. [lepspiit ssiemenrt MoxkHO BBIGpaTH 1 CriocoGamu,
T. €. Ha IIEpBOE MECTO MOXHO LIOMECTHTH 11060l M3 n ssiemenToB. Ilocne
3TOr0 BTOPOH 3JIEMEHT MOXKHO BHIODATH M3 OCTABUIMXCH 7o — 1 3JIeMEHTOB
n — 1 cnocobamu. s BBIGOpa TPETHETO 3I1eMEHTa MMeeTes 1 — 2 crocoba.
4eTBEpPTOro — n — 3 cuocoba, W, HAKOHEH, OJIS TOCJIEIMHEro M-T0 3IIEMEH-
ta — (n — (m — 1)) cnoco6ob. Takum obpasom, mo PaBUJIy yMHOXKEHUS,
cymecrsyer n(n—1)(n—2)...(n—(m—1)) cnocobos BbGOpa m 351eMeHTOB
U3 NAHHBIX 71 31€MeHTOB, T. €. A7) = n(n—1)(n —2)... (n —m + 1). |

IIpumep 1.9. CocraButh pasimyHbLIe PasMELICHUS 110 2 U3 5JIEMEHTOB MHO-
xectBa D = {a,b, c}; mopcuntars ux amciio.

Q s tpex sileMEeHTOB MOXHO 06pasoBarh CIefyIOLMe PASMEIICHAS 110
nsa snementa: (a,b), (b,a), (a,c), (c,a), (b,c), (c,b). Cormacuo dpopmy-
ne (1.4) nx aucio: A2 =3-2 =6. e

Ilepecmanoexoti w3 n 31€MEHTOB HABKIBAETCH pPA3MENICHHE U3 7. D16
MEHTOB IO 7 3JIEMEHTOB. .

W3 ompenesenus: BBITEKAET, YTO MEPECTAHOBKA — 3TO BbIOOpKH (KOM-
OuHAIMH), COCTOSIIME U3 1 BJIEMEHTOB W OTJIMYAIOIIECs Apyr OT mpyra
TOJIBKO [OPAJKOM CJISIOBAHNUS 3JICMEHTOB. '1UCJI0 IEPECTAHOBOK U3 1), 3J1e-
MeHToB obosHauaerca cumsosniom P, («m u3 9H») U BBIUUCIAETCS TI0 dOp-
MyJie

P, =nl. (1.6)

@opmyna (1.6) cnenyer us onpenesieRns EPeCTAHOBKM:

_an_ ol ol

IIpumep 1.10. CocraBuTh pas/iMuHble NEpeCTAHOBKY W3 3JIEMEHTOB MHO-
xecrsa E = {2,7,8}; noncunrars ux umcio.

Q U5 aremenToB IAHHOrO MHOKECTBA MOXHO COCTABATD CJIEAYIONHE M1e-
pectanoskm: (2,7,8); (2,8,7); (7,2,8); (7,8,2); (8,2,7); (8,7,2). o dop-
myJie (1.6) umeem: P3 =3!1=1-2-.3 = 6. e

IIpumep 1.11. CkosbKuMu criocofamm MOXKHO PacCTaBUTL Ha TOJKe 5
PA3AUYHBIX KHAT?
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Q Uckomoe uncsio criocoboB PABHO HHCIIY IIEPECTAHOBOK U3 O 3JIEMEHTOB
(kpur), T.€. P =56!=1-2-3-4-5=120. o

Couemaruem u3 n synementos mo m (0 < m < n) 37€MEHTOB HA3bI-
paeTcst oboe MOIMHOXKECTBO, KOTOPOE COHEPXKUT 171 SJIEMEHTOB JAHHOTO
MHOXKECTBA.

V13 onpeliesieHis BHITEKAET, ITO COueTaHnst — 3TO BHIGOpKH (KomGuHa-
M), KaX/Iaa U3 KOTOPBIX COCTOMT U3 11 DJIEMEHTOB, B3ATBIX M3 JAHHBIX
7 3JIEMEHTOB, ¥ KOTOPHIE OTJIMYAIOTCA APYT OT JpPyTa XOTs Obl OJIHUM 3J1e-
MCHTOM, T. €. OTJINYAI0TCH TOJIBKO COCTABOM 3JICMEHTOB.

Tucsto codeTanuii U3 1 9JIEMEHTOB 1O 17 9JIEMEHTOB 0D03HAYAETCH CUM-
BosioM C™' («Ip u3 9H 10 9M») 1 BBIYHCIACTCH N0 (bopmyJie

Cm:TL(TL——1)(n—2)...(n—m+1)

" 1-2-3...m (1.7)

NJIA

mo_. n!
On' = mi(n —m)! (18)

[ Ymcno A" pasmeureHuil U3 7 9JIEMEHTOB TIO 11 3JIEMEHTOB MOXKHO Hall-
TH cJremyIonumM obpasom: BHIOPATH 1M SJIEMEHTOB M3 MHOXKECTBA, COHCpXKa-
mero n snementop (310 MoxHO cuenarh Cf crocobamu); 3aT€M B Kaxk-
JIOM U3 TIOJIyEHHBIX COYeTaHuil (IIOAMHOKECTB) CHeJIATh Bee NepeCTaHOB-
KN JUls YIOPSIOYEHHA TIOAMHOXECTB (9T0 MOXHO cunenath Pp, crocoba-

mn). CJienoBaTesbHO, COMIACHO TPABMJy YMHOXEHWs, MOXKHO 3alMCATh:
A" pn—-1)n—-2)...(n—m+1)

m _ (om . m o _

A = O - Pp,. Orcroma Oy iz 193 m WK
!
Cm — Tt .
o ml(n —m)!
MOXKHO TIOKa3aTh, 9TO UMEIOT MECTO (POPMYJIBL:

Cl'=Cp™, (m<n), (1.9)
Aty Ciy.  +Cr=2", (1.10)
Cm=C™,+C™}, (1<m<n). (1.11)

®opmyay (1.9) ymobHO MCHOIB30BATH MPU BEIYHUCJICHUM COYETAHHUM, KOT/Ia
iy 5 .
m > Tax, C}3 = C% = 15-14 05, ®opmyata (1.10) BeipaxkaeT IuCIIO

2 1-2
BCEX TIOAMHOKCCTB MHOMXECTBA, M3 7 SJIEMEHTOB (OHO PaBHO 2"). Yncsa
co cloC2, ..., C? ansmorcs koaddunmentamMy B pasJiokeHun OuHoma

Hetorona: (a + b)" = C%™° + CLa™ b + ... + CLa'b".
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ITpumep 1.12. CocraButh pasJImIHbIE COYCTAHNUA IO 2 U3 3JIEMECHTOB MHO-
xectpa. D = {a.b. c}: noncuutars ux uncno.

(9 U3 Tpex s51eMenTOB MOXHO 06pa3oBaTh cne,uyfomne COYETAHUA TIO JIBA
snementa: (a,b); (a,c); (b,c). Ux ancio: C2 = 21; 5 = = 3 (dopmyna (1.7)).
o

IIpumep 1.13. Cxombrumu cnocobamm MOXKHO BLIGPATD 3 IIBETKA U3 BABLL.
B KoTOpO#l cTosiT 10 KpacHbix u 4 po3oBbIx rBosuuku? A ecom peibpars 1
KPaCHYI0 FBO3JIUKY W 2 PO3OBLIX?

Q Tak kak NOPANOK BHIGOPA LBETOB HE MMEET 3HAUCHUS, TO BHIOpaTh 3

IBETKA M3 Basbl, B KOTOPO# crosAT 14 rBO3OUK, MOXKHO C14 criocobamu. [Mo

141—123_32 =7.13 -4 = 364. Hanee: xpac-
HYIO PBO3AMKY MOXHO BbGpath Cf, = 10 ciocoGamu. BeiGpars jise PO30BBIC
I'BOSIUMKY M3 MMEKIMUXCA YeThrpex Moxuo C2 = % = 6 coocoGamu. ITo-

9TOMy OyKeT U3 OIHOM KPacHOR M JIByX PO3OBHIX IBO3JIMK MOXHO COCTABUTD,
1o npasusty ymuaoxenus, Cjg - C2 = 10 - 6 = 60 cnocobamu. o

dopmysie (1.7) naxomam: Cf) =

Cxema BbIGOpa C BO3BpaLLeHUEM

Ecom nipu BeiGopKe m 371€MenTOB 13 11 3JIEMEHTH BO3BPAIAIOTCS 06pa-
HO ¥ YHOPS/IOYMBAIOTCH, TO TOBOPAT, YTO 3TO PAIMEUEHUS ¢ NOGIMOPE-
HUAMU.

Pasmelenus: ¢ HOBTOPEHMAME MOLYT OTJIMYATLCA APYT OT APYra 3iie-
MEHTaMH, UX TOPAIKOM M KOJIMYCCTBOM MOBTOPEHHH 3jieMeHTOB. Ymncio
BCEX pA3SMENICHUH M3 71 3JIEMEHTOB 110 17 C TOBTOPEHUAMHA 0003HAYAETCH
cuMBOJIOM A”' M BBIYHCIISETCS TIO dbopmyne

Al =™, (1.12)

IIpumep 1.14. U3 3 ayiementoB a, b, ¢ COCTABUTDL BCE PA3MEUIEHUS TIO [IBA
3JIEMEHTA C TIOBTOPCHUIMHU.

Q o dopmyue (1.12) uncso pasmemiernii o /1pa ¢ HOBTOPEHUAMY PABHO
A3 =3?=9. 910: (a,0a), (a,b), (a,c), (b,b), (b.a), (b.c), (c, c), (c.a), (¢.b).
[ J



Mnasa 1. CnyuaitHble coboitus * 25

Ipumep 1.15. CKOJIBKO NATH3HAYHBIX YUCEJ MOXKHO COCTABHTH, MCIOJIb-
sya mudper: a) 2, 5, 7, 8 6) 0, 1, 97

Q a) Bce nsTusHAYHBIE YMCIIA, COCTABJICHEDBIC U3 mudp 2, 5, 7, 8, ormm-
YATCH APYT OT Apyra jubo NOPANKOM MX CJIENoBanus (Hampumep, 255658
1 52855), mmibo camumm mudpamu (Hanpumep, 52788 u 78888). Ciaenosa-
TEJIbHO, OHU SIBJISIOTCS PABMEICHUSIMY U3 4 3JIeMCHTOB 110 5 C IOBTOPEHH-
amu, . e. Aj. Taknum 06pasom, HCKOMOE YHCIIO IATH3HAMHBIX TUCesT PABHO
AS = 45 = 1024. D70t Ke pe3ybTaT MOXKHO IOJTY YU Th, UCIIOJIB3Y S IPABUIIO
YMHOXKEHUS: IepByIo MUQPY CJIeBa B NATU3HAYHOM YHCIIe MOXKHO BLIOpaTD
JeTbIpbM#A CIOCOGAMH, BTOPYIO — TOXKE 9YeTHIPbMsA CHOCOOAMU, TPETLIO —
JeTHIPLMS, 9eTBEPTYIO — TETHIPbMS, IATYI0 — 4YeThipbMsA. Beero nosyda-
erca4d-4-4-4-4 = 1024 naTusHATHBIX YHACEIL.

6) Ecsin nsirusnagsste unciia cocroat us uyudp 0, 1, 9, 10 nepsyio mu-
dpy ciieBa MOXHO BbIOpaTh aByMsi-ciocobamu (0 He MOKeT 3aHUMATD ITep-
BYIO MOBHIIAIO), KAXAYI0 U3 OCTABIIMXCS YeTerpex mudp Moxno shibpars
rpemsi criocobamu. CoryiacHO Npaswily yMHOXEHHs, TAaKUX uucesi Oyner
2-3.3-3.3=162. (Muaue: A — A} = 243 — 81 = 162.) ®

EcJin 11pu BHIGOPKE 1 3JIEMEHTOB U3 71 9JIEMEHTHI BO3BPAIIAIOTCH 00pAaT-
HO 6€3 HOCJICIYIOMETO YIOPSIOUMBAHMS, TO FOBOPAT, UTO 3TO CONEMAHUS C
NOBMOPEHUAMU.

Yucio BCEX COUeTaHUll U3 11 3JIEMEHTOB TIO 11 C IOBTOPCHUAAMMA 0603Ha—
qaercs cumpoaoM C™ u pprancsigercs no popMyse

. Cm=Cm., . (1.13)

n n+m -1

IIpumep 1.16. V3 Tpex aJjieMeHTOB @, b, ¢ COCTABUTHL BCE COYETAHMA [0
JBA 9JIEMEHT, ¢ UOBTOPEHUAMM.

Q Ilo dopmyne (1.13) uucso coyeranuit no [ABa ¢ TOBTOPEHUAMH DABHO

2 _4-3
C2=0C3 191 = =C%= 19 = = 6. CocrapsisieM 9TH COYETAHUA C NOBTOPCHH-

savu: (a,a), (a,b), {a,c), (bb), (b,c), (c,c). [ J

Hpumep 1.17. Cxosrbkumu criocobamMi MOKHO COCTABATL OyKeT u3 o uBe-
TOB, €CIIM B HAJUYUYU €CTh [[BETHL TPEX COPTOB?

(Q PaccMarpuBaeMoe MHOXKECTBO COCTOMT B3 TPEX PA3JINIHBIX SJICMEHNTOR,

a BBIOOPKHU UMerT 00beM, paBublil 5. [IoCKOJIbKY NOPAHOK PACTOJIOXKEHUA

BeToB B OyKeTe He WIpaeT poJiv, TO MCKOMOE HHCJIO OyKeTOB PAaBHO UM-

CJly COMETAHHUI C TIOBTOPEHWSMH W3 TPEX aJjieMentoB mo 5 B kaxgom. 1o

(bopMy.ne (1.13) umeem CF = C3 = C’7 S =C% = Ig = 21. ®
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[Tycre B MHOXKECTBE C 71 3JIEMEHTAMH €CTh Kk Pa3JINYHBIX HJIEMEHTOB,
npu 3toM 1-# 3J1IeMEeHT NOBTOpsieTCst Ny pas, 2-i 3JIeMeHT — N pas ... . k-1
BJIEMEHT — 71, Pa3, IpUYeM ng + ng + ... + ng = n.

IlepecTaHOBKHM U3 7 3JIEMEHTOB JIAHHOTO MHOXECTBA HA3ZBIBAIOT Mepe-
CIMUHOBKAMY € NOBMOPEHUAMU U3 T. IAEMEHINOGE.

Hucsiv nepecTaHoBUK ¢ MOBTOPCHUSIMH U3 71 3JIEMEHTOB 0003HAYAETCH
cumBosioM Py (11,12, . .. ,ng) ¥ BerYucnsercs 1o popmyie

!
Pn(7‘L1.n2,...,nk) = m?—‘“n—k' (114)

IIpumep 1.18. CKOIBKO pasAUYHBIX MATH3HAYHBIX FUCEJT MOXHO COCTa-
Buth n3 1mdp 3, 3, 5, 5, 87

Q Ilpumenum bopmyny (1.14). 3nece n =5, ny = 2, ng = 2, ng = 1. Yn-
CJIO PA3JIMYHBIX NATU3HATHBIX YHCEJ1, copepxammx uudpbl 3. 5 1 8, paBHO

!

YnpaxHeHus

1. CKOJBKO pasiMyHBIX «CJIOB®», COCTOSILIMX M3 Tpex OyKB, MOXHO O6pa-
30BaTh n3 Oyks ciioBa BYPAH? A ecnm «crioBa» copepxar He menee
Tpex Oyks?

2. CxonbkuMH criocobaMy MOXHO BHIGPATh OOUH IIBETOK W3 KOP3WHEI, B
KOTopo#l mmeercs 12 reosauk, 15 po3 u 7 xpusanteMm?

3. D'pymna crynentos usyuaer 10 pasnwanbix gaucuuinimi. CKOJILKUMU
crrocobaMM MOXKHO COCTaBUTb PACIHCAHME 3aHATHH B [OHENEJBHUK,
€CJIN B 9TOT [IeHb JOJIKHO ObITh 4 pa3HbIX 3aHATHAT

4. U3 10 masmbuukoB 1 10 meBOYEK CHIOPTHBHOLO KJIACCA JIJIA YYACTHS B
actadere HANO COCTABUTH TPU KOMAHIIBI, KAXKAAs U3 KOTOPHIX COCTOUT
U3 MaJIbYUKa U J1eBOYKU. CKOJIBKAMM CIOCODAMA 9T0 MOXKHO CAEJIATH?

5. CKOJIBKO MOXKHO COCTABUTH Y€THIPEX3HAYHBIX YHUCEJT TaK, YTOOH JIIOOhIE
JBe cocerHue gupol ObLIU PASTAIHBIT



Maga 1. CnyyaitHble cobbitust ® 27

8.

9.

B aniektpuuke 12 Baronos. CKOJIBKO Cy1ecTByeT CocoboB pasMeneHust
4 macCAXKHUPOB, €CJIHM B OJJHOM BaroHe JOJDKHO ObITh He Gojiee OHOro
NACCAXUPAT!

CkoJibkumu criocobaMu 3 Harpaabl MOTYT ObITE pacupenenenbl Mex /1y
10 y4acTHUKAMU COPEBHOBAHULA!

VI3 4 nepBOKYypCHUKOB, 5 BTOPOKYPCHUKOB U 6 TPETheKypPCHUKOB HAJIO
Bebpars 3 crysenta Ha kKoHbeperuo. CKOJBKHMEA criocobamu MOX-
HO OCYLIECTBHTH TOT BHIGOD, €CJIU CPefyl BHIODAHHEIX JIOIDKHBI OBITH
CTYOEHTH Pa3HbIX KypCOB?!

CKONBKUMY CHOCO6aMM MOXKHO PACCTABUTH HA TIOJKEe 7 PA3JIMIHBIX
KHUT, 9TOObI OTNpeNeJIEHHbIC TPY KHUTH CTOAJIN panom? He psmom?

10. CxonpKuMu criocobamMy MOXKHO PACCaIUTh O UEJIOBEK 38 KPyTrJIbiM CTO-

siom? (PaccMaTprBaeTCs TOMBKO PACTIONOKEHUE CUIANMX OTHOCHTEITh-
HO JIpYT Jpyra.)

11. 10 cryuenros, cpeu kKoropbix C. ®enus u A. Hlnnos, ciyyaiinbmm obpa-

30M 33HHMAIOT odepenb B 6ubnmoreky. CKOJIbKO MMEETCsl BAPHAHTOB
PACCTAHOBKH CTYJIEHTOB, KOrna Mex 1y Peguabiv v IunoBbv OKAXKYyT-
csa 6 crynenTon?

12.Y onmoro mMKOILHUKA MMEETCH 7 pasym4HbIX KHUT IJIA oOMeHa, a y

apyroro — 16. CKONbKIME CIIoCOBAMI OHE MOTYT OCYyHIECTBUTL OOMeH:
KHHra HA KAUry? [lBe KHUrM HA JiBe KHUIH?

13.B ypre 12 Gesbix u 8 yepHbIX mapoB. CKOBKAME CHOCOGAME MOXKHO

BBIGpaTh 5 mapos, 4T0bH cpenu HUX GbL1o: a) 5 WepHbix; 6) 3 Gesnbix u
2 yepHBIX?

14. CKoLKUMHE CIIOCOOaMU MOXKHO PACHPEIEUTD 15 BhIIIyCKHUKOB [0 TPEM

palloHaM, €CJTH B OIIHOM M3 HUX UMEETCH 8. B JIPYTOM — 5 ¥ B TpeTbEM —
2 BaKAHTHBIX MeCTa?!

15. UsBecTHO, 4t0 7 CTY/IEATOB C/IAJIN 9K3aM€EH TI0 TEOPUHU BEPOATHOCTE Ha,

xopomo u ommuHo. CKOJMBKUME criocobamu MOTyM ObITh TOCTABIICHBI
WM OLICHKHU?!

16. Urpasibhas Kocth (Ha ee 6 rpansx Hasecenst mudpel or 1 jio 6) Gpo-

caetcss 3 pasa. CKOJIbKO CyHIECTByeT BApUMAHTOB BBINAJIEHNA OYKOB B
naauoM onblte? Hanuimre HEKOTOPHIE U3 HUX.



28 * Pazpen nepeblii. nemeHTapHas TEOPUSt BEPOSITHOCTEN U CRYYaiiHbIX NPOLEeCCoB

17. CxonbKuMu criocobaMu MOXKHO PACHPENESTATL 6 pa3/IMIHBIX TOTAPKOB
MEXKY 4YeTblpbMs peOaTHmKamMu?

18. CkonbkuMu ciocobamn MOXKHO COCTABUTH HAOODP U3 6 MUPOKHBIX, €CITH
nmeercs 4 copra MHPOXKHBIX?

19. 'pynna yyamuxcst u3 8 4eJioBeK OTNpaBIIfeTCa B Iy TELIECTBHE TI0 Kpol-
my. Crosmbkumu crnocobamu MOXKHO COCTABUTD TPYTIILY U3 yUBILUXCs 5 7
KJIaCCOB?

20. CKompKuMY CrocoGaMu MOKHO pacupeenuTb 4 KHUMH Ha Tpex ToJ-
Kax KumxHoro wkada? Haiity ancsio cnocoboB pacCTaHOBKM KHUT HA
MOJIKAX, €CJIH MOPSANOK WX PACIOJCKCHUS Ha MOJIKE UMeeT 3HaYeHue.

21.CKOJIBKO «CJIOB» MOXKHO TOJIyYWTb, TEpecTaBJisis OYyKBBI B CJIOBE:

a) TOPA: 6) UHCTUTYT?

22.(CxonpbKo cymecTByer Crnoco0OB pasMelleHuss Y 4esioBeK B JABYXMECT-
HbI#, TPEXMECTHLIA H 9eTHIPEXMECTHBIA HOMEpaA TOCTUHHUIIBI?

23. CxonmbKuME CnocObaME MOXKHO pacnpenesuTs 16 BugoB TOBapoB 1o
TpeM MarasmHaM, ecim B 1-fi marasue Hajgo NocTaBUTL 9, BO 2-ff —
4, a B Tpetnit — 3 BHna ToBapoB?

NMpumepsb! BbIMMCNEHUA BEepOSITHOCTEMH

IIpumep 1.19. B ypue naxogsrcsa 12 Genbix u 8 wepnbix wapos. Haiitu
BEPOATHOCTD TOIO, YTO CPEAM HAYTAJ BEIHYTHIX b mapoB 3 6yayT yepHbIMU?

(Q Bwibpars 5 mapos n3 20 MoxHO Cg’o pasJIMYHbIMK criocobamu (BCe BbI-
GopkM — HEynopAgoYeHHbIe TIOIMHOXKECTBA, COCTOSAIINE U3 5 JIEMEHTOB),
1. €. n = Cfy. Onpesesmm 1ucio ciiydaes, GJIArONPUATCTBY IOIIUX COOBITIIO
B — «cpeny 5 BIHYTBHIX mapoB 3 GynyT YepHbIMEAy. YHC/I0 COCOBOB BHI-
Gparp 3 epubix mapa us 8, Haxonsumxcst B ypue, pasuno Cp. Kaxpomy
TaKoMy BbIGOpy cootBerctByerT CZ, crioco6oB BEIGOpa 2-X GeJibIX MAPOB U3
12 Genbix B ypHe. CireIoBATEJIBHO, TI0 OCHOBHOMY NPABUILY KOMOMHATOPUKYN
(mpaBuity ymuoxenus), umeem: m = C3 - C%,. Tlo dbopmyane (1.3) Haxomum,

03 A C?
aro P(B) = =% 12 ~ 0,24, )

20
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IIpumep 1.20. B kopobke 5 cuHEX, 4 KpaCHBIX 1 3 3€JEHBIX KapaHjaia.
Haypmaay BeIHEMaOT 3 Kapanjama. Kakosa BEpOATHOCThL TOTO, UTO: &) BCE
OHM OfHOTO IBeTa; 6) BCe OHM pasHBIX IIBETOB; B) CpedM HUX 2 cuHEX U 1
3eJIeHbI KapaHalil.

Q Crauasia 3aMeTnM, 9TO 9HCJ0 cnocoboB BbIOpars 3 kapamjama us 12
MMEIOHIMXCH B HAJIMYUHA PABHO N = 0%2 = 220.

a) Beibpares 3 cuHMX KapaHIaila u3 5 MOXKHO C3 cnocobamm: 3 xpac-
HbIX U3 HUMEIHuUXca 4 MOXHO BBIOpATD Cg criocobamu; 3 3esieHBIX U3 3
sesienbix — C3 cnocobamu.

To mpapwmily cjioxenusi ofuee GUCJIO 1M CIJIydaeB, GJ1aronpuaTCTByO-
wx cobbiTnio A = {Tpu KapaHaa, BHIHY THIX 13 KOPOGKH, OJTHOTO 1IBETa},

_ 3 3 3 _ . _m _ 15 _ 3
pasuo m = Cg + C3 + C§ = 15. Orciona P(A) = 7 = 290 = 44"

6) Iycts cobmitre B = {Tpn BBIHYTHIX KapasIama PasHbiX LBETOB}.
Yucao m WCXOIOoB, GJIAronpUSTCTBYIONMX HACTyIUIeHUIO cobbitua B, no
npasmty ymHOxKenus pasao m = Cs - C} - C. ' = 5.4.3 = 60. [Toaromy

_m_ 60 _ 3
P(A) =5 = 220 11°

B) [lycts coberrme C = {u3 Tpex BHIOpaHHBLIX KapaHnjameil 2 CHHAX U

1 senenprii}. Boibpars 2 cuHEX KapaHalia U3 UMEIOLIUXCH & CHHUX MOXKHO

C? cnocoGamu, a 1 sesienblii U3 MMEIOMMXCH 3 3€JIeHbIX — C} cniocobamu.

OTciona 0 NpaBuily yMHOXKeHnst umeem: m = CZ - C3 = 30. ITostomy
_m _ 30 _ 3
PO) =7 = 220 227 ®

Hpumep 1.21. [lano mects kaprouek ¢ 6yksamu H, M, 1, ¢, JI, O. Halitu
BEPOATHOCTH TOTO, 4TO: &) noyyuurcs cyioso JIOM, ecnu mayran omma 3a
npyro# BuibupatoTcs Tpu KapTouky; 6) nostyuuntcs ciaoso MOJIHUSL, ecom
Hayrajl, OHA 33 JPYroil BHICHPAIOTCH LIECCTh KAPTOYEK W PACHOJIArAI0ICH B
Pl B IOPAOKE TTOABIICHUS.

Q a) U3 mectn ganHHbIX OyKB MOXRO COCTABUTDH 1 = A% = 120 1pexbyk-
BeHHBIX «cyioy» (HUJ1, OJ1<, OHU, JISAM, MUJI u = 1.). Cnoso JIOM

Ipyu 3TOM IIOABUTCHA JIMIIL OOUH pa3, T.C. 11 = 1. HOBTOMy BEPOATHOCTH

nossienns ciosa JIOM (cobsrrue A) pasna P(A) =

no120°

6) IllectuOyKBEHHBIE «CTIOBA» OTJIMYAIOTCH APYT OT ley(la JWilb T0-
pankoM pacnosioxenns 6yxs (HOJIMUS, STHOJIUM. OJTHUAM u = 1.).
x 4mCIIO paBHO YUCIIy nepecTaHoBok u3 6 6yks, 1. e. n = Pg = 6!. Ouennn-
1o, yto m = 1. Torma BepogTHOCTH ToABIenus cyioBa MOJIHU S (cobbiTue

B) papna P(B) = T = é = %ﬁ °
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IIpumep 1.22. B nouToBoM OTjie/1eHUN UMEIOTCS OTKPBHITKY 6 Bunos. Ka-
KOBa, BEPOATHOCTD TOTO, YTO CPeay | MPOIAHHBIX OTKPBHITOK BCE OTKPLITKH:
a) OHMHAKOBBL. 6) pasmaHbI?

Q

Buibpars 4 orkpeirku 6 BunoB moxno Cd = 126 crmocobamu, T.e.

n = 126.

a) Iycrs cobbrrve A = {npopano 4 onuHaKOBBIE OTKpPBITKH }. Hwucsio

. NCXOMIOB, GJIArONPUATCTBY IOIUX HACTYIUICHUIO COOBITUA A, PABHO 4YuCIy
BUJIOB OTKPHITOK, T. €. m = 6. [loaromy

P(A) = w2~ = 57
6) Ilycrs cobbrtue B = {npopaust 4 pasnudmnble OTKpBHITKHM }. BeIiGpars

4 otkpbitky 13 6 moxuo Cg = 15 ciocobamu. 1. e. m = 15. CnenosaresbHo,

15 _ 5
P(B)‘126_42'_ ¢

YnpaxHeHus

1.

B mudrr 9-sraxknoro moma Bonwm 4 genoBeka. Kaxk bl M3 HUX HE3a-
BHCHMO ApYT OT JIpyra MOXeT BLIATH Ha JII000M (HAMHHASI CO BTOPUIO)
aTaxke. KakoBa BepOSTIIOCTD TOTO, YTO BCE BBIIUIM: &) Ha PA3HBIX 9Ta-
xax; 0) Ha OIHOM sTaxe: B) Ha b yraxe?

U3 kool kapt (nx 36) Bertackusator Haymady 5 kapr. Kakosa sepo-
ATHOCTD TOrO. 4T0 OyAyT BBITAIIEHB! 2 Ty3a M 3 MEeCTEPKu?

Cemb yesioBek PaCCaXKMUBaIOTCA Hayga4dy Ha ckamelike. Kakosa BEPO-
ATHOCTH TOI'O, YTO ABa OHPEOECJICHHBIX YEJIOBCKA 6yJIyT CHUOETH pH)IOM?

Ha 5 kaproukax paspessoit asbyxm msobpaxens 6yksn E, E, JI, T, T1.
Pebenox coryuaiiaeiv o6pasoM BBIKJIAILIBACT MX B paa. Kaxosa Bepo-
ATHOCTb TOTO, YTO y HEro noayuntcs cjioso ITEITEJI?

W3 60 BOIIPOCOB. BXOAAUIMX B 9K3AMEHAIMOHHBIE OUJIETHI, CTYJIEHT $HA-
er 50. HailTu seposTHOCTH TOro, 9T0 Cpemu 3-X Hayrafl BLIOpAHHBIX
BONPOCOB CTYAEHT 3HAET: a) BCe BOIpuCHl; 6) aBa BOpoca.

B Gapabane peposibsepa 7 rHE3I, U3 HUX B D 3a/10KeHbl IATPOHLL. Bapa-
6an NPUBOOMTCA BO BPAIEHUE, UTUM HAXKUMACTCH CIyCKOBOH KYpPOK.
KakoBa BeposiTHOCTB TOTO, 9TO, HOBTOPUB TAKO# OMBLIT 2 pasa MOMP/L:
a) oba pasa He BbICTpesuT; 6) 00a pasa PeBOJbBEP BHICTPEINT?
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7. Ilns nposenenus copeBHoBanMA 10 komanj, cpemy KOTOPBIX 3 smpe-
pa, MyTeM KepeObeBKH PACIPeNeIAITCA Ha 2 IPyNibl HO O KOMAaH[
B Kaxioii. KakoBa BEpOSITHOCTb TOTO, *ITO 2 JILAEPa NONALYT B OIHY
rpynmny, 1 supep — B apyrywo?

8. U3 kosonsl kapT (ux 36) Hayran BoiHEMaOT 2 Kaptbl. Halitn Beposit-
HOCTb, 9TO CPE[IM HUX OKaXKeTcs XOTHA Obl OlHa «J1aMay.

1.10. NeomeTpunuyeckoe onpepeneHne BEpoATHOCTHU

Teomerpudeckoe ONpeJIeSIeHne BEPOSITHOCTH HPUMEHSICTCH B CJTydae.
KOLZa MCXObI ONBITA paBHOBO3MOXHKL, a [19C (mm ) ectb Heckoneunoe
HECYETHOEe MHOXKeCTBO. PaccMOTpUM Ha, IJIOCKOCTH HEKOTOPYIO obsractsb 2,
UMEILY0 MIoWwans So, u BEyTpu obsactu 2 obsracte D ¢ mymomanbio Sp

&

Puc. 8

\

Q .

B obstactu €2 carywaitro Boibupaercs Touka X . 9T0OT BLIOOP MOXHO WH-
TepnpeTupoBarh Kak Gpocarue mowky X 6 obaacmy (2. Ilpum 310M moma-
JIAHWE TOYMKH B obJiacTh §) — mocrosepHoe cobbitie, B D — cirydaiinoe.
I[IpeanosaraeTcs, 9To BCe TOUKH 06s1acTh §) PABHOMPABHBL (BCE JleMenTap-
HbIe COOBITHSI PABHOBO3MOXHEI), T. €. 4T0O OpOIIeHHAdA TOYKa MOXKET MOMacTh
B JII0OYI0 TOUKY 0bJsiacTu §) 1 BEPOSITHOCTD MOHACTH B oOsacth ) mponop-
OYOHAJIBHA IJIOMAIN HToi OBJIACTH M He 3aBHCHT OT €€ PaCHOJIOKEHUS |
dopmet. Ilycts cobertre A = { X € D}, 1.e. 6pomieHHas TOUYKa NOMAJET B
obitacts D.

l§l Teomempumneckoti eeposmmocmor cobvimus A Ha3bIBaeTCA OTHOUICHHE
womamy obnactu D k miomamm obsactu 2, T. e.

P(4) =22 (1.15)
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I'eomerputeckoe onpenesieHne BEPOATHOCTY COOBITHS NPUMEHUMO U B
ciydae, korma obsiactu 2 u D obe smmeiinble win obbemune. B nepBOM
ciyuae

P4y =2 (1.16)
lo
BO BTOPOM —
pPay=Yo. (1.17)
Va

rne | — muvea, a V — obbeM COOTBeTCTByIoueit obsactu.
Bce tpu dopmyater ((1.15)), ((1.16)), ((1.17)) Moxno sanucath B Bue

mes D
P(A) = =X 1.18
(4) = mesD, (1.18)
rae 1epes mes obosHadena mepa (S, I, V) obmacrn.
T'eomerpuieckas BepOATHOCTL OBJIAJAET BCeMU CBOACTBAME, NPUCYIIH-
MM KJIACCHIECKOMY (U APYTMM) ONpenesIeHuO:
L. TeomeTpmueckas BeposITHOCTB JIIOGONO COOBITHS 3AKITIOMEHA MEXKLY HY-

JieM U eguHuIieli, 1. e.
0< P(A) < 1.

2. Teomerpuyeckas BEPOATHOCTH HEBO3MOXKHOIO COOBITHS pABHA HYJIIO,
T. €.
P(2) =0.

3. T'eomeTpuyeckas BEPOATHOCTD NOCTOBEPHOTO COBBITHS PABHA C/IMHULE,
T. €.

P(Q) = 1.

4. TeomeTpuyeckas BEPOATHOCTb CYMMbI HECOBMECTUMbIX COBLITUlA paBHa
CyMMe BEPOATHOCTER aTux cobbiTuil, T.e. ecsiu A- B = &, To

P(A+ B) = P(A) + P(B).

IIposepum, nanpumep, cpoiicreo 4: myctb A = {2 € Dy}, B =
= {x € Dq}, rne D; - D3 = @, 1. e. D; u Dy Henepecekaoumecs obJIacTiL.
Dy+Ds _ SDy

S S
Torma P(A+ B) = =t S’-: = P(A) + P(B).

ITpumep 1.23. (3amaya o scrpeue.) [IBa 9es10BeKa JIOPOBOPHIIUCEH O BCTPe-
de mexay 9 u 10 wacamu yrpa. Ipumemuuii nepseiv xmer BTOporo s te-
"eHue 15 muH, nocse dero yxonuT (ecym me BCTpetwsuch). Haiitu sepo-
ATHOCTb TOTO, YTO BCTPEYa COCTOMTCH. €CJIM KAXK/Ibli HayJady BLHIOUpaerT
MOMEHT CBOETO IPUXOMA.
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Q Ilyctb £ — Bpemsi mpUxoia EepBoro, a y — BIOporo. BosmoxubIe 3HA-
gyenua z 1 y: 0 < z < 60, 0 < y < 60 (B KauecTBe enuHHI, MaciTabdba
BO3bMEM MFHYTHI), KOTOpbie Ha IJIOCKOCTH (Jzy ONpenesisiioT KBaapaT CO
cropono#i, pasHoii 60. Touku 3TOro KBaapara N300paxaroT BpeMs BCTpeda-
Jgommxcst (em. puc. 9).

60

0| 15 60 =

Puc. 9

Torpa Q = {(z,y) : 0 < z < 60,0 < y < 60}; Bce ucxomp! {2 paBHOBO3-
MOXHBI, TAK KaK Jiina npuxondat naynady. Cobbitue A — Jjmna BCTpeTAT-
cs — NPOM30IiIeT, ec/M pasHOCTh MEXY MOMEHTaMu UX npuxona Oyner ne
Gosee 15 mun (o Momysmo), T.e. A = {(z,y) : |y — z| < 15}. Hepasencrso
ly — z| < 15, e. 2 — 15 < y < z + 15 ompenesizer oby1acThb, 3aITpy-
XOBAaHHYIO Ha puc. 9, T. €. TOUYKH IOJIOCHI €CThb HCXOHBI, OJIATONPUATCTBY-
romue setpede. Vickomasi BeposiTHOCTh onpenedisiercs o dopmysie (1.15):

60°—2-5-45-45 -

YnpaxHeHus

1. B kpyr paguyca R snucan npasusibHbil Tpeyrospnuk. Haittu sepost-
HOCTbL TOrO, YTO TOYKA. OpolIeHHas B 9TOT KPyr, HONANCT B JAHHBIM
TPEYroJIbHUK.

2. Haorpeske [0, 5] ciryuaitno Bbibupaercs: Touka. Halitu BeposTHOCTD TO-
0, YTO PACCTOSIHUE OT Hee JI0 MPABOro KOHNA OTPE3Ka He NPEBOCXOIUT
1,6 emuHwMII.

3. Crepxenb fuMHBL | pa3sioMaH B JIByX HayraJ BHIOpaHHbIX ToYkKax. Hail-
TH BEPOATHOCTH TOTO, YTO U3 IMOJIYYEHHBIX OTPE3KOB MOXHO COCTABHTh
TPEYrOJIbHUK.



34 * Paspnen nepsblii. ANneMeHTapHas Teopust BEPOATHOCTEN U CNYYarHbIX NPpoLeccoB

1.11. AKkcuomarunuyeckoe onpeaersieHne BepoATHOCTU

AkcuoMaTndecKoe oCTpOeHRe TeOPUH BEPOATHOCTEH CO3IAHO B Ha4Yasle
30-x ropos akauemurom A. H. KosmoroposbsivM. AKCHOMBI T€OpHM BEPOSIT-
HOCTEH BBOAATCH TAKUM 00pa3oM, YTOGBI BEPOSSTHOCTH COOBITHS 00JIanasia
OCHOBHBIMU CBOUCTBAME CTATUCTUYECKON BEPOATHOCTH, XapaKTepH3yomel
€e mMpakTUYeCKMil cMbicsl. B 9ToM ciiydae Teopusi XOpOIIO COIACyerTcst ¢

NPAaKTUKOH.
IMycte €2 —— MHOXECTBO BCEX BO3MOXKHBIX UCXOIOB HEKOTOPOrO OITbi-
Ta (9Kcnepumenta), S — anrebpa coobrruil. Hanomaum (em. . 1.4), uro

COBOKYHHOCTh S HONMHOXECTB MHOXeCTBa () HasbiBaercs aazebpoti (o-
an2e6poti), €CJ BHIIOJIHEHBI CIIEYIOUIHE yCIIOBHSA:

1. S conepXuT HEBOZMOKHOE B JIOCTOBEPHOE COOBITUSA.

2. Ecou cobuitust Ay, Ag, As, ... (KoHEYHOE WM CYETHOE MHOXKECTBO)
npuHaaiexar S, To S MPUHAIIEKUAT CyMMa, NIPOU3BENEHHE U IONOJHEHHe
(1. €. mpoTuBONOIOKHOE At A;) 9TUX COOBITHIL.

Beposmnocmuio nasbiBaetcs Gyunkius P(A), onpenesienHas Ha ajreb-
pe coberTuit S, npuHUMaONAA AeCTBUTENILHBIE 3HAYCHUSA B YIOBJIETBOPSA-
ONIAs CICAYIOMEM aKCHOMAaM:

Al. Axcuoma neompuyamenvHocmu: BEpOSTHOCTD Ji0boro cobbitus A € S
HEOTPULIATESIbHA, T. €.

P(A) > 0.

A2. Axcuoma HOPpMUPOSAHHOCMU: BEPOATHOCTH JIOCTOBEPHOIO COOBITUS
paBHA eIUHULE, T. €.
P(Q) =1.

A3. Axcuoma addumuerocmi: BEPOSTHOCTb CYMMbI HECOBMECTHBIX COOBI-
Tl paBHA CyMME BepOATHOCTER aTux cobbiTuil. T.e. ecymm 4; - Aj =g

(i # 4), 1O
P(; Ak) = ; P(A).

CosokymHoctb 06bekToB (2, .5, P), rme {2 — nNpocTpasCTBO 3JIeMeHTap-
HbIX cOOBITHIL, S — anrebpa cobbrruit, P — aucsioBasi (PyHKIHS, yIOBIIETBO-
psonias akcuomaMm Al A3, HA3BEIBAECTCH GEPOATNHOCINHHIM NPOCTTPAHCTNEOM
CJIy9ailHOTO 9KCIEPEMEHTa. -

BepositHOCTHOE HPOCTPAHCTBO CIIy X KUT MaTeMaTU4eCcKoll MOOEJIbIO Jiio-
6oro ciryyaiiHoro fBJICHAS; 33/ JAHREM 3TOr0 NPOCTPAHCTBa 33BEPIIACTCH aK-
CHUOMATHKa TEOPHU BEpPOATHOCTE. '
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1.12. CBoiicTBa BEpOATHOCTEN

IIpuBenieM psif CBOKCTB BEPOATHOCTH, SABJIAIOMMXCS CIIEICTBHEM AKCH-
oM KosmMoroposa.

C1. BeposTHOCTH HEBO3SMOXKHOIO COOBITUSA PaBHA HYJIO, T. €.

P(@) = 0.

C2. CymMa BeposSITHOCTEH INPOTHBOIOJIOXKHBIX COOBbITHI paBHA €IUHULE,
T. €.

P(A) + P(A) = 1.
C3. BeposTHOCTD JIOGOr0 COOBITHA HE NPEBOCXOMNT €OUHULLL, T. €.

P(A) < 1.

C4. Ecsiu A C B, 1. e. cobuitie A Biiedet 3a coboii cobbitue B, TO

P(4) < P(B).

C5. Ecsm cobprrus Ap, Ag, ..., A, 00pasyioT NMOJIHYIO IPyHIly HECOBMECT-

n
HBEIX coObITHi, T.e. Y. A; =Qu A;- A; = I, 10
i=1

[ Cl.Takkaxk A+ @ = Au A- & = &, 10 cornacuo akcuome A3 umeem
P(A) + P(9) = P(A), creposarensro, P(@) = 0.

(2. Tockosbky A+ A = Q, t0o P(A+ A) = P(), a Taxk Kak A-A=0,
10 B cuty akcuom A2 u A3 nosyuaem P(A) + P(A) = 1.

(3. Us croiicta C2 Boitekaet, 1ro P(A) = 1 — P(A). C yuerom ak-
cuombl Al nostygaem P(A) < 1.

C4. Tak kak B=(B—-A)+Ampu AC Bu(B—-A)-A =0, 10
cornacto akcuome A3 nosnyqaem P(B) = P(B—A)+P(A). Ho P(B—A) > 0
(akcuoma A1), mostomy P(B) > P(A).

C5. Tak kak Ay + As+ ...+ A, =, 10, cornacuo akcuomam A2 u A3,
umeeM P(A; + Ay + ...+ A,) = P(A1) + P(A3) +... + P(4y) = 1. |

Bamernm, uro us P(A) = 0 ve cnenyer A = @.
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1 ITpumep 1.24. U3 kosoast. conepxameit 36 Kapt, naygaqy BEIHUMAIOT TPU
‘ .
KapTel. HaliTn BepoATHOCTB TOrO, YTO CPeay HUX OKAXKCTCA x0ms Ovi 00HA

el

«ITAMa».

Q Ilycts A — unTepecyromee Hac cobbitue, A; — NOSIBJICHAC OMHON «1a-
MbI», Ay — mByXx «mam», Az — Tpex «mam». Torma A = A; + Ay + As,
nprdeM cobbrtus Ay, Ag, A3 uecomectnnie. [loaromy P(A) = P(A;) +
+ P(Ag) + P(Aj3). Incio BCeBO3MOKHbBIX CJIydaes BeIOOpa Tpex Kapt us 36
pasio Ciy; 4uCAO ciyyaes, 6aronprsaTHbX cobbitusiM Ay, Ag, As, coor-
BercTBenHo pasuo my = C} - C%,, mg = C% - Ciy, mg = C3 - CY,. Taxum
L. 2 27 3 .0
Oy -Cy+Cf-Cy + Ci - Cyy ~0.31
o ~ 0,31.
36

3ama4a peraeTcs MpoIle, eCJiM BOCIOIb30BaThesa csoicrsom (2. Haxo-
mum P(A), roe A — cpenyt BBIHYTHIX KapT HeT Hu OfIHON «jiaMbi»! P(A) =

3 .

C.
= % = 0,69. 3uaunt, P(A) =1 — 0,69 = 0,31. ()
36

obpasom, P(A) =

1.13. KoHeuHOe BepOATHOCTHOE NPOCTPaAHCTBO

[IycTe mpoM3BOAUTCS HEKOTOPBIH OMBIT (IKCIEPUMEHT ), KOTOPLI BMeeT
KOHEYHOE YIHCJIO BO3SMOXKHBIX MCXOMIOB W1. W3, W3, - .., Wy. BB 9TOM ciydae
Q= {w,ws,...,w,} (wm xkoporko ) = {w}) — KoHEYHOE HPOCTPAHCTBO,
S — anrebpa cobbrtuil. coctosimast u3 Bcex (ux 2") NOIMHOXKECTB MHOXKE-
cTBa (2.

Kaxnomy astementapruomy cobbrruio w; € 2,4 = 1,2,..., 7 moCTaBUM B
COOTBETCTBHE YHCJIIO p(w; ), KOTOPOE HA30BEM KBEPOSITHOCTHIO HJIEMEHTAPHO-
ro COOBITHAY, T. €. 330a0uM Ha §) YucIIoBYI0 (DyHKIUIO, YAOBICTBOPIIOILY IO
NBYM yCJIOBHSM:

1) ycnosue neorpunaressnocta: p(w;) > 0 nus moboro w; € €

n

2) ycitosue mopmuposarHocTH | p(w;) = 1.

i=1

Beposimuocmos P(A) nns mmoboro nogmuaoxkectsa A € § onpedeaum rax
CYMMY

P(A) = > p(wy), (1.19)

w; €A

T. €. BepoATHOCTHIO P(A) cobbiTus A Ha30BEeM CyMMy BepOsTHOCTEH 31eMen-
TApHBIX COOBITHI, cocTaBrsionmx cobbrtue A. Beenennas taxum obpasom
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BEpPORTHOCTD yroBieTBopsier akcuomam Konmoroposa (A1-A3):

n

P(4) >0, P§)= ) plw) =) p(w)=1,

w;EN =1
P(A+B)= Y pw)=Y plw)+ Y plwi)=P(A)+P(B),
w;EA+B w;€EA w,€B
ecoim AB = &. T.e. A w B — [aBa HecoBMeCTHBIX cobortmsi. Tak ompe-

nejiennas Tpoitka {€), S, P} ects KOHe4YHOE BEPOATHOCTHOE MPOCTPAHCTBO.
HA3bIBAEMOE «JIUCKPETHBIM BEPOATHOCTHBIM MPOCTPAHCTBOM.

YacTebIM Cilyuaem onpeiesienus sepostHoctn (1.19) smasercsa xaac-
cuneckoe onpedenenue 6epoSMHOCTIU, KOLIA BCE HCXOIIbI ONbITa, PaBHOBO3-

moxupr: p(wy) = p(wz) = ... = plwy) = % (creyer w3 ycsioBusi HOPMEPO-

n
sannoctr: »_ p(w;) = 1). @opmyJia (1.19) npuobperaer BuL:
=1

1,1 1
P(A) = Zp(wi)=ﬁ+ﬁ+...+@=%,
w;EA e
m
T.e. P(A) = %, e m — 9HCJIO »JIeMeHTApHBIX COObITHI, oOpasyomux

cobbrtne A (T.e. m — 4ucio Ciiydaes, O6JaronpUATCTBYIOMUX NOABJICHUIO
cobbrTua A).

1.14. YcnoBHble BEPOATHOCTU

Ilycth A u B — nBa cubbiTus, pACCMATPUBAEMBIE B TAHHOM OIIbITE. Ha-
CTyIUICHHE OfHOrO COOBITHA (CKaxkeM, A) MOXeT BJIMATH HA BO3MOXHOCTD
nactymienus jpyroro ( B). [as zapaxmepucmuky 306UCUMOCNU 00HUZT CO-
Gosmuti om Jpy2uT BBOOUTCS HOHATUE YCJIOBHOW BEPOATHOCTH.

Venosnoti eeposimuocmoro cobbiTisas B npu ycioBuM. WTO IIPOK3OUIIO
cobbITHEe A, HAZLIBAECTCA OTHOUICHUE BEPOATHOCTH IPOM3BEEHUS 3TUX CO-
GorTuit K BepostrHOCTH cobbrrus A, npuuem P(A) # 0. obosnataerca cum-
sosiom P(B|A).

Taxum -06paszoM, 110 OIIPEICTICHUIO

P(A- B)

PBIA) = =5

P(A) #0. (1.20)

Bepositrocts P(B), B 0T/M4ue OT YCJIOBHOHN, HA3hIBACTCS 0€3ycA06HOT Ge-
POSTIVHOCTIOH0. .
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Ananorudno onpefensieIcs yCJIOBHAA BEPOATHOCTb COObITHE A npm
yciosuu B, 1. e. P(A|B):

P(A-B)

PUAIB) = s

P(B) # 0. (1.21)
Ormerrm, 9TO yesloBHAS BEPOATHOCTD, cKaxkeMm P(B|A), ynosrersopsi-

et akcuomam Kosmoroposa (m. 1.11): P(B|A) > 0. ouesuuno: P(Q|A) =
P(©-A) _ P(4) .

= TPa) P@A) 1: P((B+C)|A)= P(B|A)+ P(C|A), ecru B-C =

= ¢. lloaToMy nsa yCJIOBHOH BEpOATHOCTH CHPABENJIMBBI BCE CJICICTBUS

(coifcTa) us akcuoM, nosyyenusie B 1. 1.12. @opmysta (1.20) npurnmaer-

CA 1O ONPEAEJIEHUIO TIPH AKCHOMATAYECKOM OIPEIECJIEHNH BePOATHOCTH, B

CJlyHae KJIACCHIeCKOro (reoMeTpuyecKoro, CTATHCTIICCKOT0) ONPE/IeJIeHIs

OHA, MOXeT ObITh MTOKa3aHA.

i IIpumep 1.25. B ypre 2 6esibix u 7 9epHbIX mapos. W3 Hee nocsienoBaresb-
HO BBIHUMAIOT iBa mapa. Kakosa BepoaTHOCTD TOrO, 4T0 2-if Iap oKaxercs
GeJipiM Ipy ycsioBuu, 9to 1-if map 6611 YepHbIM?

Q Peumm sapauy mymsa cnocobamu.
1. Ilycte A — 1-if map gepubiit, B — 2-i nrap 6emprii. Tak kak cobbitue
A Tpo301LIIO, TO B ypHE OCTAJIOCH 8 MAPOB, U3 KOTOPBIX 2 Gestbix. Ilostomy

P(B|A)=£=1.

2. Haiinem P(B|A) no dopmysie (1.20). Ouepunno, uro P(A) = g
Haxomum P(AB): n = 9-8 = 72 — obmiee 9mcsio nexonos (NOSBIEHRe qByX
wapos). Cobbrruro AB Gnaronpusrcryor m = Cj - C} = 14 ucxonos.

Iloatomy P(AB) = % = 3_76 . CnenoBaresivno, P(B|A) = 316 : 97— = % [

1.15. BeposTHOCTb NpousBeaeHus CoOOBbITUNA.
He3zaBucumocTb coObITUIA

W3 onpenenenus ycyiosroit BepositHoctr (1. 1.14) corenyet, ato
P(A-B) = P(A)- P(B|A) = P(B) - P(A|B), (1.22)

T. €. 6EPOAMHOCTG NPOU3GedeHUA IBYX COObITUI paBHA NPOU3BENEHUIO Be-
POATHOCTH OJTHOTO U3 HUX HA YCJIOBHYIO BEPOSITHOCTD JIPYTOro MPH YCJIOBKY,
YTO IIePBOe COOLITHE TTPOU3OULIIO.
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Pasenctso (1.22) HA3BIBAIOT NPAGULOM UITH Mmeopemoti (17151 CXeMBI CITy-
YaEB OHO [IOKABLIBAETCH) YMHOOICEHUA 6eposmuocmeti. D10 nmpasusio 0606-
AeTCA HA CJydal n cobprThit:

P(Ay-Ag-...-Ap) =
— P(A;) - P(A3]A1) - P(A3|Ay - Ag) - ... P(Ag|Ar- Az - ...~ Any).
(1.23)

Tak nuis 3-x coobrtuit Ay, Az, Az nosydaem

P(A, - Ay - As) = P((Ay - Ag) - A) = P(A; - Ag) - P(As|A; - Ag) =
= P(A1) - P(AsAy) - P(As]A; - Ag).

IIpumep 1.26. B kopobke naxonurcs 4 6esibix. 3 CHHUX M 2 Y€pHBIX Iapa.
Haynady nocsieioBaresibHO BRIHUMAOT 3 mapa. Kakosa BepOfTHOCTb TOTO,
ato 1-it map Gymer 6esbiM, 2-if — cunuM, 3-# — HepHbiM?

Q Bseuem cirenymonye cobpitusi: A; — HepBLIM BhITAIMIIKE OeJIblil map,
Ay — BropbiM — cunnii, Ag — TpersuM — 4ephbii. Torga untepecyro-
mee Hac cobbitne A mpencraputca B Bune A = Ap - Ap - Az. 1lo npasu-
sty ymuoxenus BepoatHocteit P(A) = P(A;) - P(A2|A1) - P(As]Ar - Ag).
Ho P(A;) = %; P(As|A1) = %, TaK KaK IIapOB OCTAJIOCH 8, a YHCJO
2

7
Tak Kak yxke mapa mapa (6esibtit w cunuit) brramenbl. CrienosatesibHO,

~4.3.2_1
PA) =555 =57 005 ®

GJIATONPUATHLIX CJIydaeB 1Jis cobertua Ay paso 3; P(A3lA; - A2) =

IIpaBusio yMHOXKEHIA BEpOATHOCTEN HMeeT ocob0 TpoCTO# BUA, €Cin
cobbrrrsi, 06pasyoue TPOU3BCACHNE, HE3aBUCHMBL.

CobpiTre A HABBIBAETCS HE3Q6UCUMBIM 0m cobowmus B, ecom ero ycjios-
Has BEPOATHOCTD paBHA 6e3yCJ/IOBHOM, T. €. €CJIH BBINOJIHACTCA PABEHCTBO

P(A|B) = P(A). (1.24)

Jlemma 1.1 (0 B3ammuO# HesaBHCHMOCTH cOObITHit). Ecin cobbitne A
He 3aBUCHT OT cobbrtust B, To n cobbitie B He zasucuT 0T cobbiTisa A.

[J Us pasencrsa (1.22), ¢ yuetom pasenctsa (1.24), cienyer P(B|A) =
P(A|B) - P(B) _ P(A)- P(B)

= = = B , T. €.

P(A) P(4) P(B). m.¢

P(B|A) = P(B), (1.25)
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Bl

a 3TO O3HAYAET, YTO cOObITHE B He 3aBUCUT oT cubbiTua A. |

Moxno path cienyiomee (HOBoe) ONpemesieliie He3aBuCUMOCTH COBbI-
TH.

JIBa COOBITHSA HABBIBAIOTCH HE3AGUCUMbIMU, CCITM HOSBJICHUE OIHOTO T3
HUX HE MEHFAET BEePOATHOCTH MOSIBJIEHWS JIPYTOrO.

st HesaBuCHMbIX COOBITHIA TPABUIIO yMHOXeHUsA BeposiTHocTel (1.22)
OpUHAMAET BUJL:

P(A-B) = P(4) - P(B), (1.26)

T. €. BCPOATHOCTb NPOUBBEJICHUS OBYX HE3ABHCHMBIX COOBITHI paBHA Mpo-
U3BEJICHUIO BEPOSITHOCTEH 3TUX COOBITHH.

Pagenctso (1.26) wacro MCHOJIL3YIOT B KAMECTBe OUpeIeJeHus (eme of-
HOro!) He3aBUCHMOCTH COBLITHI: COOBITUS A U B HABBIBAIOTCH HE3A6UCUMbI-
mu, ecoin P(A - B) = P(A) - P(B).

Moxno nokasarp, 4o ecim cobbitust A u B HE3aBHCHMBL, TO HE3ABU-
cuMBl cobbrtus A n B ,Au B, Au B.

Ha npaxTuke 0 He3aBMCHMOCTH T€X WM MHBIX COBBLITHA 9acToO CymsT
MCXOAsl U3 NHTYUTUBHBIX COOOpaXKeHuit 1 aHAJIN3a, yCJIOBUI OIBITA, CUMTAL
HE3ABUCUMbBIMU COOBITHS, «MEXly KOTOPbIMU HCT MTPHYAHHO-CJIEICTBCHHBIX
CBA3CKH».

llonaTre HE3aBUCUMOCTH MOXeT ObITh PACIPOCTPAHEHO HA CJydail n
coObITUH.

Cobbrtusi Ay, Ag, ..., A, Ha3LIBAIOTCS HE3QEUCUMBMU (MU HE3QEUCU-
MULMU 6 COBOKYNHOCTAL), €CIIN KAXKJIOE M3 HUX HE SABUCHT OT IPOU3BCICHHST
JII000TO YHMCJIa, OCTAJIBHBIX COOLITHI M OT KAXKJIOrO B OTAEIBHOCTH. B 1po-
TUBHOM CJiyqae coObitus Aj, Ag, ..., A, HA3BIBAIOTCA 3G6UCUMBLMU.

A HesaBuCMMBIX COGBITHI MIX YCJIOBHBIE BEPOSITHOCTH DAaBHbLI Oe3-
ycaosabiM., u dopmyna (1.23) ynpomaercs

P(A1-Ay-...- Ay) = P(A) - P(As) - ...- P(A,). (1.27)

W3 nonaproit nesapucumoctu cobmituit Ay, Ay, ..., A, (m0bbie npa u3
HUX HE3ABUCHMBI) HE CIIGNyeT UX HE3ABHCHMOCTb B COBOKYITHOCTH (0GpaTHOe
BEPHO).

Ybeymmcs B 9TOM, paccMOTpeB CIIeHyIonuMil npuMep.

IIpumep 1.27. Ilpoussomurcs Buibop (Haymady) duiara u3 4-x. EMEIOUMX-
CA B HAJUIUKI KPACHOIO, Tosryboro, 6esioro v Tpexnpernoro (kpacHo-6e/1o-
rosiyboro). Hccienosar, na sesaBucuMocTs cobbirus: K — BoiGpanHbIii
dniar mmeer kpacusiii upet; I' — umeer rony6oit nser; B — umMeer Gesbii
IBET.
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Q BosMoxHBIX uCXOIOB BhIGOpa 4; cobbTiio K 651aroupusTCTBYIOT 2 MCx0-

na (kpacHbiii iBeT umeetcs y nByx (ataros). [oatomy P(K) = % = % . Ana-

rormuano Haxonum, uyro P(I') = P(B) = % . Cobbrruio K-T' — BeiOpan ¢aar,

nmeronmii 2 1seta (Kpachbtii u rosiy6oii), — 6JIAronpuATCTBYET OUMH UCKOTL.
IMostomy, P(K-T) = ll U tax xak P(K-T) = i - %% — P(K)-P(I'), 10

cobprtist K 1 T HezaBUCHMBL. AHAJOTHYHO yOexkIaeMCsi B HG3aBUCUMOCTU
cobprtiii K u B, B u I. Craso 6bith, cobbrrua K, B, I' nonapho resasucu-
mbl. A tak kak P(K-I'-B) = % # P(K) - P(T')- P(B) = é—, to cobbiTua K,
T u B me apnsaioTcs HE3ABUCUMBIMUA B COBOK YITHOCTH. L

YnpaxxHeHusi

1. Bpocaerca nrpasibHasi KOCTb. IIycTh cobbiTne A — mosiBjieHue YeTHOTO
qucsa 04KoB, cobuitne B — nosieiienue Gosee Tpex O9KOB. 3aBUCHMBL
i HeT cobbrtust A u BY

2. U3 6yks paspesnoii az6yku cocrasiieno cioso CTATUCTUKA. Kako-
Ba BEPOATHOCTH TOTO. YTO. IepeMeliaB OyKBBI U yKJIAIpIBas UX B DAL, 110
onuoii (naypady), nosyanm cioo : a) TUCKHY; 6) KUCKA; B) KUT:
r) CTATUCTUKA?

3. Haiiru BepoaTHOCTL OTKasa cxeMbt (puc. 10), npemuosniaras, 9To OTKa3bl
OTIEJIPHBIX DJEMEHTOB HE3ABUCUMB], 8 BEPOATHOCTb OTKa3a 3JIeMeHTa
. ¢ HOMepoM i pasHa 0,2.

S EEE s P S
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1.16. BeposATHOCTb CyMMbI COGbITHIA

Kax ussectro (. 1.11), BEpoAAITHOCTL CyMMEI [BYX HECOBMECTHBIX CO-
ObiTnit onpenenaetcs akcnomoli A3: P(A+ B) = P(A)+ P(B). A-B = @.
Breisenem opmysty BepOATHOCTH CyMMBI JIByX COBMECTHBIX COOBITHIA.

Teopema 1.1. BepoaTHOCTE CyMMB! ABYX COBMECTHBIX COGBITHI paBHA CyMMe
WX BEPOAITHOCTEH 6e3 BepOATHOCTH MX IIPOU3BEICHUS,

P(A+ B) = P(A) + P(B) - P(A- B). (1.28)

[ Tpencrasum cobbrtusa A + B u B B BUIE CyMMBI [IByX HECOBMECTHBIX
coberruii: A+B = A+B-A, B= AB+BA (cm. . 1.3, npumep 1.2 u ynpax-
uenue 1). B copasemyinBocty 31ux GopMys1 MOXKHO HAIISIHO YOSIUTHCH HA
puc. 11.

Puc. 11

Torpa, coracho akcuome A3, umeem P(A + B) = P(A) + P(B-A) u
P(B) = P(A-B)+ P(B- A). Otciona cneniyer P(A+ B) = P(A) + P(B) —
—P(A-B). m

Qopmyana (1.28) cupaseniusa, ny1a 106bix cobbrTuit A u B.
MoxHo mosiy4uth (pOpMyJly BEPOATHOCTH CYMMBI TPEX ¥ GOJIBLIETO 9u-
CJIa COBMECTHBIX COOBITMIL; JIJIst Tpex cOOBITHII OHA MMeeT BHII

P(A+ B+ C) = P(A) + P(B) + P(C)—
—PA-B)-P(A-C)-PB-C)+P(A-B-C). (1.29)

CropasefyivBOCTh paBeHCTBA MOSICHAET puc. 12.
ITpowe, onHako, HAITH BEPOATHOCTH CyMMBI HECKOJIBKUX COBMECTHBIX
cobbituit P(S) = P(A1+Az+.. .+Ay), ucnonssys pasenctso P(S)+P(S) =

=1lrmeS=A4-44-...- 4, — OPOTUBONOJIORHO cobbiTHIO S. Torna

P(S) =1— P(S). Mst yxe ucnonbzopasiu 31071 npuem B 1. 1.12.
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Puc. 12

‘ Ipumep 1.28. Bpocaworcs ase urpasibnbie Kocti. Kakoba BepOATHOCTE
|
— HOSBJICHNsT XOTH OBl OIHOH mecTepru?

Q Bsenem cobertus: A — NOSIBJIGHKE eCTEPKU Ha NepBolt koctu, B —
Ha BTOpO# koctu. Torma A+ B — mnoasieHye XoTa ObI OHOMN 1IECTEPKY [1pU
Epocanny kocteit. Cobmituss A n B cosmecthbie. ITo dopmyse (1.28) naxo-

1,1 11 11 . p(SY = P(A.B) = 2.5 _ 25
mum P(A+B) = 66 66 ; 36 - (1I/IHaqe. P(S) = P(A-B) = 66" 36
Cnenosarensno, P(S) = 1—% = %6) L J

YnpaxxHeHus

1. B ypue 2 Gesbix u 7 uepHbix apos. V3 Hee Haylady BBIHUMAXOT (Ges
posspara) 2 mapa. Kakopa BEpOsSITHOCTH TOTO, UTO OHM 0ba OynyT pas-
HBIX 1BETOB?

2. Tpu OpyLHsi CTPETAIOT B HEJb HE3ABUCKMO IIPYT OT npyra. BeposTHocTs
HOTaIAHUA B 1ESTh Kaska0ro pasHa 0,7. HaiiTi BepOsSITHOCTD IIOTIAJAHUA
B 1eJTb: a) TOJBKO OfHOrO U3 opymwmil; 6) xoTa 6b1 OMHOrO.

3. Hanexuocts (T. €. BepoaTHOCTD 6€30TKasHOR paboTel) npubopa pasHa
0,7. s nOBBIIIEHNsA HATEKHOCTH JIAHHOTO TIpuGopa OH Iy6inpyeTcs
n — 1 gpyruvu takumu xe npubopamu (puc. 13). Ckonbko npubopos
HAJ10 B3ATh, YTOOBI HOBBICUTH €ro HajexHocTh 10 0,957
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Pue. 13

"1.17. dopmyna NosnHOM BEpoOATHOCTH

OmHUM 13 CEACTBEH COBMECTHOTO IPUMEHEHUsT TEOPEM CJIOKEHHA |
YMHOXEHUS BEPOATHOCTEH sBJsroTca (DOPMyJIBI MOJHOH BEpOATHOCTH U
Baiteca. Hanomuum, ato cobeitust Ay, Ag, ..., A, 06pasyioT NOJHYO rpyT-

n
ny, ecmi Ai-A; = @i # ju Y, A; = Q. CucreMmy Takux coOBITUI HABBIBAIOT

=1
TaK¥Xke pasbueHuem.

Teopema 1.2. Ilycts coGertus Hy, Ho, ..., H, 06pasyior nosnyio rpynmy.
Tornma st 1060ro, HABJIIOIAEMOro B OObITe, COOLITHsI A UMEeT MECTO dop-
MYJIA NOAHOU 6eposimHOcmU W cpedreti 6eposmHocmu.

P(A) = iP(Hi) - P(A|H;). (1.30)
i1

(J Tax kaxk Hy + Hy + ... + H, = Q, T0 B cusly cBOUCTB omeparmii
mazg cobbituamu (o 1.3), A = A-Q = A-(Hy + Hy + ... + H,) =
=A-H +A-Hy+ ...+ A- H,. U3 toro. 4ro H; - H; = &, cneny-
er, uto (A - H;)-(A-H;) = &, i # j, Te. coborrust A- H; u A - H;
TAKKE HECOBMeCTHBI. 'Torna no Teopeme crioxenns seposithocteit P(A) =

=P(A-H\)+P(A-Hy)+...+ P(A-H,) T.e. P(A) = i P(A - H;). Tlo

i~1
TeopeMe yMHOKeHUs BepoaThoctedt P(A- H;) = P(H;) - P(A|H;), otkyna n
cnenyer ¢gopmysa (1.30). [ |

Ormernm, ato B dopmysie (1.30) cobmrrua Hy, Ho, ..., H,, 06brdHO Ha-
3bIBAIOT 2UNOME3AMU; OHU HCIEPIBIBAIOT BCE BO3MOXHBIC TIPEIIIOI0KEHUS
(rU10Te3bI) OTHOCKTEBEHO MICXO/I0B KaK GBI EPBOrO 3TAIA ONBITA, COOBITHE
A — ofH M3 BO3MOXKHBIX HCXOJOB BTOPOTO 3TAlIA.
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IIpumep 1.29. B c6opounblii nex 3aBofia OCTynaeT 40% netaseit n3 1 nexa
n 60% — wus 11 nexa. B 1 nexe npoussoputest 90% cTanmapTHBIX geTasel,
a 8o I — 95%. Haiiti BeposaTHOCTH TOro, 9TO Hayjlady BsATas COOPIMKOM
eTadb OKAKETCH CTaHIapTHON.

(Q Bssitue metasu MOXHO pasbuTh Ha aBa sTana. Ilepsuii — 3To BHIGOP
texa. ViMeetcst e runmoresb: Hy — perann wsrotosiena 1 mexom, Hy —
IT uexom. Bropoit atan — saatue nerasm. Cobritue A -  B3ATad Haynady
netans crangaptia. Ouesuno, cobbitust Hy u Hy 06pasyioT nosHyso rpy1i-
ny, P(H,) = 0,4, P(H3) = 0,6. Yucaa 0,90 u 0.95 ABnA0TCA yCIOBHBIMH
BeposiTHOCTsIME cOBBITUA A mpn ycnosmu tunores Hy w Hy COOTBETCTBEH-
no, T.e. P(A|/H)) = 0,90 u P(A|H3) = 0.95. [To dopmyse (1.30) nHaxomum
2

P(A) = Zl P(H;) - P(A|H;) = 0,4-0,90 + 0,6 - 0,95 = 0,93. ®
=

1.18. dopmyna Baiieca (Teopema runores)

I

Crencreuem (opmynst (1.30) siiserca dopmysia baiteca mim meope-
ma eunomes. Oxa O3BOJIAET NEPEONEHUTDL BEPOATHOCTH THnoTes H;, mpuns-
THIX JI0 OTIBITA ¥ HABBIBAEMBIX anpuopHomu («a prioris, JOONBITHBIC, JIAT. )
no Pe3YALMAAM YMHCE NPOGEJEHHO20 ONbIMA, T.€. HARTU yCJIOBHbIC BEPO-
arnoctu P(H;|A), KOTOpbIE HA3BIBAIOT GNOCTMEPUOPHOLMLU («a posterioriy,
LOCJICOITHITHBIE) .

Teopema 1.3. Ilycto coburrusi Hy, Hy, ..., H, obpa3yior nojnyio rpyuiy
cobbiruii. Torna ycnosraas BeposTHOCTD cobbitust Hy (k =1, 7) OpH YCJIOBUM,
910 cobbITue A npousolwio, 3agaercs GopMyJioi

e P(A) = P(Hy) - P(A|Hy) + ... + P(Hy) - P(A{Hy,) — dopmya nosno#
sepostrrocTi. Popmyna (1.31) maseisaerca gopmyaol Badieca’.

P(Hy) - P(A|Hy)
P(A) :

P(Hi|A) = (1.31)

11702- 1761, anryiniickuii CBAMEHHNK, MATeMATHK
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(4 Tpumenus bopMyssl ycsioBHOl BeposiTHOCTY (1. 1.14) u ymHOXecHUS
sepoaTHocTedt (n. 1.15), mmeem

P(Hy-A) _ P(Hy) - P(AlHy)
P(4) p(A) 7

P(Hg|A) =
rane P(A) — dopmyna nosmoit BepostrocTy (1. 1.17) [ |

IIprmep 1.30. B npumepe 1.29 (0. 1.17) naiiTi BeposTHOCTD TOTO, 4TO 9TA
CTaHOapTHas JeTaJib U3roTosjaera 11 nexom.

Q Onpenennm BeposiTHOCTS THIOTEsH Hy 1pn YCJOBUH, 9ITO CoObITHE A
(B3siTas IeTash CTaHmapTHa) yiKe IPOU3OULIo, T.e. P(Hy|A):

P(Hp) - P(AlHz) _ 0,6-0,95 19

P(H2lA) = P(A) T 7093 31

~ (,613. ®

YnpaxHeHusa

1. Ilpubop copepxut 1B MUKpocxeMbl. BeposTHOCTH BbIXOIA 13 CTpOs B
Tederue 10 sier neppoit Mukpocxemsl pasna 0,07, a propoit — 0,10. Us-
BECTHO, 9TO U3 CTPOH BBILLJIA OIHA MUKpocxeMa. KakoBa BeposSTHOCTE
TOTO. YTO BBIILIA U3 CTPOS TIEpBasd MUKPOCXeMa?

2. Wz 40 sxsamenarmmonnsix 6unetos cryment I1 Buryunsn Tombko 30. Ka-
KUM BBITOJIHEE €My 3alTH Ha 9K3aMCH, TIEPBBIM W BTOPHIM?

3. WssectHO, 910 90% wsnenmuil, BBITYCKACMBIX IAHHBIM OpellIpusTHEM,
OTBEYaeT CTAaHIAPTY. YNPOIIEHHAA CXeMa IIPOBEPKU KAIECTBa MPOJLyK-
LMK TTpU3HaeT HPUTONHOR CTaHIapTHYIO HeTadb ¢ BeposTHOCTBIO 0,96 u
HeCTZ.lH,HapTHyIO ¢ BepoaTHOCTIO 0.06. OnpenesmTs BEpOATHOCTD TOTO,
q9TO:

a) B3ATOE HAYAAMY W3/eJHMe MPOHHIeT KOHTPOUID;
6) usmesie, NpoWeIee KOHTPOJIb KAUeCTBA, OTBEYACT CTaHOAPTY.
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1.19. HezaBucumble ncnoitaius. Cxema bepHynnm

C NOHATHEM <«HE3ABUCHUMBIX COOBITHII» CBA3AHO NOHATHE HE3ABHCH-
MBIX UCIIBITAHUN (OIBITOB)>.
HeckonmbKO ONBITOB HA3BIBAIOTCH HE3U6UCUMBLMU, CCJIH KX HCXONBI
' npenctasnsoT cobolt HesaBECHMBlE COOBITUA (HE3ABACHMBIE B COBOKYITHO-
CTH).

Jpyrimu clioBaMu, €CJIU IPOBOIUTCH HECKOJIBKO UCTIBITAHUIA, T. €. OTIBIT
BBINOJHAETCA IPU JAHHOM KOMILTEKCE YCJIOBHH MHOTOKPATHO (TaKoe ABJe-
HI€ HA3BIBAETCA <«IOCJICIOBATESIBHOCTHIO MCIBITAHUI»), NpUYEM BEpOAT-
HOCTH HACTYIUIEHHS HEKOTOpOro cobbiTus A B KaXIOM MCIBLITAHUM HE 3a-
BUCHT OT KCXOMOB IPYTUX UCHBLITAHUH, TO TAKME MCHBITAHUS HA3BIBAIOTCH
HE3QBUCUMBLMU.

ITpuMepaMu HE3ABUCUMBIX MCIBITAHUH MOTYT CJIYXUTh: HECKOJIBKO (n
pas) nopfpackiBanuii MOHeTBL; cTpesibha (1 pas) mo MumeHn Ges NOIpaBoK
Ha paHee JOIYIIEHHYIO OMMOKY IPH HOBOM BBICTPEJIE; HECKONBKO (7t pas)
BBIHUMAHU 13 yPHBI OMMHAKOBBIX HA OHIYTIb 3aHyMEpOBAHHBIX MAPOB, €CJIH
wapsl Kaxkaplil pa3 (mocse NpocMoTpa) BO3BPAILAIOTCH HA33l B YPHY, U T. II.

Tpu npakTUYecKOM NPUMEHEHNH TEOPHH BePOATHOCTEH JacTO MCIOJIb-
3yeTcs CTAHIAPTHAS CXeMa, HasblBaeMas cxemolt Beprynm mmm cxemoi
HE3aBUCUMBIX HCITHITAHUIA.

TMocnenoBaTeAbHOCTD 11 HE3ABUCHMBIX MCHBITAHWHA, B KAXJA0M U3 KOTO-
PBIX MOXKET IPOM3OUTH HEKOTOpoe cobbitie A (ero HasblBaloT YCNexom) C
BeposTHOCTHIO P(A) = p MM NpOTHBOIONOKHOE €My ColbITHe A (ero Ha-
3EIBAIOT Heydaueli) ¢ BEpOATHOCTHIO P(A) = g = 1 — p, Ha3BIBaETCH CTEMOL
Bepryanu.

Hanpumep, npu crpesibbe 10 Muiieru: cobpitne A — momnajasue
(ycmex), cobbitue A — npomax (meyfaua); npu obCenoBanuy n u3yesmi
HAa TIpeiMeT TOMHOCTH: cOObITHE A — JeTasb rofHasd (ycuex), cobnbiTue A —_
neTasp GpakosaHHast (Heyfada) ¥ T. I

B xaxmom takoM onbite I19C cocTouT TONBKO M3 ABYX 3JIEMCHTAp-
HBIX cobbiThil, T.e. = {wg, w1}, toe wp — HEyAada, wi — YCIeX, NpH
atrom A = {w}, A = {wp}. BeposirHocTn 210X COOBITHI 0603HAYAIOT Ye-
pes p u ¢ coorserctBento (p + ¢ = 1). MHOXeCTBO dJIeMEHTAPHBIX MCXO-
[IOB IUIS T ONBITOB cocTouT U3 2" anementos. Hampumep, npu n = 3, T.e.
(A,4,4) (AA A) (4, 4, A) (A, A ,A)

wy wi Wy w3z
(AAA) (A AA) (A4,44) (A4, A)

wg ' ws ' ws T Wy

OIIBIT HOBTOPsIETCH 3 pasa, ) = {

}. BeposaTHOCTh KaXKI0rO 9JIEMEH-

TAPHOTO COOLITUSA ONpEesieTca ONHO3HaHO. [Io TeopeMe yMHOXKEHUH Be-
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POATHOCTDH cOGbITHA, ckaxeM wg = (A, A, A), pasna q-q-p = pq?, cobbrTA
wr —p-p-p=pP=p*urn

Hacro ycnexy conocrasnstior umcio 1, Heynaue — uucso (. Demen-
TAPHBIM COOBITHEM U1t U ONIBITOB GyIeT TOCIEHOBATEIbHOCTD U3 T HyJiel
n epuant. Tpolika wucen (0,0,0) osHavaer, 4To BO Beex TPEX OMBITAX CO-
Oritre A He HacTYIMIIO; Tpoiika umcesn (0,1,0) osmakaer, uro cobbitie A
HaCTYyIUJIO BO 2-M OnbITe, a B 1-M 1 3-M — He HACTYIIAJIIO.

1.20. dopmyna BepHynnu

Hpocrefimas sagaqa, oTHOCAmMAACH K CXeMme bBepuysnm, cocroutr s
OIIPENEJICHUU BEPOSITHOCTA TOTO, ITO B 71 HE3ABUCUMBIX UCTIBITAHUSX COBLI-
e A nactynmut m pas (0 < m < n). O6o3HAYAETCH UCKOMas BEPOATHOCTD
taK: Pp(m) amu B, ,,, wut P(u,, = m), tne My — TUCJIIO OABJICHUS COOBITUST
A B cepuu U3 n OBITOB.

Hanpumep, mpu Gpocanun urpasshoit koctu 3 pasa F3(2) osmauaet
BEPOATHOCTE TOTO, 4TO B 3-X OmbITax cobhitve A - ppmagenne nuphr
4 — mpousoitner 2 pasa. Ouesumo,

P3(2) = p*q + p’q+ pq =

_ — _ . 1 2 r |4
- [{(A.A. A); (A, 4, A); (&, A, A)}] = 3p2g = 3. (g) 2 =2 =0,069.

Teopema 1.4. Fciin npousBomutcst . HE3ABUCHMBIX MCIIBITAHMI. B KaxK JOM
13 KOTOPBIX BEPOATHOCTH NOSBJICHHA COOBITUsi A paBHa p, a BEPOSITHOCTD
€ro HENOABJICHUA paBHa ¢ = 1 — p, TO BEPOATHOCTH TOrO. YTO COOBITHE A
HpousoiIeT m pas onpenesnsierca gopmyrot Bepryanu

Fom)=C"-p™-¢"™, m=0,1,2,...,n. (1.32)

[d Bepositrocts omHOro cnoxmoro cobprtust, COCTOSIMIErO B TOM, YTO CO-
ObiTve A B 7 HE3ABUCHMBIX ONBITAX IIOSIBUTCS 17 pPa3 B HEPBBIX 170 OIbI-
Tax W HE NOABUICH (n — 1m) pa3 B OCTAJIBHBIX ONBITAX (3TO COGHITHE
A-A- A A-A- A%r' ..+ A) 0 TeopeMe yMHOXKEHIs BePOSITHOCTEH paB-

m pa3 (n—m) paz

Ha p™q" ™. BepoaTHOCTS nosABIeHns cobuiTua A CHOBA 1, pas, HO B JIpYIOM
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nopanke (mampumep, A-A-A. .. - AA-A-.. . Awm AAAA-...-AAutn)
m pa3
Gyuer Toit xe camoii, T.e. plg" ",

Ypes1o TaKUX CJIOKHBIX COOBITHI — B 1 OIIBITaX 7N pa3 BCTPeHacTCA CO-
GeITHE A B PA3IMUHOM MOPAJKE — PABHO YUCJy COUETAHmH u3 7 1o m, T. €.
C™. Tak KakK BCe 3TH CJIOKHBIE COOBITHA HECOBMECTHBI, TO II0 TEOPEME CJ10-
CHUA BEPOSITHOCTEH MCKOMAA BEPOATHOCTb PaBHA CyMME BEPOATHOCTEH

BCEX BO3MOXKHBIX CJIOXKHBIX coOBITHIL, T. €.

Pu(m) =p™¢" ™ 4 ...+ =Clp"¢"™, m=0.1,....n. W

W
M cnaraeMbpix

MoxHO 3aMeTiThb, 910 BepoaTHocTu FPp(m), m = 0.1.....n Asnaorcs
ko3 PpUIMenTaMi IpU ' B Pa3/I0KeHun (g + pz)" 1o Ppopmysie bmHOMA

HpioToHa:
(q+pw)” — qn_'_C”llqnflpm_i_C;qun—ZmeZ_i_...+C7r{1qn~mpm$m+'__+pn$n_

[To»TOMY COBOKYNHOCTb BepoATHOCTEH P, (1) Ha3BIBAIOT OUHOMUGNOHVM
saxorom pacnpedesenus ceposmuocmedi (cM. 1. 2.7), a HyHKIMIO o(z) =
= (g + pz)" — npoussodaweli Pyrryued OA NOCTENOBATENIBHOCTH HE3A-
BUCHMBIX OIIBITOB.

Ecnu B KaX10M U3 HE3aBUCHMBIX UCIBITAHUU BEpPOSITHOCTY HACTYILIE-
HUs COOBITHA A pashsie. TO BEPOATHOCTH TOTO, 970 COObITHE A HACTYIHAT
m pa3 B 1 ONBITaxX, paBHa KO3(D(MUIMEHTy 1pK m-ii CTCIIeH! MUIOrO4IeHa
on(2) = (q1 + p12)(@2 + P22) - - .- - (gn + Pn2), TOE Pp(z) — UPOMSBOLZLLAZA
$yHKIUA.

FEcJim B cepyn u3 1 HE3aBUCHMBIX OIIBITOB, B KaXKJIOM U3 KOTOPBIX MOXKET
HPOMBOUTY OIIHO U TOJIBKO OIHO U3 K coOBITUi Ay, Ag, .... Ap ¢ cooTBET-
CTBYIOIUME BEPOATHOCTAME P1. P2. - .-, Pk, TO BEPOATHOCTL TOTO, HTO B
9TUX ONBITAX cOoBbITHE A mosiBUTCS 1y pas, cobbitue Az — mg pas. ...,
cobblTue A — 1y pas, paBHa

! ,
Py(mi,ma,....mg) = m_l'm_;'l_-._mk_'p?np;nz AL (1.33)

rme my + mg + ...+ my = n. BepoaTtrocTn (1.33) HA3BIBAIOTCH NOAUHOMU-
anrvHbM pacnpedeneruem.

IIpumep 1.31. llpousBomutcsi 3 HE3ABUCUMBIX BRICTpEJIa MO HEJIM. Bepo-
STHOCTY MONAIAHUS MPY PASHEIX BHICTPEJIAX OJIMHAKOBLI U pasHBI p = 0,9.
KakoBa BEpOsSiTHOCTB: a) mpoMaxa; 6) onHOro nonafganus; B) IBYX IoHa-
manuit; r) Tpex nonajganuit? PenmmTe 3anady B Clydae, eClM BEPOATHOCTH
MOTAIAHUS TIPY PA3HLIX BHICTpesIax pasmuynbi: py = 0,7, p2 = 0.8, p3 =0,9.
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Q B pmansom cnyuae n = 3, p = 0,9, ¢ = 0,1. Tonwsysice popmyJioit
Bepuysum (1.32), naxompm:

a) P3(0) = CY-0,9°-0,13 = 0,001 — BEpPOATHOCTE TPEX MPOMAXOB;

6) P5(1) = C1-0,9-0,12 = 3-0,9-0,01 = 0,027 — BEpOATHOCTH OTHOrO

HOTIAIAH WS,

B) P3(2) = C?.0,92-0,1' =3-0,81-0,1 = 0,243 — BEpOATHOCTD ABYX
nonaJaHnii;

r) B5(3) = C5-0,9°-0,1° = 0,9% = 0,729 — BepoaTHOCTH TPEX NONAIA-
Huii. L

IDTH pe3ySIBTATH MOXHO U300pasuTh rpadpwaeckn, oryiokus Ha ocu Oz
3HaveHus m, Ha ocu Oy — suayenusn P, (m) (puc. 14).

P,(m)

051"

6 .

Puc. 14

Jlomanas, coemmusmomasa touku (0;0,001), (1;0,027), (2;0,243),
(3;0,729), HasbiBaeTCA MHOZOY2OABHUKOM pacnpedenenus eeposmuocmed.

Ecnn BeposiTHOCTY TIpM pas3HBIX BHICTPEJIAX PA3JINIHBL, TO TIPOU3BOHS-
wasd $yskuma vmeer sun p3(z) = (0,3 + 0.72)(0,2 + 0,82)(0,1 + 0,92) =
= 0,5042° + 0,3982% 4 0,092z + 0,006. OTKy/a HAXOOUM BEPOATHOCTH TPEX,
ZIBYX. OFIHOTO TIONAAHMM, poMaxa cooTBeTcTBeHHO: P3(3) = 0,504, P3(2) =
= 0,398, P3(1) = 0,092, P5(0) = 0,006. (KorTposs: 0,504 + 0,398 + 0,092 +
+ 0,006 = 1.)
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YnpaxHeHUa

1. Monery nonbGpaceisaior 10 pas. Kaxopa BepoaTHOCTH TOTO, Y9TO repb
phmager (mosmrica): a) 4 pasa; 6) Ay pasy; B) XOTs Obl OIMH pas.

2. Y710 BeposiTHeE BBIUTPATH Y PABHOCUJIBHOTO HPOTHBHUKA-MIAXMATHCTA:
IBE MApTHE U3 YeThlpex wiy Tpu u3 mectun? Huaby BO BHUManue He
NPUHUMAIOTCA.

3. B cembe Tpoe pereit. Kakopa BEpOATHOCTb TOTO, YTO: &) BCE OHU MaJib-
qiK®; 6) OIMH MAJBIUK U IBe neBouku. CuuTarb BEpOATHOCTD POXKIE-
nua Maapauka 0,51, a pesouku — 0,49.

4. B xaxnoM u3 KapManos (MX 2) JiexuT 0o Kopooky cnudex (mo 10 cum-
gex B KOpoOke). [Ipy KaxOOM 3aKypuBaHny KapMan BbIOMpactTcs Hay-
naay. [Tpy ouepenroM 32Ky puBaHiy KOPOOOK OKa3aJICA HyCThIM. Haiitu
BEPOATHOCTH TOTO, YTO BO BTOPOM KOpOOKe 6 Crimyex.

1.21. MpepenbHblie TeopeMbl B cxeme bepHynnm

Vicnosibzosanue ¢popmyiast Beprysum (1.32) npu Gonbumx 3HA9EHNAX 70
¥ 1 BBI3BIBAET GOJIbIIME TPYOHOCTH, TAK KaK 3T0 CBA3AHO ¢ TPOMO3OKHMY
porupcsienmavu. Tax, npu 1 = 200, m = 116, p = 0.72 ¢opmyna bep-
Hys npuEuMaet Bun Pooo(116) = 318 - (0,72)11 . (0,28)%4. Toncunrars
pe3yJibTAT NPAKTHYECKH HEBO3MOXKHO. Bhraucrienve P,,(m) BBI3BIBAET 3a-
TPYIHEHHS TAKXKe NpH MAJIBIX 3Hadenusx p (g). BosHukaeT neobXomuMocTh
B OTHICKAHIH IPUGIMKeHHbIX (popMy faJis Beraycerus P, (m), obecneyn-
BAIOUMX HEOOXOIMMYIO TOYHOCTh. Takue hopMysibl patoT HaM NPEAeJIbHbEe
TeOpEMBbL; OH¥ COIEPIKAT TAK HAZHIBAEMBIE ACHMITOTHYECKHE (POPMYJIbL. KO-
TOpble TMpU GONBIIMX 3HAYCHMAX UCTILITAHUHA JAI0T CKOJIb yrOAHO MAJIYIo
OTHOCHTEJIbHY O TIOTPEIHOCTb. PaccMOTpUM Tpu npefesbHbIe TeOpEMBblL, CO-
JepKaupe ACHMITOTHIeCKHe (POPMYJIbI JITIA BBIYMCIIEHNs OHHOMUATTPHOR
peposithoctu P, (m) mpr n — 0o.
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" Teopema INyaccoHa

Teopema 1.5. Ecim uucsio wmembrtaHuii  HeOrpAHHYEHO YBEJIMYUBAETCS
(n — 00) U BepOSTHOCTD P HACTyIIEHMA COObITHA A B KaXIOM HCIILITA-
HMM HEOrpaHU4eHO yMeHbaerca (p — (), HO Tax, 4T0 UX NPOUSBEICHUE np
ABJIACTCA MUCTOAHHOR Besmuniioli (np = a = const), 1o BeposrHOCTL P, {rn)
YIOBIETBOPSET NPENESbHOMY PABEHCTBY

a

. _ aMe
nlggoPn(m) oom! (1.34)

Beipaxenue (1.34) vaswisaercs acumnmomuseckoi dopmyaoti Ilyac-

COHQ.
[d Ipeobpasyem dbopmyny Beprysm (1.32) ¢ Y4€eToM TOro, 970 p = % :
! m n—m
Pm)=——T____ . (ay™ (1 _2a =
n(m) ml(n — m)! (n) ( ”)
_nn=1D)n-2)...(n—(m—1)) ,m a\n ay-m _
- - gy g
_a” n n—1 n-2 n—(m-1) ayn ay—m _
=i nwm w1 5) - (1-5)T" =
_ a™ 1 2 m -1 a\n a\—m
S (-0 (-8 () 02
m ,—a
Iepexofisi k npenesny npu n — o, mojayaum lim P,(m)=9¢_
n n—oc !
( lim (1 — %) = €7% COrNacHO BTOPOMY 3aMEYATESIHLHOMY npezneny). ||

n—00

Ws nmpenesnenoro pasencrsa (1.34) mpu 60abuiux n ¥ MAJIBIX P BBITEKACT
npubnmkensas gopmyaa Iyaccona

a77le*a
P, (m) =~ o a=np, m=0,12.... (1.35)
n!

@opmyJty (1.35) npumensor, KOrma BepoOsSTHOCTD P = const ycuexa kpajine
MaJia, T.e. cam 1o cebe ycnex (uosrenye cobbitus A) sBasercs pedkum
cobvimuen, (HATIpUMED, BHIMIPBII ABTOMOGHJIS 11O Jiotepefinomy Gunery),
HO KOJIMIECTBO MCHBITAHUR 71 BEJIMKO, CpedHee 4uca0 Yeneros np = ¢ He-
sHaunTeNbHO. [Ipubnmkennyio popmyny (1.35) 06brano VICHOJIB3YKT, KOTLA
n 2 80, a np < 10.

PopmyJia [lyaccona HaXOMUT NPUMEHEHVE 6 MEOPUL MACCUE020 obcay-
HCUBAHUA.
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Ipumep 1.32. 3ason «3osoran Ganka» (Kpem) ornpasuin 8 Mocksy 1500
GyThLI0K Bina, «Kabepues. BeposTHOCTS TOTO. 9TO B Ty TH Oy THIIKA MOXET
pasburbca, pasua 0,002, Hajitn BepOATHOCTD TOTO, 4TO B NyTH Oynmer pas-
6uto He 6osee 4-x OyTUIOK (cobbITHE A).

Q Vckomas BEpOATHOCTH PaBHA

Pis00(0) 4+ Pisoo(1) + Pisoo(2) + Pisoo(3) + Pisoo(4)-

Tak kax n = 1500, p = 0,002, T0o a = [np] = 3. BeposTHOCTH COOBITHA A
Hafimem, ucnosbays popmysty Ilyaccona (1.35):

0. -3 1 -3 «a2..3 93 -3 a4 =3
P = S B e e S e 08 @

@opmyay Ilyaccona MOXKHO CUMTaTh MATEMATHYECKOH MONEJIBIO MPO-
cTelilero moToKa CoObITuii.

Homoxom cobeimudi HASBIBAIOT TOCJENOBATENBHOCT COOBITHIL, HACTY-
NAMOLIX B CJLyYaiHbIE MOMEHTB! BpeMeny (HANpHUMep, OTOK noceTuTeel B
HAPUKMAXEPCKOH], TIOTOK BHI30BOB HA TeJIe(POHHON CTAHIMH, TIOTOK OTKA30B
5JIEMEHTOB, TIOTOK 0BCJIyKEHHBIX aGOHEHTOB | T. 1.).

TMoTox coObITHIA, 0OJIaIAOIMIE CBOIICTBaM CTAllMOHAPHOCTH, Op/AHAap-
HOCTV ¥ OTCYTCTBUs TOCTEICTBAA HABBIBAETCH Npocmetinuum (nyacconos-
CKUM) TOMOKOM.

CBOJCTBO CIMAUUOHAPHOCNY, O3HAYAET, YTO BEPOSTHOCTD NosBJeHds k
cobpiTHii HA ydacTKe BpeMeHy IJIMHBI T 3aBUCHT TOJIBKO OT €r0 JJIMHBI
(T. €. He 3aBUCHT OT HAYAJIA €r0 orcuera). CrenoBarTesibHoO, cpedree “ucao
cobumuti, NOABAAOUUTCA 6 eduruyy 6pemeéHu, TAK HA3bIBAEMAs UHIMEH-
cueHOCM® A IOTOKA, €CTh Besimumna nocrosmuad: A(t) = A '

CBOHCTBO 0pdUHApPHOCTY O3HAMAET, YTO COOBITHE TIOABJIACTCA HE TPyl
namu, a noomuHouke. Ipyrumu cjioBaMy, BEPOATHOCTD MOABJIEHUS Oostee
OIHOTO COBBITAA HA MaJIbHl y4acTok Bpemeru At IpeHe0peXHUTENbHO MaIa
0 CPABHEHMIO C BEPOATHOCTBIO MOABJIEHHA TOJBKO OXHOTO cobprtus (Ha-
npuMep, IOTOK KaTepoB, NOIXONSANMX K MPHTAJLY, OpOVHAPEH).

CBOHCTBO 0MCYymMCcmeus nocaedcmeus O3HAYAET, ITO BEPOATHOCTD T10-
apJienus k coburtuil Ha, JII060M y9acTKe BpeMEeHM JIJIMHBL 7 HE 3aBUCHT OT
TOTO, CKOJILKO COOBITHH TIOSIBIIIOCH Ha JIOOOM [PYTOM He IePeCeKalomuMCs
¢ HUM yd4acTKOM (roBopsT: «Oyayliee» nOTOKa HE 3aBUCHT OT «IPOILION0>.
HAIIpUMeEp, TOTOK JTIoOei, BXONAINX B cynepMapker).

MOXHO [OKA3ATH, ITO BEPOATHOCTD NOFABJIEHMs M cOObITHil npocreii-
HIEr0 MOTOKA 33 BpeM# MPONOJIKUTEILHOCTBIO ¢ onpenesisiercs (HopMyJioi
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Ilyaccona

m , ,—At
Pitm) = p = QL

{ IIpumep 1.33. Tesredonnas cranuua obcnyxusaer 2000 abornentos. Bepo-
— ATHOCTH NO3BOHUTH JII0OOMY aboneHTy B TeueHMe yaca pasna 0,003. Kakosa
BEPOATHOCTD TOTO, UTO B TE€YEHME 4aca MO3BOHAT 5 abonenToB?

(Q Cpennee uMCJIO MO3BOHMBHIMX B TEYEHME dYaca ABOHEHTOB pPaBHO

25 ,—6
2000 - 0.003 = 6 (a = np = Mt). Craso Gbrib, py = O € ~0,13. °

JlokanbHas n uHterpanbHas Teopems! Myaspa—-Jlannaca

B rex ciyvyasx, KOIma 4Mciio MCOBITAHUN 71 BEJIMKO, a BEPOATHOCTH
p He Gimmska K Hymo (p # 0, p # 1), 01a BuIYMCIEHAA GCHHOMHAJILHBIX
BEPOATHOCTEH MCHOJBL3YIOT Teopembl Myaspa—Jlamnaca. [lpuseneM Tonnko
X (POPMYJIMPOBKH B CHUJIY CJIOXHOCTH JOKA3ATEbCTBA.

Teopema 1.6 (JlokansHaa treopema Myaspa—Jlansaca). Eciu seposi-
HOCTBH Y4 Ha,CTyHJIeHI/IH CO61)ITI/I$I A B KaXJOM UCIIBITAHUH ITOCTOAHHA ¥ OTJIIMYHE
OT HyJIA Y €OVHWIBI, & YUCJIO HE3ABHCHMBIX MCOBITAHMI OOCTATOYHO BEJIMKO,
TO BepoATHOCTH Py (m) Moxer GLITh BHIYMCIIEHA TIO TPUbIIKEHHOH (popMmye

1 1 2 m —np
P,(m) = -———€e 2, rme r=-—Hr. 1.36
" T Vaw No (1.3
Pasencrso (1.36) Tem TouHee, dem Gosbiie n.
Buipaxenue
I2
L =% = p(x) (1.37)

V2n

HasbiBaeTca Pynxyueld I'aycca, a ee rpaduk — kpueoll eeposmmocmed; (cm.
puc. 15).
Pasercrso (1.36) MmoxHO nepenucarh B BUAe

m—n
P,(m) =~ 1 -p(z), rtme g="1_TP

1 N (1.38)

3
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Puc. 15

Inst bysxmpm () cocTaBiensl TAGTANBT 3HAYCHUH (OHM HAXONATCA, KaK
HpPaBUJIO, B TAK HA3bIBAEMbIX «[IpUIOKeHHAX» KHHUT IO TeOPUU BEPOATHO-
creit cM. npunoxenve 1 va c. 284). Tompsysce Tabymiielt, cyenyer yauThbl-
BaTh, YTO:

a) gpyuxuus o(z) vernas, T. €. ¢(—z) = @();
6) npu z > 4 MOXHO cautarh, 410 () = 0.

®ynxmus Naycca (1.37) 6yner noppobHee paccMOTpeHa B I 2.7.

IIpumep 1.34. BepoaTHOCTh ONAAAHMS B MUIIEHb IpU OAHOM BBICTpEJIe
s papHoro crpeska pasHa 0,7. Haiitu BepoaTHOCTB TOrO, 9TO HPH 200
BBICTpeJsIaX Mmumienb Oyner nopaxena 160 pas.

Q Bpmecv n = 200, p = 0,7, ¢ = 0,3, m = 160. [pumerm bopmy-

ay (1.38). imeem: (/nipg = /200-0,7-0,3 = V42 = 6.48, cienosaresb-
160 — 200-0,7 20

HO, T = NG = 648 ~ 3,09. Yumresas, uro ¢(3,09) ~ 0,0034,
nonyuaem Pogo(160) & L - 0,0034 = 0,0005. °

6,48

B rex ciaydasx, KOraa Tpefyercs BBIYMCIIUMTH BEPOATHOCTL TOTO, TO
B 71 HE3ABMCUMBIX UCIIBITAHAAX COOBITHe A mosButcs He Menee ki pas, HO
He Gosiee ko pas. T.e. Pk < m < kg) nmm Py(ky; ko), ucnospsyior unte-
rpaJbnyio Teopemy Myaspa-Jlannaca (aB1aeTCsa YaCTHEIM CITydaem 6ostee
00wl TeopeMbl — TEHTPAJILHOM NpeesIbHOM TEOpPEMBI ).
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Teopema 1.7 (Unrerpanbuas Teopema Myaspa—Jlannaca). Eciu se-
POATHOCTb p HACTYIUIEHUS COOBITUH A B KaXKJIOM UCHBITAINN [MOCTOSIHA ©
OTJIUYHA OT HYJIA U €AMHUIIBL, TO BeposiTHOCTh P, (k1 < m < ky) Moxer Gbith

Haiiliena no npubmkenHoi bopmyJie

ki —np - ko —np
N I
(1.39)

T2
F,(ky gmékg)z%&_/e*iZ de, Tme =z =
T
a

Pagenctso (1.39) Tem tounee, yem Gosbie n.

Ucnomnesys ¢ynxmmo laycca, (1.37), pasenctso ( 1.39) moxno sarmicarh

B BUIE
z2

P (K1, k) %/w(JJ)dJ:
T

Omnako pnsi ynpouenus BBIMMCIEHUH, PN UCHOIB30BaHuu (hopMy-
Jbr (1.39), sBomsT CIeHHAATBHY IO (DYHKIHTIO

2
2

By () = \/% / e 7 dt, (1.40)
J

Ha3bIBAEMYI) HOpMUpOsanHol Pyrryuet JTanaaca.

A
Oyukmus (1.40) wewerna Do(—1) = — (e 2dt = [t = —z] =
y (1.40) (Po(—2z) T Of [ 1
1 € _2
=-——[e 2dz = —®o(z)); npr £ > 5 MONKHO CHHTATDH, YTO Po(x) =

V27

= 0,9; rpadux dbynxuun @o(x) npusenen na puc. 16.
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Boipasum npasvio uacth paserctsa (1.39) gepes dbymkumo Jlamnna-
ca (1.40):

Z2
1§/'£d -5 dt
_ e 2 dr = —— e 2 di =
V2 V2
1

dt + L/e5 dt = Og(z0) — (I)O(ml)'
0

Pasencrso (1.39) nmpunnmaeT Bu

Po(ky < m < kg) = Op(2) — Polz1),
ki —np ko —np
me ) =———, x9=——-. (1.1
Vg NG )
91y dbopmysly 0OBIYHO MCIOJIB3YIOT HA IPAKTHKE.
Hapsiny ¢ mopmmposanHoii (dyukmumeii Jlammaca (1.40) wcnosibsyior

dbyuxio

d(z) = _gﬁ (1.42)

X
|
— [ e

21 .
—0o0
HaskIBaeMylo Takxke gynryuet Jlanaaca. st Hee CIpaBeIiuBO paBEHCTBO
O(—x) + ®(xr) = 1; ona ceasana ¢ Gynkumenr o(z) dbopmynoi

O(z) = 0.5 + Po(z). (1.43)

Vmerorcst Tabymmbl Tpubmnkennbix suagcnni Gyuknmii @o(z) n ©(z) (un-
Terpas ne 6epercs B 3JeMEHTAPHBIX (DYHKIMAX), KOTOpBIE MPUBONATCH B
GOJIBIIMHCTBE y9eOHUKOB II0 TeOPUM BEPOSITHOCTEH (CM. TakKe IPHJIONKe-
Hue 2 Ha c. 285).

Hpubsmxennyo dopmyny s soraucienus: Bepostaoctn Pp(ky <
< m < kg) (1.39) MmoxHO 3anucaTh B BUIE

P, (k1 <1 <ke) = O(x2) — (21) = Polx2) — Polz1),
ki —np x_@—w

2 — .
N VIPq

e X = (1.41)

ITpumep 1.35. [Iposepkoit yCTAHOBJICHO, TITO IEX B CPCAHEM BBHIIyCKaeT
96% npopykiuu seicmiero copra. Ha 6aze npuemumk nposepsier 200 usne-
nuit aroro nexa. Ecun cpenm vux oxaxercs bosee 10 uzgesmit He BHICILETO
copra, TO BCA TAapTus usesumii 6pakycrcs, T.e. Bosppainaerca B nex. Ka-
KOBa BEPOATHOCTD TOrO, 4TO naprusi OymeT npunata?
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Q 3Bmecs n = 200, p = 0.04 (BEPOATHOCTH HELOLHOTO u3nesms), ¢ =

= 0,96. Bepoartnocte npmnaTas seeii maprtuu, T.e. Poyo(0 < m < 10),

MOXHO Hajitu 1o ¢dopmyste (1.44); smech ky = 0. ks = 10. Haxonum,
0—200-0,04 10 — 200 - 0,04

910 11 = ~ —2,89, ©o = = 0,72,

+v/200 - 0,04 - 0,96 /200 - 0,04 - 0,96
P200(0 < m < 10) = @0(0,72) — @0(—2,89) = 0.26424 + 0,49807 =

= 0,7623. Bamerum, wro $(0,72) — B(—2,89) = 0,7642 — (1 — B(2,89)) =
= 0,7642 — (1 — 0,998074) = 0,7623. °

Sameuarue. C nomomwpio pyukmum Jlanmaca MOXHO HARTH BEPOSAT-
nA
HOCTDb OTKJIOHEHHH OTHOCHTEJIBHON 9aCTOThl ~3~ OT BEPOSATHOCTH P B 1l He-
3aBUCUMBIX HcObITanusx. Vimeer mecto popmysia

P < e =2mn (e ).

roe € > (0 — HeKoTopoe 4YncIo.

4 Us ’———p‘ € caenyer: —€ < Z:;Lé —p<E np—ne L ng <np+ ne.
IIo dopmysie (1.39) mosyuaem:

1 2
Po{np—ne<ng<np+mne}~ —— / e 2dt=
V2

B
=)

n
Le. P{ na _ ‘<5}=2¢0(5-1/%). m

IIpumep 1.36. BeposiTHOCTD IONAAHNUS B IIEJb TIPH OJ[HOM BEICTpEJIE PaB-
Ha 0,6. Hafitu BeposttHOCTD TOrO, 9T0 11py 12 = 1200 HE3ABUCHMBIX BBHICTPE-
Jlax OTKJIOHEHME «YACTOCTH» OT BEPOATHOCTH IO MOMYJII0 HE TPEBLILIAET

e =0,05.

Q Pioo 06| 005} = 28, (0 05 - L_OO—) = 20(3,54) - =
— 0,9996. °




naea 1. CnyuaiiHole cobuitus ®* 59

YnpaxHeHus

1.

Ha neknuu no teopum BepoaTHOCTEH TpucyTCTBYIOT 84 crymenTa. Ka-
KOBA BEPOATHOCThb TOrO, YTO CPEOM HUX €CThb 2 CTYHEHTa, Y KOTOPHIX
CETONHsA OEHL POXIECHU!

BepositHOCTD Opaka TpH W3TOTOBJIEHMH HEKOTOPOTO M3IEJMA paBHA
0,02. Halitu BepositHOCTh TOr0, uTO cpean 200 NpoM3BEICHHBIX H3Ie-
s zHe 6oJiee 0IHOTO OPAKOBAHHOTO.

Haiitu BeposiTHOCTD TOrO, wro mpu nopbpacviBanuu MoHeThl 100 pas
cobbiTe A — nosAsJienue repba — Hacrynut posao 60 pas.

Hajityn Takoe gucio m, 94100l ¢ BepostTHOCTHIO (0,95 MOXHO Ob1710 OB
yTBEpXKIarh, 410 cpeau 800 HOBOpOXAeHHBIX Gosee m nepouek. Cun-
TaTh, YTO BEPOATHOCTb pOXaeHus nepoukyu pasaa 0,485.



Cny4yanHblie BeNUYUHbI

2.1. NMoHaTMe cny4yaiHoOi BenuumnHbl. 3aKoH
pacnpepneneHnd Cny4yamHom BeJIM4MHbI

Onnum u3 BaxHeAlnx noHATHI TeOpUM BepoaTHOCTEH (HAPSILY CO CIly-
YalfiHbIM COOBITUEM M BEPOSTHOCTBIO) SIBJIAETCA MIOHATHE CJIydaiHoN Besu-
YUHDI.

Hon cayaiinot sesuwurolt TOHMIMAIOT BEJIMYHITY, KOTOPAs B PE3yJIbTa~
T€ OIIbITa NPUHUMAET TO UM MHOE 3HAYEHUE, IPUIEM HeW3BECTHO 3apaHee,
KAK0Ee MMEHHO.

Cutyuaiinbie BeTHYMHbI (COKPAMIEHHO: C. B.) 0G03HAYAIOTCH MPOTUCHEI-
M JraTuHckuMu Oyksava X.Y, Z, ... (1 CTPOYHBIME TPEYECKUMHE GyKBa-
mu € (kcm), 77 (9ta), 0 (T91a), 4 (ncu) U T. [, ), A IPUHKUMAEMbIE UMM 3HAMEHMST
COOTBETCTBEHHO MAJILIMK OYKBAMU T1, L9, - - -, Y1, Y2, Y3y - - - -

pumepamu c. B. MoryT catykutb: 1) X 4mcsio 09KoB, NOSIBIISIFOLINX-
sl npu Opocanuy HTpasIbHON KocTH; 2) Y — umcsio BLICTPEJIOB [0 NEPBOro
NONAIAHNA B LieSib; 3) Z — BpeMst 6e30TKasHOi paboTh Ipubopa i T. IL.
(poct uesioeka, Kype Jiosiiapa, KOJMIeCTBO OPAKOBAHHLIX JIeTasel B nap-
TUM, TEMIEPATYPA BO3JlyXa, BBIUTPHIII UPPOKA, KOOPOMHATA TOUYKY NPHU CI1y-
qaitnom Buibope ee Ha [0; 1], npuGbis gpupmw, ... ).

Chny4aiinas BeJInuuHA, MPHHUMAIONIAS KOHEYHOE WIH CYETHOE MHOXKE-
CTBO 3HadeHumil, HasbiBaeTCA duckpemtoll (COKpPANIEHHO: 1. C. B.).

Ecim xXe MHOXeCTBO BO3MOXKHBIX 3HAYCHME C.B. HECYETHO, TO TAKAS
BEJIIMHA HA3BIBAETCH HENpepuieHot (COKPAIEHHO: H. C. B.).

To ecTh n.c.B. IpUHUMaET OTOENIBHBIE M30JMPOBAHHBIE IPYT OT Opy- -
ra 3HA49CHWs, & H. C. B. MOXeT PUHUMATH JII00ble 3HAYCHUS W3 HEKOTOPOro
MPOMEXKYTKA (HATIpUMED, 3HAYECHUS HA OTpe3sKe, HA BCell 9ucsioBoi TpsaMoii
u 1. 11.). Cnyvaiinbie sesauusl X u Y (npuvepst 1) n 2)) sBasiorcs muc-
kperibivi. C.B. Z (npumep 3)) ABAACTCA HEOPEPHIBHOH: e BO3MOXKHBIE
3HAYECHNs NpUHaIexkar npoMexytky [0,t), tme ¢ > 0, npaBas rpaHuna
ne onpenesnena (Teoperudecky t = +00). OTMETHM, YTO PACCMATPUBAIOTCS
TakK¥Xke C. B. CMEMAHHOTO THILA.

Hamum teniepb cTporoe onpelesienue c. B., HCXOOA U3 TEOPETHKO-MHO-
KECTBEHHOH TPAKTOBKU OCHOBHBIX MOHATHUH TEOpUN BEpOATHOCTEH.
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Cayuatmoti eeaununoti X Ha3BIBaeTCA 9UCIIOBas (DYHKIMHA, ONpeie-
JIEHHAS HA TTPOCTPAHCTBE 3JIEMEHTAPHBIX COObITUH (), KOTOpas KaxkIoMy
NIEMEHTAPHOMY COOBITHIO 1 CTABUT B COOTBEeTCTBHE 4mciio X (w), T.e.
X = X(w), w e Q (mm X = f(w)).

IIpumep. Oubrt cocrout B Gpocanuu Momersr 2 pasa. Ha I119C Q =
= {wy, wy, w3, ws}, tme wy = [T wy = TP, w3 = PI', wy = PP, mMoxno
paceMorpeTh ¢.B. X — uuciio nospiienuii repba. C.s. X ABjgeTcs pyHk-
wucit ot sremenTapHoro cobprtus wi: X (wy) = 2, X(wz) = 1, X(wsz) = 1,
X(wyq) = 0; X — ji.c.B. co 3HadenusaMu 1 = 0, 29 = 1, 23 = 2.

OTMeTuM, YTO €CJIM MHOXeCTBO ) KOHEYMHU WIKM CUYeTHO, TO CiyJai-
HOM BeJIMYUHON sBngerca jobas QyHKius, onpenesersad Ha (). B obuem
ciygae dynkmnus X (w) nospkHa ObITE TakoBa, 9ToObI mns Jirobbix z € R
cobbrrne A = {w : X(w) < z} npuHamiexano o-arebpe MHOXeCTB S
U, 3HAMUT, A JIHOOOro TAxKoro cOOBITUS ObLIa OINpeneJieHa BEPOATHOCTD
P(A) = P(X < z).

J1J11 TOJIHOTO ONMCAHUS C. B. HEJOCTATOYHO JIMLIbL 3HAHUI €€ BO3MOXK-
HBIX 3HAUYCHHIT; HeoOXOMO ele 3HATh BEPOATHOCTH STUX 3HaYeHu.

JTrboe mpasmio (tabauna, dbyHKnus, rpadguk), HO3BOJIAOLIEE HAXO-
JIUTH BEPOSITHOCTH IPOU3BOJIbHBIX cobbituit A C S (S — o-anrebpa cobbi-
Tuit npocTpaHcTBa (). B 9aCTHOCTH, YKa3bIBAIOILEEe BEPOATHOCTU OTIIEJIb-
HBIX 3HAYCHUI CJTyYailHON BEJIMYIMHBL I MHOXECTBa, 9TUX 3HAUCHUM, HA-
SBIBACTCH 30KOHOM pacnpedenerus cay=atinot eesununss (1M IpoCcTo: pac-
npedeseruem). ITpo €. B. TOBOPAT, YTO «OHA, NOTUUHACTCS JIAHHOMY 3aKOHY
pacupesieJIeHnA»:

2.2. 3axkoH pacnpepneneHus ANCKPEeTHOW cny4yaiHou
BENMYMHBbI. MHOroyronbHuUk pacnpenesneHvs

[Mycts X — H.cC. B.. KOTOPas NPHHUMAET 3HAUCHUA L1, L2, L35 -+, Tpy- - -
(MHOXECTBO 9TMX 3HAYEHMI KOHEYHO WJIM CYETHO) ¢ HEKOTOpOI BepOHT-
HOCTBIO p;, The ¢ = 1.2.3..... N..... JaxoH pacnpedenseHust I.C.B. yma0OHO
sagasarb ¢ nomompio dopmysn p; = P{X = xi}, i = 1,2,3,...,n,..,
OIPELETTIONIEH BEPOATHOCTL TOTO. YTO B pe3yJIbTaTe OINHTa C. B. X npumer
sHaveHue Z;. g m.c.B. X 3aKOH pacnpefesieHus MoxeT OBITh 33JaH B
BHUzie mabautvl pacnpedenenus:

X z1 a9 | --- | 2n
Plpi|p2l---|pnl-- |
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LA nepBast CTPOKa CONEPKUT BCe BO3MOXKHBIE 3HAUCHUs! (OOBITHO B IIOPSIIKE
BOSPACTAHNA) C. B., & BTOPasA — UX BEPOATHOCTH. TAKYIO TabJTuIy Ha3BIBA-
10T padom pacnpedenerus.

Tak xak cobbitus {X = 21}, {X = 29} ... HecoBMecTHBI U obpasyror
TIOJIHY10 I'DYTITy, TO CyMMa HX BEPOATHOCTel pasHa emunmme (cm. m. 1.12),

e Y p; =1,
7

3aKOH PACTIPEJICJICHUS J1. C. B. MOXKHO 33/IaTh 2paduuecky, eCid Ha OCH
abCnuce OTIOXUTH BOSMOXKHbIE 3HAYEHHUS C. B., & HA OCH ODIAHAT — BEpOAT-
HOCTH 3TUX 3HA4YeHUA. JIOMaHyI0, COEIMHAIONLYIO MIOCEOBATELHO TOIKH
(z1,p1), (%2,p2), ... HABLIBAIOT MHOZOYZOALHUKOM (v noauzorom) pac-
npedencrusn (cM. puc. 17).

pi

Pue. 17

Tenepp MmuxkHO fHark Gosee TOUHOE ONpeJiEsIEHNUE 1, C. B.

Cayqaitnas sesmauna X duckpemna, ecom CYUWECTByeT KOHEYHOE UIIU
CHETHOC MHOXKECTBO YHCeN Z1, L2, ...TaKwX, 9ro P{X = z;} = p; > 0
(t=1L2,..)upi+pr+pz+...=1.

Onpezieniv MaTeMarTiIecKue Onepamiyu Hall IUCKPETHBIME C. B.

Cymmoti (pasrocmuoro, npouseederuem) Ji.c.B. X, OpuHUMAOWEH 3HA-

Y€HuA T; C BeposiTHOCTaMu p; = P{XN =z;},i=1,2,...,nug.c.B. Y. pu-
HUMAIOIIEl 3HAYMEHNU ¥, C BepoATHOCTAME p; = P{Y = yihi=12,...,m,
Ha3BBaeTCA 0.C.B. Z =X +Y (Z=X-Y, Z=X- Y), npuanmatomast
SHaYCHMA 2,5 = I + Yj (Zz'j = T — Yy, Zij = Xy - yj) C BePOATHOCTAMU

pij = P{X = 2;,Y = y;} nna Beex yKasanHbIx sHAMEHU# § u 3. B cayuae
COBIIALICHNI HEKOTOPBIX CYMM Z; + ¥4 (pasHocreit x; — Yj, MTpOU3BeIECHMII
TiY;) COOTBETCTBYIOUME BEPOSATHOCTH CKJIAIBIBAIOTCSL.

IIpouseederue 1i. C. B. Ha wUCAO ¢ HABBIBAETCH 1. C. B. X, TpuHUMalOIAA
3HAYCHUsA CT; ¢ BePOATHOCTAMY p; = P{X = z,;}.

e mc.B. X n Y HasBIBAIOTCH HE3Q6UCUMBMY, €CJIH  COOBITHS
X=z}=A4u{Yy = yj} = Bj nesaBucumbt juis mobeix i = 1,2,. ... n;
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j: 1,2,...,77?,, ']':‘.e.
P{X = 23Y = y;} = P{X =z} - P{Y = y;}.

B IpOTUBHOM CJTy4Yae C. B. HA3bIBAIOTCH 3a6ucumotmu. Heckosbko ¢. B. Ha-
3BIBAIOTCHA B3AMMHO HE3aBHCUMBIMM, €CJIM 33KOH pacrpenescHus jmoboi u3
HHAX HE 3aBUCHUT OT TOr0, KaK#Ue BO3MOXKHbBIC 3HAYCHW A IIPUHAIN OCTaJIbHbIC
BEJIMYUHBI.

IIpumep 2.1. B yphe 8 mapos, 13 KOTOPHIX 5 OeJIbIX, OCTAJIBHbIE — Yep-
pple. VI3 Hee BhiHMMaloT Haynady 3 wmapa. HailTu 3akon pacrpeneseHus
qucsia GesbIX MapoB B BBIGODKE.

£

Q BosmoxnbIe 3HaYeHus C. B. X — 9uciaa 0esbIX mapoB B BRIOOPKE €CTh
71 =0, 29 = 1, 23 = 2, 74 = 3. BeposiTHOCTH UX COOTBETCTBEHHO OyayT

Cs C3 1 Cs C3 15
pl‘_P{X } 8 %’pZ_‘P{X—l} C3 "%7
P3 gg , P4 = %% 3aKOoH pacIIpelesIeHus 3aIrIiieM B BHIE TaOIUIbL.
X|o0tr1|2]3
p| L[15]30[10
6 | 56 | 56 | 56
4
. 1,15 ,30 10 _
(KouTpoJib: lepz =2t 56 56t 56 1.) ®
YnpaxHeHusa

1. Monera 6pocaercs 4 paza. [locTpouTh MEHOTOYTOJTBHUK PACIPEIC/IEHNA
c.B. X — uncja sblnageHnii repoa.

2. BeposiTHOCTH ciaum sK3aMeHa NepsbiM cTyfenTom passa 0,6, a Bro-
peim — 0,9. CoctaBuTh psj pacnpenesienns C. B. X — 4uCiIa CTyAeH-
TOB, YCIIENIHO CHABIIMX SK3aMEH B CJIy4ae, KOIJa: a) 9K3aMeHbI mepe-
cHaBaTh HEJb3s; 0) 9K3aMeH MOXKHO OUH Pa3 Hepeciarh.
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2.3. PyHKuMa pacnpepeneHns v ee ceoncrTea. PyHKUUS
pacnpepeneHnsa ANCKPETHOMU CNY4arlHOM BeJIMYUHDI

(D]

OueBuno, psiji pACIpeesIeHus C. B. MOXKeT BBITh [IOCTPOEH TOJIBKO LISt
A. C. B.; JIJIS H. €. B. HEJIB35 JaKe NEPEUUCIITD BCE €€ BO3MOXKHBIC 3HAYCHUSL.
Kpome Toro, kak ysuamm nosxe (1. 2.3, 2.4), BepoATHOCTb KAXKJIOTO OTIIE b
HO B3ATOIO 3HAYEHUs H.C.B. pasHa Hymo! IIpencraBum cebe BeposSTHOCTD
TOTO, 9TO POCT MYXYHHBL —~ H. C. B. — TOYHO paBeH /3 = 1,7320508 . .. me-
TpuB; KYIUIEHHAA HAMU jaMiia npopabotaer — H. ¢. B. — poBHO 900 gacos:
-+« . YIuBUTEJILHO HHTEPECHDIH (GaKT: cobBIMUE BOIMONCHOE, HO UMEETIL HY-
AEBYIO BEPOATHOCTD. -

15 XapaX TEPUCTHKY NOBEJICHHUSA H. C. B. EJECOOOPAZHO HUCIIOIB30BAT
BepoATHOCTE cobbitaa {X < z} (a me {X = z}), rme z — mekoTopoe et
cTBUATESIbHOE YuCy10. C TOUKH 3peHNUs NIPAKTUKY HAC MaJl0 MHTepecyeT CoObI-
THe, COCTOALIEE, HAIPUMED, B TOM, 4TO JIAMII04YKa, ipopaboTaer posHo 900
qacos, T.e. X = 900. Bornee paxcubiM sBsiercst cobbrrue Buma {X < 900}
(mmm { X > 900}). Takoe cobbiTHE UMEET HEHYJIEBYIO BEPOSITHOCTE; [IPH 13-
MEHEHMU T BEPOATHOCTD cobbitus {X < z} B 00mem ciyqae Oyner MeHATh-
cst. Coienosarenbio, BepostHocTs P{X < x} smnserca dbynkimei or .

YHUBEPCATBHBIM CIOCOO0M 33,1aHUS 3AKOHA PACIPE/IEIICHNS BEPOATHO-
CTei, IPUFONHBIM KaK JJIA JIMCKPETHBIX, TAK U JIJIs HEIPEPLIBHLIX CJIyqaii-
HBIX BEJIMYMH, ABJIACTCH ee (py HKIuA pactipeieienns, obosnadaemasn Fix (x)
(nmm pocro F(z), 6e3 unpekca, ecay siCHO, O KAKOH C. B. UJIeT pedn).

Dynryueli pacnpedenerua c. 6. X naspisaerca bynknus F(z), koTopad
nuist Joboro amcia z € R pasna BepositHocTH cobbrtas {X < z}.

Taxum 0b6pazom, 10 onpenesIeHIIO

F(z) = P{X <z} me F(z)=P{w:X(w) <z} (2.1)

@ynkmmio F'(z) HaspiBaior Takxe unmezpaavhoti fyrryuet; pacnpedesenus.

Feomerpudecku pasenctso (2.1) MoxHO ucronkosarh Tak: F(z) ectb
BEPOAITHOCTh TOTO, 4TO C.B. X NpuUMeT 3HAYEHHE, KOTOpPOe M300paxaercs
Ha 4YMCJIOBO# OCH TOYKOH, jiexallleil aeeee mouky z, T. €. Corydalinas To4ka
X nonajger B uxrepsaJs (—oo,z), cMm. puc. 18.

X<z
. A
X x z

Puc. 18

DyHKnuaA pacupenesyenns obaiaer CaAeLyOIIMEI CBORCTBAMU:
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1. F(z) orpanmuena, T.e.
0< F(x) < 1.

2. F(z) — meybmBatomas dbyskius Ha R, T.e. ecqm o > I1, TO
F(z2) > F(z1)-

3. F(z) obpamaer B HOJIb HA MUHYC OECKOHEYHOCTH M DABHA €IMHUIEC B
0C 6ECKOHEIHOCTH, T. €.

F(—) =0, F(+00)=1.

4. BeposiTHOCTPH moNaiaHusA C. B. X B IPOMEXYTOK [a,b) paBna mpupaiie-
HuIO ee (PYHKIMK PACIPEIeSICHAA HA 3TOM IPOMEXYTKE, T. €.

P{a < X <b} = F(b) — F(a). (2.2)
5. F(x) HenpepsiBHA CJIEBA, T. e.

lim F(z) = F(xp).

z-—3xo—0

[ 1. Ilepsoe croiicTBo crenyer us onpenesennst (2.1) u ceolicTs BepoaT-
soctm (m. 1.11, 1.12).

2. ycts A = {X < 71}, B = {X < x2}. Ecym 21 < 9, T0 COOBI-
tue A Bieder cobmtue B (n. 1.4), ne. A C B. Ho Torna corsiacio cBO#-
crBy 4 (. 1.12), umeem P(A) < P(B), r.e. P{X <21} < P{X <3} mm
F($1) g F(ig)

TeomerpmaecKy CBOMCTBO 2 OYEBHMJIHO: (DK IE€PeMELICHUH TOYKH T
BIIPABO 110 YKMCJIOBOH OCH BEPOATHOCTH MOMAJAHUA CITy4aiHoil Touku X B
uHTEPBaJ (—00, ) HE MOXKET YMEHBHIATHCH.

3. Tperbe CBOHCTBO BBHITEKAET HEMOCPENCTBEHHO W3 TOTO, YTO
{X < —o0} = &, a {X < 4oo} = ) coryiacHo CBOHCTBaM BEPOATHOCTH
(. 1.11, 1.12), umeem: F(—o0) = P{X < —oco} = P{@} = 0. F(+o00) =
= P{X < 4oo} =P{Q} =1.

4. Tax kak a < b, T0 ouepmyno, uto { X < b} = {X <a}+{a < X < b}
(370 XOPpONIO BUAHO HA pHC. 19).

Tak Kak cJaraeMble B IIPaBOW YACTH — HECOBMECTHBIC COOBLITHA, TO
o Teopeme cioxenus pepoaraocTedl (m. 1.11) mosmyuaem P{X < b} =
= P{X < a} + P{a < X < b}. Orcrona cnenyer P{a < X < b} =
= P{X <b} — P{X <a}=F(b) - F(a).

5. CpoitcTBO 5 mpoMsuTIOCTpUpYeM Jiajlee Ha npumepe 2.2. |
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(T3

{X <t}
. Y
R
{X <a} {a < X <b}
Puc. 19

Beskas dyskuums F(z), obnanaromas csoitctsamu 1- 3, 5, Moxer ObITh
dbyHKIMER pacupenesieHus HEKOTOPOiA ColydYaiHON BeTMaMHLL
BameTum, 4To hopmyia (2.2) (cBoiicTBo 4) cnipaBemuBa U [ H. C. B.,
| IJIL 1. C. B.
C nomoubio (DYHKIMH PACIPEIESIEHNA MOXKHO BLIYMCJIATH BEPOATHOCTD
cobbrrust {X > a2}
P{X >z} =1- F(x). (2.3)

MoxHo nare 6oaee mounoe onpedeserue . C. 6.

Croyqaitnyro Besivanay X HasbIBAIOT HENPepouieHot, ecim ee (DyHKIHd
pacipesiesieHis HerpephIBHa B Jif000# Touke u udpepenippyemMa BCIOY,
KpOMe, MOXKeT ObITh, OTEJBHBIX TOYEK.

Hcnionb3ys cBO#CTBO 4 MOXKHO MOKA3aTh. 9TO «BEPOATHOCTDL TOTO, YTO
H.c.B. X IpuMeT 3apaHee yKa3aHHOE ONPEHIEJICHHOE 3HAYCHNE ¢, PABHA Hy-
JIEO>.

Heitctsurenbro, npumenum dopmysy (2.2) Kk npomexyTky [a,):
Pla < X <z} = F(z)—F(a). Bynem seorpadun4enHo mpubmxaTh TOUKY 2
K a. Tak kax ¢pyHkuus F(z) HenpepbiBHa B TOYKE @, TO il_r)rtlz F(z) =F(a). B
npeneste nosydum P{X =a} = ﬂljl_r)r(l) F(z) — F(a) = F(a) — F(a) = 0. Ecsix
dyurius ‘F(m) BesJie HENPEPHIBHA, TO BEPOATHOCTH KAXJIOTO OTIEJIEHOTO
3HAYEHUS C. B. PABHA HYJTIO.

CirenoBaresnibHO, JTS H. C. B. CTIPABEIJIMBLI PABEHCTBA,

Pla<z<b}=Pla<z<b}=Pla<z<b}=P{X € (a,b]}.
HeiticTBuTenbHO,
Pla<z<b}=P{X =a}+Pla<z<b}=Pla<z<b}

U T 1.
DyukIus pacIpeneseHus 1. C. B. UMeeT BUT

F(z) =) pi- (24)
x; <z

3rech CyMMUPOBAHME BEACTCH 10 BCEM i, IJIsl KOTOPHIX 7; < xz. Papen-
¢80 (2.4) HENOCPENCTBEHHL BHITEKAET U3 onpenenenns (2.1).
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IIpumep 2.2. 1o ycnosuio npumepa 2.1 (1. 2.2) maitn dbyHKHuo pacipe-
nestenus F(z) u noctpouts ee rpaduk.

(Q Bynewm 3anaBaTh pasiUuHbe 3HAYCHUSA - 1 HAXOOUTH juist Hux F(z) =
=P{X <z}

1. Ecnm x € 0, 7o, ouesunno, F(z) = P{X <0} =0;

2. Eom 0 < 2 < 1, 10 F(z) = PLX<I}=PL¥=0y:§§

3.Ecml<z<2, 10 F(lz)=P{X =0}+P{X =1} = ég ég,
4. Ecom 2 <z < 3, 10 F(zx) = P{X——O}+P{X—1}+P{X—2}:
_ 1, 15,30 _ 16

56 " 56 ' 56 56’
5. Eem 3 < 2,10 Fz) = P{X = 0}4+ P{X = 1}+P{X = 2}+ P{X =

=3} = %+~— 1.
Hrax,

f 0, ecoinm x < 0;

% , ecm 0<z<1;
F(z) = % ,’ eccm 1 <x<2; (2.5)

46 '
= <
rg 0 oo 2<x <3

L L ecom 3 < x.

Crpoum rpaduk F(z), puc. 20.

F(x)
e ,
i} P4

4656} -~ —

5}7)3 %

1) E— T f i

i 2 v

1/5675————1= ! i
0 1 2 3 z

Pue. 20

Kak supum, pyHKIus pacrpeneseHus . c. B. X ecTh paspblBHAsf, CO
CKauKaMU p; B TOUKAX &;, (DYHKINA, KHETPEpbIBHASA Clesay (1mpu IoaAxXone
K TO'IKe pasphiBa ciesa dhynkimsa F(z) coxpanser suadenne). Ee rpadux
uMeeT CTyneH4qaThlil BUJL.
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Otmerum, uTo, N0B3ysch paBeHcTBOM (2.4), byHKImIO pacnpenenenms

MOXHO Cpasy 3anucars B Buje (2.5)

(0, z <0,

%, 0<z<1,
F(m):<%+é_g’ l <z <2, PY

%-Fé—g g—g, 2<z<3,

s+t + 0 3<a

YnpaxHeHus

1.

HBa cTpesika JesIaior 1Mo OIHOMY BHICTPESTY B ONHY MULICHb. Bepost-
HOCTh MONafaHus JUid mepBoro crpenka pasna 0.6. a jas sroporo —
0,8. Hafitu m nocrpoute dhyHknmio pacnpenesienns c.B. X — wumcna
MION3JIAHU B MUIIICHD.

Yéemurncs, uro GyHKHus

0, ecu = £ 0,
F(z) = {1 —e ¥ ecmmz >0

ABJisierca (pyHKuell pacpesiesieHns HEKOTOPO CJ1y YARHOR BEJTMIMHDL.
Haiitu P{0 < z < 1} u noctpouts rpadux F(z).

Haua dbyuknus pacnpeneneHust

0 npu x < 0,
2
npu 0 < z < \/Z

Fx(z) = % ,
1, opu = > V2.

Haittu BepoaTHOCTE TOFO, YTO B pesyJibTaTe YeThIPeX UCIIBITAHUY C. B.
X TpmXKAbl TPUMET 3HAYEHNE, IPUHALIEKACE UHTEPBAJLy (0;1).

’
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2.4. NMnoTHOCTbL pacnpenesnieHus n ee CBONCTBA

Baxueifureli xapakTepuCTUKOW Henpepuicrol cayualinol eeauvurol
(moMEMO (DYHKIIMI PACTIPENIEJICHNs) ABJIAETCA NIOTHOCTD PACTIPE/IEIICHUS
pepositiocteit. Hamomaum (cM. 1. 2.3), 9T0: C. B. X HA3BIBAETCA HENPEPDIG-
noti, ecym ee (yHKIus pacnipesiesieHnst Herpepbipua 1 auddepermppyeMa
BCIOJly, KpOMe, OBITh MOXKET, OTIEJIbHbIX TOYEK.

ITaommocmuio pacnpedenenus ceposmuocmeds (naomrnocmoro pacnpede-
ACHUSA, NAOMHOCTBIO 6EPOATTIHOCTME( W TPOCTO NAOMHOCTNH10) HEIIPEPDIB-

HOM Curyuaito# sesmamibr X HA3HIBAETCA MPOM3BOMHAsA €€ (DYHKIMHI Pac-
HPEIeJICHUS.
O603HAMACTCA TJIOTHOCTD pacTpesiesienns H.c. 8. X 1depes fx(z) (mm
px(x)) wmm npocto f(z) (wmm p(z)), ecym AcHL 0 KaKO# C. B. UAET peyb.
Takum 06pa3oM, 10 OIPeIeJEHUIO

f(z) = F'(z). (2.6)

®yukruio f(z) naspiBaior Takxke duddeperyuanvrots Pynryuet pacnpede-
AEHUA; OHA ABIACTCH OMHON 13 (POPM 3aKOHA PACIpefesieHns cJly4aidiHoH
BEJIMIMHBI, CyIIECTBYET TOJIBKO JJIsi HEIIPEPHIBHBIX CJy IafHBIX BEJIMTUH.

VYCTAHOBUM BEPOSITHOCTHBI CMBICJI IUIOTHOCTH pactpepesienns. U3
oTpenesniennsi MPOU3BOIHOM CIienyer

N .. AF(@) . F(z + Az) — F(z)
fla) = Jim —o— = limg Ax :

Ho cornacuo dopmyase (2.2), F(z + Az) — F(z) = P{z < X <z + Az}
Plr < X <z+ Az}
Ax

HOCTb, KOTOpAs MPUXOJIUTCS HA, €IMHUILY JIIMHB] y4acTKa [z,2 + Ax), T.e.
CPEIHIO TLIOTHOCTh pacipelesienns sepoaTHocTu. Torna

OrHouenne npencTapyser coboil CPeIHIO BEPOsT-

. Plza< X <z+ Az}
o) = g, SIS, o)

T. €. TUIOTHOCTh PaCIpeesIeHusl €CTh MPEesl OTHOUICHHUA BEPOATHOCTH MO~
HAJIAHUA C. B. B IPOMEXYTOK |7;2 + Az) K jmmune Az 3TOro MpOMEXyTKa,
korna Az cTpemurcs K Hymo. U3 pasencrsa (2.7) caenyer, 1To

Pz < X <z + Az} = f(z)Ax.

To ecTh naomHOCMb 6eposmrocinu onpedeasemcs kax Pyrxyus f(x), ydo-
eaemeopsnowaa yeaosuwro P{z < X < z +de} =~ f (z) dz; sBHIpaxkenune
f(z) dz HABBIBACTCS 5.4EMEHMOM BEPOAMHOCTIU.
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OrmeruM, 970 IJIOTHOCTH f(z) aHAJOTMYHA TAKAM IOHATHAM. KK
[JIOTHOCTh PACIPEIESIEHHs] MAacC Ha OCH abCHUCC WJM IUIOTHOCTH TOKa B
TEOPUH DIJIEKTPUIECTBA.

[MioTHOCTH pacnpenesicHust 0bJaaeT CICOYIONUMI CBOACTBAMM:

1. f(z) meorpunaresbHad, T. €.

f(z) 2 0.

2. BeposiTHOCTH MOMAIAHUA H. C. B. B IPOMEXYTOK [a; b] pasHa onpenesnen-
HOMY WHTErpaJIy OT ee IJIOTHOCTH B Ipefiesiax oT a Ao b, T.e.

b
Pla< X <b} = / f(z) da. (2.8)

3. @yBEKyMs pacnpelesieHUsi H.C.B. MOXeT ObITb BBIPAXKEHa 'epes ee
MJIOTHOCTHL BEPOATHOCTH 110 (hopMyJie

Fla) = / F(t) dt.

4. YcyoBUE€ HOPMHMPOBKU: HECOOCTBEHHBIA MHTErpaJl OT IMIOTHOCTH BEpPO-
ATHOCTH H.C. B. B OECKOHETHBIX TIPEENIaX paBeH eJIMHULE, T. €.

ff(x)dx = 1.

[ 1. [yorrocTs pacnpenesienusi f(z) — HeoTpunaTesbHAs (DyHKIMA:
F(z) — neybssaomas bynkmus (. 2.3), caenosaresnsio, F'(z) 2 0, r.e.
f(z) > 0. 910 osnagaet, uto rpaduk mwioTAOCTH f(T), HasbIBAEMBIR KPUGOT
pacnpedenerus, He HAKE 0CU aBCIICC; TUIOTHOCTH MOXKET PHHUMATD CKOJIb
yroyiHo OOJIBbIINE 3HAMCHMS.

2. Tax kak F(x) ects nepsoobpastaz mist mnoraoctH f(z), To mo dop-
myne Herorona—Jleitonuna umeem

b
/f(x)dx = F(b) — F(a).

Orcrona B cuity ceofictsa 4 dbynknun pacupenesienns ((hopmysia (2.2)), no-
JyqaeM

b
/f(x)dm-——P{agX < b}
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T'eOMETPHIECKH 3Ta BEPOATHOCTD PABHA, ILIOMAH S (hpuryphl, orpaHuyien-
HO#i CBEpXY KpuBoil pacupeneienus f(x) u omupaloueiics Ha oTpesox [a; b]
(puc. 21).

f(z)
./ >
7
0 a b x

Puc. 21

3. Ucnonpsya ceolicTBO 2, NOJIydYaem:
! T z
Fz)=P{X <a}=P{~o< X <z} = / flz)dz = / f(t)dt
—00 —00

(6ykBa t mu1s1 ACHOCTH).
4. Honaras B popmyJie (2.8) a = —oo u b = +00, nosTydaeM JOCTOBEp-
Hoe cobbitie X € (—o0; +00). CnenoparesibHo,

+o0
/ f(z)dz = P{~00 < X < +o0} = P{Q} = 1.

TeoMeTpUYIeCK CBOMCTBO HOPMMPOBKM O3HAYAET, ITO IJIOWIALL durypsl,
OrpaHMYEHHOM KpUBOil pactpeesienus f(x) u ocpio abcmuce, paBHa ey-
HUIE. [

MOXHO IaTh TAKOE OMpEIeSICHIEe HElIPePbIBHOM CiyYaiiHO¥ BeTnIuHbL:
coyuaiinas pesmunna X HASBIBACTCH HENPEPHIGHOU, €CJIN CYIECTBYeT He-
orpunaresibHad dyukius f(z) Takas, 1TC npn ioboMm x HyHKIWO pacpe-
nenenus F'(x) MOXHO NpencTaBuTh B BUIE

F(z) = / f(t) dt.

A sarem nostyauts, ato f(z) = F'(z). Otciona cnenyer, aro F(z) u f(z)
SABJISTIOTCH YKBUBAJICHTHBIMU OGOBIIAIONIIMYI XapaKTEPUCTAKAMY C. B. X.
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Kax ormeuasioch panee (1. 2.3) s v.c.B. X , BEPOATHOCTH COOLITHSA
{X = ¢}, tme ¢ — umcro, pasua Hyso. JelficTBUTENbHO.

P{X:c}:P{C<X<c}=/f(m)dm20.

Orcropa Takxke cienyer, 94To

P{X € la;b)} = P{X € [a;8]} = P{X € (a; b)}.

‘ ITpumep 2.3. IlnoTHOCTS pacnpenesenus c. B. X 3anaHa dbyuknueii f(z) =

=_¢ Haiitu snaderue napamerpa a.

1+ 22"

Q@ Cornacho cBoficTBY 4 MIOTHOCTH, UMeEM

+o0 d
& _dr=1, te a lim dz__ _ 1, T.e. a- lim arctg mldz 1
1+ .’L'2 d—+oo 1+ 1.2 d—+4oo c
—00 c—oo |, e —00
T 7))\ _ _ 1
Wi G- | & — —5)) = | u, nHaxonen, nony4aem ar = 1, 1.e. a = =- L
YnpaxHexnus

1. Chnyugaitnas senuauna X 3anada, dynkupeit pacnipenenenus:

0, mpu ¢ < ~1,
Flz) =< a(z+1)?, npu — 1<z <2,
1, npu z > 2.

Halitu sHasenue a, nocrponts rpabuxu F(z) u f(z).

2. Kpusasa pacnpeiesieHus H.C. B. X UMeeT BUI, YKA3aHHLIA HA puc. 22.
Haiitu seipazkenme qns fx (), bynkuuo pacnpenesenus F x (z), Bepo-

ok

ATHOCTH COOBITUS { X e %;
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Iy,
N
0 1 T
2
Puc. 22

3. ¢Bnsercs JIM IWIOTHOCTHIO PacTpeNieJIeHUs HEeKOTOPOil ¢. B. Kaxad n3
caenyiomux pyHKImii:
T
a z) = ————— mpn &£ € (—00; +00};
) J(z) T+ a?) (—o0; +00);
1
. =, —-1;1
6) flz) = {2 npn z € ( 1,
0, mpmz ¢ (=11
0, npu ¢ <0 uzx > 2,

) 1) = {0

az®, npn 0 <z <2

2.5. Yucnoeble XapakTepUCTUKN CITyHanHbIX BEJINYUH

BaKOH pacHpeIesIeHIs HOJTHOCTBIO XapaKTepusyetT CIIyJaiiHy o BeJIn -
ny. OpHaKo MpY pelleHry MHOTHMX NPaKTUYIeCKUX 3anad JOCTATOHO 3HATH
JIVIITL HEKOTOPBIE “UCAOGHIE TAPAMEMPY, TAPUKMEPUSYIOUUE OTNOENbHbLE
cyujecmeenmole ce0ticinea (wepmo.) 3aK0HG PAcCPEJefenus C. 6. Takwe un-
CJ1a IPUHATO HA3LIBATE “HUCAOGHIMY TAPAKMEPUCTNUKOMY C. 6.

Bakueiinmmuy cpey HUX fABJAIOTCH XapaK TEPUCTHKY HOJIOXEHUA: Ma-
TeMaTHIECKOe OXuane (IeHTp pacipeIesieHus C. B.), MOa, ME[IMaHa; Xa-
PAKTEpUCTUKN PACCEAHUsA: AUCHepcusi (OTKJIOHEHWE 3HAYMEHHH C.B. OT €€
HEHTPA), CpenHee KBaIpaTHIecKoe OTKJIOHEHNE.

MaTemMaTu4eckoe OXuaaHue ciy4anHou BeNMUYnHbI

Mamemamuueckum ovcudaruem (W cpedrum 3Hadenuem) a.c.B. X,

- umeroniedt 3akoH pacupegenenns p; = P{X = z;}, ¢ = 1,2,3,...,n, Ha3bl-
BAETCs IUCJIO, PABHOE CyMMe TPOM3BENEHNH BCeX ee 3HavMeHunil Ha COOTBeT-
CTBYIOIHE UM BEPOATHOCTH.
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Maremaruieckoe oxunanue (COKpaueHno: M. 0.) obo3HauaeTCa depes
MX (nmm: M[X], M(X), EX. my. ax).
Taxum o6pasom, no onpenesiennio

n
MX = "z;-p;. (2.9)

=1

Ecn 9UCJIO BO3MOXKHBIX 3Ha4YeHnu ¢. B. X 6eCKOHe‘IHO CUY€THO), TO
?

(o0)
MX = "z p, (2.10)

=1

IIpUHeM psfl B NPaBO#l 9ACTY HPEITONArACTCH CXONANMMCS (B IPOTHBHOM
ciydae . B. X He uMeer M. o.).
Dopmyabt (2.9) n (2.10) moxno 3amucats B sune MX = > xip;.
%

BepOHTHOCTHLIﬁ CMBICJT MaTeMaTUYeCKOro OXUWIAHNUSA COCTOUT B TOM,
n

*ITO OHO FABJIACTCA CPEJIHUM 3HaMeHMeM C. B. [leficrburenbro, T.x. Y p; = 1,
=1
TO

=1
MX = § LiPi = ———— = Zcpenmce-
i—=1

Maremarnyeckum oxunanmem H.c.B. X ¢ IIOTHOCTBIO BEPOATHOCTH
f(z), Haspmaercs wwmcno

MX = /m-f(m)d:c. 2.11)

Wnterpan B npasoft gacru paBenctsa (2.11) npennonaraercs abCosOTHO
CXOOANMMCH, T. .

/ |z| - f(z)dz < o0

(B mpoTuBHOM Citygae n.c.B. X He uMeer M. 0.).

Popmysia (2.11) ABIAETCA MHTErPATBHBIM AHAIOIOM dopmyser (2.9).
Samensia B Hell «upblraonmiis apryment z; Ha HEIIPEPBIBHO MeHSIONMi-
¢ T, BEPOATHOCTL p; — dileMeHToM BepostHoctH f(z)dx (f(z)dz =
= F'(z)dz = dF(z) ~ AF(z) = F(z+Az)-F(z) = P{z < X < z+Az}),
Hosy4umM paseHcrso (2.11).
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OtmeTum, ato M X uMeeT Ty e pasMEpHOCTH, 4TO B C.B. X.
CpolicTBa MaTeMaTHYECKOTO OXHIAHHUSA.

1. MareMarndecKoe OXHKIAHNe HOCTOAHHOI paBHO CaMOB 9TOH MOCTOSAH-
HOM, T. €.

Mc=c.
2. TlocTosHHEI MHOXUTEJb BHIHOCUTCA 38 3HAK M. 0., T. €.
M(cX)=cMX.
3. M.o. cyMMBI C. B. paBHO CyMMe UX M.O., T.¢€.
M(X+Y)=MX+MY.
4. M. 0. OTKJIOHEHUH C.B. OT €€ M. 0. PaBHO HYyJIIO, T. €.
M(X -MX) =0.

5. M. 0. nmpousBenecHUs HE3ABIUCHMBIX C.B. PABHO HPOM3BEICHUIO MX M. O.,
T.e. ecqii X B Y HE3aBUCHUMBI, TO

M(X-Y)=MX - MY.

[ 1. TlocrosiHHYO € MOXHO pAaCCMATPUBATh KaxK . C. B. X, NIpUHUMAIOLLYIO
Jmme omHO 3HacHue ¢ BeposaTHocThio 1. Tloatomy Mc = ¢ P{X = ¢} =
=c-1=c

2. Tak kak 1.C.B. cX IpUHUMAET 3HadeHus cz; (i = 1,n) ¢ BepoATHO-
CTAMHA Dj, TO

n n
MeX = ZC% - = chipz- =cMX.
=l i=1 .
3. Tax kax 4. c. B. X +Y npunvMaer 3HAYEHUH T; +1; C BEPOATHOCTAMA
pij = P{Xi=z;,Y = yj}, TO

m

MX+Y) =YY (mit+y)pis =YY wivij + YO yipij =

i=1 j=I i=1 j=1 i=1 j=1
n m m n n m
= Z%Zpij +Zyj2pij = Zazi -pi+2yj -pj =MX + MY.
i=1 j=1 j=1 i=1 i=1 j=1

TIpu 10Ka3aTeJIbCTBE BOCHOJIL30BAIMCh, B TACTHOCTH, TE€M. ITO

m n
Y pij=pi n > pij = pj-
j:]_ =1
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HeiictBuTeinHo: Tak Kax

Z{XZwiiYZyj}Z{X=mi}Z{Y=yj}:{X=$i}'9={X=$z'}-

TO

pi:P{szi}:P(i{szi;Y:yj}) -

g=1
m m
=Y P{X =z;Y =y;} = > pis
i=1 i=1
AHAJIOTUYHO noaydvaem
n
P = Zpij-

=1

Csoiicrso 3 pacnpoctpansiercs ma, HPOM3BOJIPHOE KOHETHOE YNCJIO CJIArae-
MBIX.

4. Corynacuo cBoiicteam 1 u 3, nmeem: M(X-MX)=MX-M(MX) =
=MX —~ MX = 0. Ormernm, uro pazuocts X — MX (wm X —mx) nazmi-
BacTca omgaoneruem €. B. X oT ee M. 0. M X 1 0603HAYRETCS CHMBOJIOM X

X=X—-MX.

Dra c. . X HasbBaetca TakKe YEHMPUPOSarHoti C. B.
0. Tax xax ¢.B. X u Y HesaBUCHMbBI, TO pij = P{X = z;5Y = y;} =
=P{X =z} - P{Y = y;} =y - pj- CoienoBarensho,

n

m
MXY = ZZmiyji{X =z;Y = yjl:
i=1 j=1 —

Pij

n m n m
ZZ%Q{X =z} P{Y =y} = "mipi Y yjpj= MX-MY. B

=1 j=1 b

pi i =1 J

CsoiicTBa M. 0., fOKa3aHHBIC AT 1. C. B., OCTAIOTCA CIPABENJIMBEI M 1151
HENPEPBIBHBIX C. B. Tak, nanpumep,

(o9}

McX = /cm__f(m)dm:c/mf(m)dm:cMX.

—C0
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“ Hpumep 2.4. B snorepee umeerca 1000 6nieTos, 13 HUX BHIMIPLINTHBIX: 10
— 10 500 py6. 50 mo 50 py6, 100.mo0 10 py6, 150 mo 1 py0. Halitu maremarny-
JeCcKoe OXKWIAHVE BLIMIPHIILA HA OfyH OnJiet.

(Q Psan pacnpeneserns . B. X — CyMMbl BHIMIDBILIA HA OIIUH 6mJIeT TAKOB:

X500 50 110] 1 ] 0
p | 0,01 | 0,05 0,1 0,15 0,69

(KouTposs: Z p; = 1.) Haxomum M X:
MX =500 - 001+50 0,05+ 10-0.1+1-0,15+0-0,69 = 8,65 pyb. [

Ancnepcus

Jucnepeuett (puccesruem) c.B. X HasbIBAETCA MATEMATHYECKOE OXKH-
— NaHUe KBAIPATA €€ OTKJIOHEHUs OT CBOETO MATEMATHHICCKOrO OXUAAHMA.

O6osuauaercs mucnepens depes DX (wm D{X], Dx, D(X }). Taxum
o6pasoM. [0 OUPENESICHUIO

DX = M(X — MX)2, (2.12)

wm DX = MX2, wm DX = M(X —mx)? Hucnepcus xapaktepusyer
pas6poc 3uauenuii c. 8. X OTHOCHTEJIHHO ee M.o. U3 onpenesienns aucnep-
cun cienytor hopMyJIbl [1Jisl €€ BbIMUCIIeHUS:

DX:Z(mi*MX)Q-p.i*mm a.c.B. X, (2.13)
%
+00
DX = /(:E—-—MX)2'f(IL‘)d.’E—11.H$IH.C.B. X. (2.14)
—0Q

Ha npakTuke IUCHEPCUIO C. B. yIOOHO HAXOIMTE NO dopmyJie
DX = MX% - (MX)~ (2.15)

Ona nosryuaercs u3 dopmyust (2.12): DX = M(X?-2X- MX+(MX)2)
— MX2— M(2X - MX) 4+ M(MX)?2 = MX? —2MX - MX + (MX)? =
=MX? - (MX)2
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ITO NO3BOJIACT 3AIUCATE dopMynbl 11 ee BbrauCTICHUS ((2.13) m
(2.14)) B npyrom Buge:

DX =3 "u? p; — (MX)?, (2.16)
7

+o0
DX = /mQ-f(:c) dz — (M X)2. (2.17)

CsoiicTBa nucnepcun.
1. mcnepcus moctostnuON pasha, HYJIO. T. €,

Dc = 0.

2. TlocTosiHHBIIT MHOXHTE b MOXKHO BHIHOCHTE 32 3HAK OUCIIEPCUU, BO3BE-
H# ero B KBAJIPAT, T. €.

DeX = EDX.

3. Jucnepcus cyMMbI HE3ABUCHMBIX C. B, PaBHA CyMME UX IUCOEPCHil, T. e.
ecoim X u Y He3aBHCUMEL TO

D(X +Y) = DX + DY.

4. JIucnepcus c. B. He U3MEHMTCH, eCJI K 9TO’ C. B. NpubaBUTh MOCTOSH-
HYIO, T. €.
D(X +¢) = DX.
5. Ecmu c.B. X u Y He3aBMCHMBL TO

D(XY)=MX?-MY? ~ (MX)?- (MY)2.

d 1. De=M(c— Me)? = M(c — ¢)? = MO = 0.

2. DeX = M(cX = M(cX))? = M(cX ~cMX)? = M(c%(X — M X)? ) =
=AEM(X - MX)? = 2DX.

3. Ucnosnesys dopmyaty (2.15), nosyaacem DX+Y)=M(X+Y)?-
—(M(X+Y))? = MX2+2MXY+MY2—(MX)2—2MX-MY—(MY)2 =
=MX?—(MX)2+ MY?~ (MY)2+2(MXY — MX-MY) = DX + DY +
+2(MX -MY —MX-MY)= DX + DY.

Ormerum, yto ecomc.B. X u'Y 346UCUMDL, TO
D(X +Y)=DX + DY +2M((X — MX) - (Y — MY)).
4. D(c+ X) = M((c + X) — M(c+ X))*> = M(X — MX)? = DX,

Hokasaresbctso cBolicTBa 5 He TPUBOIIM. |

CsoiicTsa AUCTIEpCHY, TOKA3AHHDIE BRILIE JIJIA JUCKPETHBIX CJTyalHbBIX
BEJINYMH, OCTAIOTCA CIPABEIJIMBBEIME M JJIA HENPEPBIBHBIX C. B.
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CpepHee KkBagpaTUiecKoe OTK/IoHeHue

Jucnepcust DX umeer pasMepHOCTb KBajpaTa C.B. X, ¥r0o B CpaBHM-
TeJIbHBIX HeJiAx HeynobHo. Korma xesarespHo, ToOBbI OlleHKa paszbpoca
(paccesnusi) ¥Mesa Pa3MEPHOCTD C.B., MCHOJIBIYIOT €lile OIHY YUCJIIOBY FO

XapaKTEPUCTHKY — CPEIHee KBAJIpaTHIeCKOe OTKJIOHEHHEe (coxpamienHo:
C.X.0.).
Cpedrum K6a0pamusecrum OMEAOHEHUEM AT cmandapmuvim 0MENO-

Herem C. B. X HASHIBAETCA KBAAPATHLI KOPeHb U3 ee JAuCIepcrn, obo3Ha-
qaior uepes ox (wmm X, o[X], o). Takum o6pasom. 1O ONPENEISICHAIO

ox = VDX. (2.18)

VI3 CBOIWCTB AMCHEPCHU BHITEKAIOT COOTBETCTBYIONIME CBOUCTBA C. K. O.:
oc=0, ocx = |c|ox, o{c+ X) =ox.

I ;151 m3ydeHns CBOUCTB CJIy4aliHOro ABJICHWs, HE3ABUCHIIMX OT BBIOO-
pa MacnTaba M3MepeHns ¥ TOJIOXKEHNs HEeHTPa IPYINNPOBAHNS, NCXOITHYTO
coydaiinyto BesuarHy X OPUBOLAT K HEKOTOPOMY CTaHIRpPTHOMY BHILy: c€
HEHTPUPYIOT, T. €. 3aIuChiBaioT pasHoctb X — M X (reoMeTpmyecKy O3HA-
qaer, 9TO HAaJAJI0 KOOPAMHAT HEPEHOCHTCH B TOUKY C abcnuccoii, paBHOM
M. 0.), 3aTeM JIeJIAT Ha C.K.0. OX.
CulyuaiiHyio BeJIMauHYy Z = —&—6—]}/—[—&

X
watinot eeaununoti. Ee M. o. passo (0, a nucnepcus paBHa 1. HeficTBUTEJIBHO,

HA3BIBAIOT cmandapmuol cy-

X-MX\_ 1
Mz =M (205 = G M(X - MX) =0,
1 DX _ DX
pZ=-Lpx-mMx)=LE =22 -1

To ects Z — yenmpuposannas (MZ = 0) U HOPMUPOBAHHAS (DZ =1)
ciydaiinas BeIUIvHA.

IIpumep 2.5. [I.c.B. X 3ajana pAOOM paclpe1e/IeHns.

£

s

X1 -1]0 1] 2
» 1021010304

Haittu M X. DX, ox.

Q Wcnomssyem dopmyaet (2.9), (2.13), (2.18): MX = —1-0.2+ 0-0,1+
+1-0,34+2-0,4 =0,9; DX = (=1—0,9)2-0,2+(0—0,9)2-0,1+(1—0,9)*-0,3+
+(2-0,9)2-0,4 = 1,29 (wmm, ncnonssys GopmyJry (2.16). DX = (—1)%-0,2+
+02-01+12-0,3+2%-0,4~(0.9)? = 1,29); ox = V1,29 = 1,14. o
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Mopa u meauana. MoMeHTbI CNYYaWHbIX BEfINYMH. AcvimmeTpus
Un 3kcuecc. KsaHtunu

Modoti 1. c. B. X naswiBaetcs ee 3Ha4YeHNe, IPpUHUMAaeMoe ¢ Haubobinefi
BEPOATHOCTDHIO MO CPABHEHUIO C ABYMSA COCCIHUMY 3HAMCHUAMMI, 0B03HAYA-
erca depes MoX. Jlns v.c.B. MgX — 7touka MaKCUMyMa. (JIOKaJIBHOrO)
wiotTHoct fy ().

Ecom Mona, emmucTBenna, o pacupenesenue c. b, HA3BIBACTCS YHUMO-
JaavHbiM, B IPOTHBHOM CJIYHYAE — 10auModantHoum (puc. 23).

f(z)

A D

O MyX 2, =AM.X  Myx

Puc. 23

Meduanoti M, X u.c.s. X HasbBaeTCs TaKoe ce SHAYCHHUe Ty, IJIA KO-
TOpOTO

P{X <ap} = PAX >y} =4, (2.19)

*- €. OLMHAKOBO BEPOSITHO, OKAXKETCH JIH C. B. X MeHblle z, i 6oJibie Tp
(puc. 23).

C nomomeio Qynkunu pacupemenenus F(z) paBenctso (2.19) moxwo
samucare B sune F(M.X) =1— F(M,X). Orciona F(M.X) = % .

Host i, c. . Menuana obbIIHO He onpenesiseT .

Maremaruaeckoe oxunanve u nucnepcus spasorcs Y9aCTHBIMY CJTy4a-
AMM CJISJTYIOImX GoJiee ofIpX HOHATH —— MOMEHTOB C. B,

Hawanvrom momernmom nopadua k c.p. X Has3bIBaeTCA M. 0. k-i cre-
IEeHY STOH BEJIMHHBI, 0603HAUALTCH epes .

Takum obpasom, o onpenesnenno

ar = M(X%).

s . c. B. HAYaIBHBI MOMeHT BBIPAXKAETCA CYyMMOIii:

ko
ag = Zli " Piy
i
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(S}

a JJIf H. C. B. — WHTErPaJioM:
00
o = / z* . f(x) dz.
~oo

B yactrOCTH, 0 = M X, T. €. Ha4a/ bHBIH MOMEHT 1-r0 mopsAnKa eCTb M. 0.
Ienmpanvrom momenmom nopadke k c.B. X Ha3bBACTCA M. 0. BeJIU-
anabr (X — M X)¥, obosnauaercs sepes fi.
Taxum 00pas3oM, IO ONPEACTICHHIO

pe = M(X — MX)k.

B uacrocTu, pg = DX, T.e. NeHTpaJbHbI MOMEHT 2-ro Nopsizika eCTb
mwcnepenst; g = M(X — MX) =0 (cm. cBoiictso 4 M.0.).
Jns m.c.B.:

pe = (i — MX)"-p;,
5
a JIJI H. C. B.:

ik = /(x —MX)E. f(z)dz.

LlenTpajibHBIe MOMEHTHI MOTYT OBITH BBIPAXKEHBI Hepes HadajlbHbIC
momeHTH. Tak, py = DX = oo — o? (neficteuremsno: pp = DX =
=MX? - (MX)? =0y — a‘%); p3 = oz — 3o + Qa:{’, pa = g — 4oz +
+ 603ay — 301 u T .

Cpeay MOMEHTOB BBICIIMX TOPSJIKOB 0CODOE 3HAMEHME MMEIOT IeH-
TPAJIbHBIE MOMEHTBHI 3-TO ¥ 4-TO TIOPAAKOB, HA3BIBACMBIX COOTBETCTBCHHO
koappuImeHTaMi aCUMMETPUH U 9KCIIECCa.

Koad puyuenmonm acummempuu («cxowennocmu») A c.B. X HasbBa-
eTCsl BeJIMIMHA

A_&_M(X—MX)?’

3 3
% (DX)?
Ecom A > 0, 1o kpuBasi pacupenesienus bosiee mosjora Cnpasa OT MyX
(puc. 24).
Ecsm A < 0, To KpuBada pacupenesicaus 6osiee nosjora ciesa ot MyX
(puc. 25).
Koagpuyuenmom axcyecca («ocmposepwunrocmuy) E c.B. X paspl-
BACTCs BEJIMUNHA
. 4 _ M(X — MX)? B

E=" -3
ok (DX)?
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f(z)

0 MyX z

Puc. 24

0 MyX z

Puc. 25

Besmuuna E xapakTepusyeT oCTpOBEpPHIMHHOCTD WIn TIOCKOBEPIIH-
HOCTB  pacupenenienus. [Ins HOpMajibHONO 3aKOHA PACIPEIESICHU (em.
. 2.7) A =0wu E = 0; octayibHBIC pacnpenesieHusi CPABHUBAIOTCS C HOP-
MaJIbHBIM: eciit B > 0 — Gostee oCcTpOBEpHINEHLIE, 2 PacupenesieHus «IJ10C-
KOBepumHHbE» uMeior E < 0 (puc. 26).

f(z) E>0
E=0
E<0
-—-4 e
0 T
Puc. 26

Kpome pacCMOTPEHHBIX BBIIIE YMCIIOBBIX XapaKTEepUCTUK C. B., B TIpH-
JIOKECHUAX UCTIOJIB3YIOTCS TaK HA3LIBACMBlE KBAHTUJIU.
Keanmuavio ypoeus p c.B. X Haswmaercs peleHne ypaBHenust

FX($P) =D

rae p — HEKOTopoe uncno, 0 < p < 1.

KpanTunm g 95, €05 ¥ To 75 UMEIOT CBOM HA3BBAHMST: HUNCHAS Keapmua,
meduarna (M. X = zo5), eepruas Keapmuav coorsercTeenno. OHu nensT
IMCJIOBY IO TIPAMYI0 Ha 4 MaCTy, BEPOATHOCTU NONAJAHNA B KOTOPHIE PABHbI

0,25 (puc. 27).
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f(z)

0 T0,25 ¥0,5 0,75 z

Puc. 27

YnpaxHeHust

1.

[TpousBOMMTCA 3 HE3ABMCHMBIX BBICTpEJia Mo Lien. Beposruoctn 1O-
Na/IaHMS] TIPU PASHBIX BHICTPENIAX OOMHAKOBHL 1 papibl p = 0,9. Haittn
M. 0. uncaa nonagaaumil. PemmTs 3a/ilady B Ciydae, eCli BEpOATHOCTH
HOMAIAHYS IIPH PA3HBIX BLICTPENIax pasymddsnr: a) pr = 0,7, 6) p2 = 0,8,
B) p3 = 0.9.

HereprBHaﬂ cnyqaﬁﬂaﬂ BeJIMYMHA 3a0aHa NJIOTHOCTBIO pacnpeneJie-

HUS
npuax L0uzxz >,

0.
Fx(@) =11 sing, npu 0 <z < 7.

2

HaiiTi MaTeMATHYeCKOe OXUIAHUC CJIyYaiHo# Besmamibt X .

[Iycre X Y — mesaBuCUMBIE 1. C. B., IPUYeM MX =2, MY = -3,
DX =2, DY =9. Haitou MZ u DZ, ecru Z = 5X — 3Y + 2.

ITo ycnosmio ynpaxsenus 2 waiitn DX v ox.

C.B. X szanana $pyHurnueil pacupeneeHns

0, npu z < 4,
F(z) =< 0,2522, npn A<z < B,
1, npu B < z.

Hajitu sHauenus A u B.MX uox.

Mycte Xp. Xo. .... X, — 10CIEN0BATEJIBHOCTD HC3ABMCUMBIX C. B.
c MX; = a u DX, = 0%, i = 1,2,...,n. Halitu m.0. n aucuepcuio
cpegaero apud>MeTHIecKoro 7 He3aBUCHMDIX C. B. X;.
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2.6. Mpoumseopswan ¢pyHkuus

Haxoxnenne paxuelinmx quciaoBbIX XapaKTEPUCTHK I1. C. B. ¢ [I€JTBIMH
HCOTPUIIATENHHEIMA SHAYCHUAMH YI00HO MPOM3BOMUTE C TIOMOMIBIO [POW3-
BOIAIMX (pyHKIMiL.

ycte n.c.B. X npunumaer snauenuns 0,1,2,... k,... c BeposiTHOCTS-
MU po, P1, P2, -, Pk = P{X =k},....

IIpoussodsweti dynwyuedi ns n.c. B. X HasbpBaeTcs byukuma suna

oo
o(2) = pr-F=potpiz+p+ ..., (2.20)
k=0

roe z — nponsBOJIbHi)Iﬁ mapameTp, 0 < z < 1.

Otmernm, 410 KO3 bUNEEHTAME CTETIeHHOrO pana (2.20) sesisorcs
BEPOATHOCTH 33KOHA PacipenelleHns . C. B. X.

Huddepenuupys no z npomssogsiyo dbysKUuMIO, nony4ynm

'(z) = Zk pk - 2F L
k=

Torma

X0
C(1) =k pp=MX =q,
k=0
a = MX = /'(1). (2.21)

Bssis BTOpyo npoussonmyio dbyHKmm ©(2) v nonoxwus B Helt z = 1, 1oJ1Ly-
qUM:

o o0 o0
@) =D k(k—1)-pi-22 0 (1) =3 K py - Do kepr=qs—ay,
k=0 k=0 k=0

rne o 1 1 — HaYaJIbHbIC MOMEHTHI COOTBETCTBEHHO 2-T0O U 1-FO NOPpAIKOB
(a2 = MX?, on = MX). Torna DX = MX? — (MX)? = oy — of =
= (a2 —a1) + o1 —of = "(1) + (1) — (¢(1)?, e

DX = ¢"(1) +¢'(1) - (¢/(1))2. (2.22)

Hounywennsbie dbopmyner (2.21) u (2.22) ucnonssyorcs s HaXOX JICHUS
M. 0. ¥ JINCTIEPCUM PACCMATPHBAEMOTO PACTPENesICHHsL.

ITpumep 2.6. Haiitu mucnepcuio c. 8. X — uncina HONAIAHNH B yIIpaXKHCe-
oun 1 (0. 2.5). '
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(Q Psan pacnpenenenns c.B. X:

X[ 0 1 2 3
» | 0,01 0,027 [ 0,243 0,729

Haidinem DX . ucnionbsys dopmyay (2.22). [pomssogamas Gynkuus o(z) =
= 0,01+0,0272+0,24322 + 0, 72923. Torpa ¢'(z) = 0,027+ 0,486z + 2, 18722.
Monaras z = 1, naxomum /(1) = 2,7 = M X (ynpaxuenue 1 u3 n. 2.5).
" (z) = 0,486 +4,374z. llosTomy ¢"(1) = 4,46 u DX = 4.86+2,7— (2,7)% =
= 0,27 (dopmyaa (2.22)).
AHAJIOPMYHO PEIaeM BO BTOPOM CJIy4ae, KOITa BEPOATHOCTH IIPH pas-

HBIX BbICTpeJIaX paSJII/I‘{HI)I (m. 1.20, npumep 1.31). <,0(z) = 0,006 + 0,092z +

+ 039827 + 0.5042". /(2) = 0,092 + 0,796z + 1 51222, J(1) = 24 = MX.
©"(2) = 0,796 + 3,024z, "' (1) = 3.82. Hoaromy DX = 3,82 +2,4 — (2,4)? =
= 0,46. °

2.7. OCHOBHbIE 3aKOHbI pacnpeeneHus ciny4yaiHbiX
BEeJINYUH

BuHOMManbHLIA 3aKOH pacnpepeneHusn

Cpeny 3aKOHOB paclpefesieHus JI.c.B. Hanbojiee pacmpOCTpaHEHHBIM
ABJIACTCST OMHOMUAJILHOE paclpeielieHue, ¢ KOTOPBIM MBI y2Ke BCTPEIaJIuCh
(m. 1.20).

ITuckpernad C.B. X HMeeT OUHOMUAAvHOE pacnpedeschue (wm pac-
npedeaena no GUHOMUCADHOMY 30KOHY), €CJIM OHA TPUHUMAET 3HAYCHUA
0,1,2,3,...,n, C BEPOATHOCTAMMU:

= P{X =m} = C™pmg" ™™, (2.23)

mel<p<l,g=1-p,m=0,1,....n

Cny4yaiinag sesruuna X, pacupeesienias no GMHOMUATILHOMY 3aKOHY,
ABJIACTCA IMCJIOM YCTIEXOB ¢ BEPOSITHOCTBIO p B cxeme bepuyJiim nposesie-
HUSA N HE33BACHAMBIX OIBITOB.

Ecsin TpebyeTcs BHIMUCIUTH BEPOATHOCTb «HE MEHee 1 YCIeXOB B 7l
HE3ABUCHMBIX OnbITaxy, T.e. P{X > m}, 1o umeem : Py, = P{X 2m} =
= P{X = m}+P{X =m+1}+...+ P{X = n}. Bepoaroctp Py, 6vBaer
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YIOOHO HAXONMTH Yepe3 BePOATHOCTH MPOTHBOTIONIOKHOLO COBLITHS: P,
=P{X 2m} =1- P{X <m}; 1a us mByx dopmyn siydme, rne mMensuie
CJIATaeMBbIX.

Pan pacnpenenenns m.c.s. X , UMeromeit bmHoMuaNIbHOE pachpeesie-
HWe, UMeeT B

X =m 0 1 2 m cn
pm = P{X =m}|q"|Cip'q"" |Cop*q"72|...|Cimpmgn— . |pr

KonTposs: Z Pm={p+q"=1
m‘ -
DyHKIMA pacupeneseHus c. . X, pacnpenesesHoii no GUHOMHAILHOMY

3aKOHY, IMeeT BH/I;

0, npu x < 0
F(z) = > Clpmg™ ™ mpuO<z<n
m<x

1, npu n < z.

HaiineMm guciioBrie XapaKTEPUCTUKH 9TOrO0 pacnpenesenus. [Iponssogsmedt
dyHKRIHMEH GMHOMUAILHOTO pacnpenesieEna sABJIACTCS

Zcmmnmm Zcm(pz)mnm_(q+pz)n,

T. €. ¢(z) = (¢ + pz)™. Torna

¢(z) =nlg+p2)"'p,  ¢"(2) = n(n—1)p(q + pz)" 2.

Crenoparessro (cm. 1. 2.6), MX = ¢ (1) = np, T K.p+q=1, DX =
=¢"(1) + (1) — (¢'(1))? = n(n — 1)p? + np — n?p? = npq. Nrax,

MX =np, DX = npq. (2.24)
911 HOpMYJIBI TIOIE3HO 3HATS.

IIpumep 2.7. Ilo ycnosmo ynpaxnesus 1 ws 1. 2.5 maditu MX u DX , The
X —— 4ucino nonagaHuil B uesib.

Q C.B. X umeer 6uHOMHAJILHOE pacnpenesienne. 3nech n = 3, p = 0,9,
g = 0,1. Ilo dpopmynam (2.24) maxomum MX u DX: MX =3-0,9 = 2,7,
DX =3-0,9-0,1=0,27. ®
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PacnpepeneHue lNMyaccoHa

Juckpernas ciayvailnas Besimrauaa X uMmeer pacnpedescnue Ilyaccona,
ecsm ee po3MoxkHbBIE 3gauenus: 0,1,2,...,m,... (CIeTHOE MHOXECTBO 3HA~
vyeHuil), 8 COOTBETCTBYIONIUE BEPOATHOCTU BBHIPAKAIOTCS dopmyuioii Ilyac-
coHa

m —a
m=P{X =m} = 4—5—, (2.25)
m!
mme m=0,1,2,..., a — napaMerp.

Pacnpenenenue [lyaccona sipyisieTcs npeebHbM J171s1 GUHOMUAIBHOLO,
korma n — oc u p — 0 Tak, at0 np = ¢ — nocroaAnHo. I[Ipumepamu ciry-
yafinpIx BeJmUuH, umeiomux pacnpeneiienre [lyaccona, ABIAIOTCA: HUCIIO
BBI30BOB Ha TestedpOHHON CTAHIWMH 3a BpeMs §; YHCJIO ONeYaToK B OOJIBIIOM
TeKCTe; TUCII0 OPAKOBAHHBIX JeTasiell B G0JIbIION NAapTUM; TUCII0 O-aCTHIL,
VICITyCKAeMBIX PaIMOAKTHBHBIM MCTOYHUKOM, ¥ T. 1. IIpr aTOM cuuTaercs,
9TO COBBITHS TOABJIAIOTCH HE3ABUCHMO APYT OT APYIa ¢ MOCTOAHHOM cped-
neti UHMEHCUGHOCTNYI0, XapaKTEePU3yIouehcs napaMeTpom a = np.

Crnyyaiinas Besmdausa X, pacnipesieJIeHHasA 10 3aKOHy Ilyaccona, umeer
crenyoiumil pan paclupenerennt

X=m| O 1 2 ... m ...
p om0 | O e | a’-e @ a”-e @
m i 1 Al o m!
KonTposs: Z pm =€"° Z =e % " =1
0 'm'

Haiinem M. 0. u ,ancncpcmo c.B. X, pacupenesieHHoi 1o 3akony Ilyac-
cona. [Tpomsponsmeit Gynkuueii pacupenenenus Hyaccona, oyner

oo (o8]
m_ ,—a _ (az)™ _ _
freg a’_._.e_._zm:ea _____:ea_eaZ:e(L(z 1),
Z m/! Z m!
m=0

m=0

Te @(z) = e“(z D Torya ¢'(2) = a - eV, ¢'(2) = a? ez~ Crano
Gorth, MX = (1) = a, DX = ¢"(1 )—l—(p(l)—((p(l) =a +a—a2:a.
Nrak,

MX = DX =a. (2.26)

T. €. IAPAMETP @ NMyaCcCOHOBCKOTO PAcNpeNesIeHUs paBeH OTHOBDEMEHHO M. O.
u qEcnepeny c. B. X, uMeromeii 910 pacnperesienue. B atom cocrout ornim-
YuTEeAbHAA OCOOEHHOCTL M3Y9YaeMOro paclpefelieHus, KOTopasd HUCIoJIb3y-
eTCsi Ha NPAKTHKE (HA OCHOBAHUM ONBITHBIX [NAHHBIX HAaXOAAT OUEHKW J1Jif
M. 0. ¥ JUCTIEPCHUU; €CJIM OHU GJIM3KHU Mexly COOOH, TO €cTb OCHOBAHME CMt-
TaTh, 9TO C. B. pacnpeneheﬂa no 3axony Ilyaccosa).
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IIpumep 2.8. BeposaTHOCTH ONAIaHAS B UEJTH TPY OJHOM BBICTPEJIE PABIA.
0,01. KakoBa BepOATHOCTD TOTO, YTO IHCJIO TIONATAHTI npu 200 sBeICTpesax
COCTaBUT HE MeHee 5 U He 6onee 107

Q Beposarsocts p = 0,01 ouens mana, a gmCIIO BBICTPEJIOB (OTIBITOB)
NOCTATOMHO  BeJIUKO. II09TOMYy HMCKOMYIO BEpOSTHOCTL GyneM HAXOHUTH,
vcnonesya ¢opmyiy Ilyaccona. C.p. X — wumcno momamanuid. Tpeby-

erca Haiitm P{5 < X < 10}. Tlo Teopeme croxenus BEPOATHOCTER
P{5 < X <10} = P{X =5} + P{X = 6} +... + P{X = 10}. Vnme-
em:a=np=200-0.01=2. e %=e"2~0,135,

5 7 9 10
P{5<X<10}:0,135(§, +2—+27—|+2—+2—+%>%0.053. °

FeomeTpuueckoe pacnpeneneHue

Huckpernas c.B. X umeer zeomempuueckoe pacnpedeserue, €CIn ee
" BO3MOXKHbIE 3HadeHns: 1,2,3.4,. .., a BEPOATHOCTH 3THX 3HAICHUIL:
_ .. m—1
pm = P{X =m} = g™, (2.27)

rmem=1,2,3,....

FeomeTpuyeckoe pacnpenenenme umeer c.B. X , PaBHa#A 4YHMCIYy ONbI-
TOB B cxeMe Bepuysumm, npoBeieHHBIX [0 nepBOro ycnexa, ¢ BEPOATHOCTBHIO
ycnexa p B enunndHoM onbite. ITpuMepamur peasibHbIX cotyqaiiHbIx Besinyun,
PaCHpEACJIEHHBIX 110 T€OMETPUYECKOMY 3aKOHY, ABJISIFOTCSI: IUCJIO BLICTpe-
JIOB JI0 IEPBOrO NONaJaHusd, IMCII0 UCUbITaHuil npubopa 110 nepBoro oTkasa,
9uCII0 Opocanuii MOHETBI 10 TIEPBOrO BHIIAIEHUS PELIKM U T. II.

- Pan pacnpenesienust cayvaitnoit Besmamaer X , AMEIomen reomeTpude-
CKO€ pacrpesicJicHue, UMeeT BUJL

X=m|1] 21| 3

pm |p|gp|d®p

KouTtpouns: quml—quml_p 11 —%:1.

m=1 m=1
BepositHoCT! pp, 06pa3yIoT reOMETpHYECKYI0 NpOrpeccuo p, gp, a’p,

p, .... o s1oit NpuinHe pacnpesesienue (2.27) HasbIBAOT zeomempuie-
CKUM.
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HajineM MaTeMaTUYeCKOE OXWIAHHE W JUCIEPCHIO TEOMETPUYIECKOI0
pacupenesienus. [Tpowssonamedt gpynkumeir aa c.s. X asnaercs QyHK-
A

oo oo
— m—1,,_m __ m—1 __ 1
o)=Y p =z Y ()" =
m=1 m=1
pZ ! P ” 2pq
T.e. p(z) = . nsa mee ¢ (2) = ———, z) = ————. Crauio
w(2) T— gz Has nee ¢'(2) 1 a2 ©"(2) TRt
OBLITH,
MX=g(1)=—2 =2 _1
(1-¢? p* P
2p¢ 11 _ ¢ (2.28)
DX =¢" W)+ - (PP =B+ 1L -1,
p» P p® op

T.e. MX = l, DX = 4 U, 3HAYHT, OX =
P p2

IIpumep 2.9. BeposarnocTh nonajaHusa B LEJb NPU OTAEJIBHOM BBICTPE-
Je IJa gaHHoro crpenka papsa 0,1. Hajitu maremarnieckoe OXUIAHUC W
nucnepcnio ¢. B. X — 4YUCIa BHICTPEJIOB TIO HEJH [0 IEPBOro NONAJAHUsA.

Q C.s. X umMeer reoMeTprueckoe pacnpenesenne ¢ napamerpoM p = 0,1

| 0,9
ITo dopmynam (2.28): MX = — =10, DX = =90 (ox = V90 =
dbopmy. ( ) 0,1 (0,1)2 i ( X

= 3v/10). o

Bamenwarue. eoMeTpudeckoe paciipe/icJICHUe ABJIAETCA ACTHbIM CILy-

qaeM Tak HasplBaeMoro pacnpedenenus Ilackans: P{X = m} =
_ 7
— O g, m=1,2,3,...,7 >0 —nenoe; MX = T, DX = ™.

P

ITpu r = 1 pacupenenenne Ilackasia coBnagaer ¢ reOMETPUHECKIM; DU
r > 1 — cOBIAaeT C pacupenesieHneM CyMMBl HE3aBUCHMBIX C.B.. IMCIO-
[IAX TEOMETPHYECKOE pacpeiesieHie; TIPH HAaTyPaJjibHOM T OHO OIMCBHIBACT
YHCJIO ONBITOB B cxeMe BepHyJsum, HeoOXOMUMBIX fJIsl TOr0, YTO0BI MOJTy-
quTh 3Hadenne 1 posuo 7 pas. Pacupenenenue Hlackasisa umeer npusioxenne
K CTATHCTUKE HECYACTHBIX CJiydaes U 3abonesanuil u T. 1.
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MNinepreomeTpuueckuii 3aKoH pacnpeneneHus

Huckpernas c. 5. X umeer zynepzeomempuneckoe pacnpedenenue, eci
ona npunumaet sHadenus 0.1.2....m,... ,min(n, M) ¢ BeposTHOCTAME

m | NI
M N-—-M

Cy ’
rme m = 0,1,...,min(n, M), M < Nym<nn<N;n M. N — HaTy-
pPaJibHBIE YUCJIA.

Pm = P{X = m} = (2'29)

I'mnepreomerprueckoe pachpeneseHne BOSHUKACT B CIy4adx, nomob-
HBIX CJIeyiomemy: B ypHe N mapos, us Hux M GesbixX, a OCTAJIbHbIC qep-
HBIC; U3 HEEC BHIHUMAETCs 71 1apoB. TpebyeTcsi HallTU BepoOATHOCTH TOTO,
ITO Cpe M3BJIEYEHHBIX mapoB Oyner posHO m Gesbix (OCTAIbHBIE Yep-
ubie). Ciyvaitnas pesmunna X — 9ucsio 6esbix APOB CPENU U3BJICICHHBIX
W3 yPHDI.

B n. 1.7 pasobpan upumep 1.6 nono6uoro tama.

Maremarndeckue oxunanus n.c.s. X, uMeomeit rUIepreoMeTpuye-
CKOe paclpeliesieHre, eCTh

MX =n-

=S

, (2.30)
a ce JUCTICPCU A

M (N—M)(N—n)_

DX:n-N_I- N2

(2.31)

I'unepreomerpuyeckoe pacnpenesnenue onpenesercs TpeMs IapaMeTpaMu
1
N, M, n. Ecnu n mano no cpasaennto ¢ N (mpakTwuecku mpu n < EN )s

OH npubsmxaercs K GMHOMUAJILHOMY PACIPENETICHUIO C napaMeTpamu 7. u

P="7 ——CTNL]—%Cn Pq

Punepreomerpytieckoe pacnipenesienne UCIOTb3YeTCs P PEeHIT 338,
CBABAHHBIX C KOHTPOJIEM KauyeCTBa NPOAyKumu (M JAPYTHX).

Ilpumep 2.10. B rpynme us 21 crymentos b nesymek. V3 stoit rpynnbl
Haynady orbupaerca 3 crynenra. COCTABATH 3AKOH PACIIPENESICHUS I1. C. B.
X — qucna gesymek u3 0to6panHbIX crymentos. Hatitu MX.

Q C.B. X mpuHUMacT 3HaYenms 0.1.2,3. Beposithocty »THX 3nHAMEHHiH

G5 - Cii ~ 0,4211

naxomum no gopmysie (2.29): pg = P{X = 0} = 5
21
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Cci.cC? Ccz.cCl
p=P{X =1} = 2216 20,4511, pp = P{X =2} = 5 1% ~ 0.1203.
21 C3)
Cc3-C"
p3 = P{X =3} = Lg—w ~ 0,0075. Pan pacnpenenenus:

X =m 0 1 2 3
Pm 0,4211 | 0.4511 | 0,1203 | 0,0075

Buauenne MX Haiimem msyms cniocobamm: a)HO psijly paclpenesIeHHs:
MX =0-0,42114+1-0,4511 +2-0.1203 + 30,0075 = 0,7142; 6)no dopmy-

— . i famad é o~
ne (2.30) MX =3 2 = 2 ~0,7142. °

PaBHOMepHbIi1 3aKOH pacnpeaeneHvsa

HenpepbiBaas c.B. X UMeeT pashomeproe pacnpedeneHue Ha OTPE3Ke
[a, b], ecrn ee rwroTHOCTL BeposATHOCTH f(Z) TIOCTOAHHA HA 9TOM OTPE3KE, 2
BHE €ro paBHa, HYJIIO:

1
_ gz wpuz € [a,b], .
f@) {0, ‘ mpu z ¢ [a,b), (2:32)

(r.e. f(z) =cupu z € [a,b], HO

+00
/ cdx =1,
—00
b 1
OTCIOOA CJIEIyeT, YTO c:c‘ =1 c = A BMECTO OTpe3Ka [a,b] MOxHO

nucars (a,b) wm (a, b, [a‘,l b), Tak Kax c.B. X — HeIpepbIBHA.)

T'paduk miornoctu f(x) NJis pABHOMEPHOTO pacupenesieHus H. C. B. X
n300paxeH Ha puc. 28.

PasHOMepHOe pacrpenesienue c.B. X Ha ydactke [a,b] (wn (a,b)) 6y-
siem obosnadars: X ~ Rla,b]. N

Haiinem dyuknmo pacnpenenenus F(z) nna X ~ Rla.b]. Cornacno
dopmyste (cm. 1. 2.4)

F(z) = / f(t) dt,
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f(z)

1
b—a

o
=3 P,
oy SEE
8

Puc. 28

UMeeM
x

_ dt ¢
F(iﬂ)_/b—a—b—a

a

T x-a

a_ b—a

mppa <z < b F(z)=0npuz <a,u

a

b
F(z)= [ 0dt+ t dt=—t ["—4
b— b— Qla
npu z > b. Takum 06pa30M,
0, npu r < a,
F(z) = z:g, npu a < z < b, (2.33)
1, npu b < z.
I'padux F(x) nsobpaxen na puc. 29.
F(z)
L —— ,
0 a b r
Puc. 29
Onpeneram MX u DX c.5. X ~ R[a, b).
Cornacro ¢opmyase (2.11),
-+o0o
MX = /.’E Od$+/—d$+/w-0dz=a;b.

(Oxunmaemplit pesysibrar: MaTeMarudecKoe OoXumaHue C.p. X ~ R|a, b]

PaBHO abCuycce CepeyHbl oTpeska; MX coBmamaer ¢ MEIUAHOHR, T.e.
MX =MX.)
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Comnacuo ¢opmyse (2.14),

b
px= [ st -t s (30

a

b

[1)

1 (-0 @B\ _ (-0
( )

“30b-a) \ 8 8 12
Taxum obpasom, mis H.c.B. X ~ Rla,b] umeem
. b—-a)?
MX = “‘2”’, DX = (—12“)— (2.34)

Hpumep 2.11. [ycts c.B. X ~ R(a,b). Hality peposTHOCTE MOMANAHMS
c.s. X B unTepsay (q, f), NpuHaNIERKaAUM LeJuKoM uHTEpBaJy (a,b).

Q Cornacuo ¢popmyae (2.8), umeem

B B
P{X e (o)} = [ fla)do= | —L—do =577,
b—a b—a

re P{X € (o)} = =2

b—a
TeoMeTpHUYECKH 3Ta BEPOATHOCTD NPENCTaBsIfAeT cobol momaip mpsi-
MOYTOJTLHUKA, 3AIITPUXOBAHHOrO Ha puc. 30. e
f(=z)
1 1
i '
] 1
] ]
1 )
1 )
1 1
0 a o B b T

Pue. 30

K ciyyaliHbIM BeJITYUHAM, UMEIOIMM DABHOMEDHOE pacIpelie/IeHue,
OTHOCATCH: BPEeMs OXUJAHKA MACCAKHAPOM TPAHCIOPTA, KypPCHPYIOHIEro C
OIIpENeJICHHBIM MHTEPBAJIOM; OIIMOKA OKPYTVIEHHs 4YHC/a JI0 IeJIOTOo (ona

~ PABHOMEPHO PaCIPEEJIEHa Ha OTPE3Ke [-0,5;0,5]). U poobue ciryqaitibie

BEJIMYMHBI, O KOTOPBIX H3BECTHO, YTO BCE €€ 3HAYEHUs JIEXKAT BHYyTpH He-
KOTOPOTO MHTEPBAJIA M BCE OHH MMEIOT OIMHAKOBYIO BEPOATHOCTH (ILJIOT-
HOCTB ). .
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J Auckpemnas cayvatinas eeausuna X umeem pasromepHoe pacnpede-
|
ACHUE, CCIIM OHA NIPUHAMAET IEJIOYUC/IeHHbe 3Hadenus 1, 2, 3, ..., n ¢
BEPOSITHOCTRIO Py, = P{X = m} = %, mem=1,2,3,...,n.
1+n n? —1
B stom cnywae MX = —g— DX = 5 Tak, npu n = 5,
MHOTOYTOJIbHUK DACHPEIeJIeHNsT UMeeT BUJ, [PEJICTABJICHHLIR Ha puc. 31.
MX = 3.
Y4
0,2~ pr e e
0 1 2 3 4 5 r
Puc. 31

MNokasaTenbHblil 3aKOH pacnpeaeneHus

\ Henpepuisnaa ciayuaiinast pesmauna X uMmeer noxazamenvioi (vm
T OKCNOHEHYUAALHB) 3aKOH paCTIPeneJIeHus, €CJIH ee ILIOTHOCTD BEPOSATHO-
CTH UMEeT BHJL

A ppuz > 0, -
fz) = {0, mpu & < 0. (2.35)

rie A > 0 — mapamerp pacnpeneJieHusl.
I'paduk nurotnocu f(x) npmsenen ua puc. 32.

f(z)
A

Puc. 32

DyHKUUSA PACIPEESIEHNs] OKABATESTLHOIO PACIIPEICIICHHUST UMCET BUL

1 e“xz, apu x = U,

Fle) = {0, npu x < (. (2.36)
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T

x 0
= /f(t)dt: /Odt+/>\e_’\mdt:1—e_’\x. ]
—QOQ —00

0
I'padux F(x) npencrasien Ha puc. 33.

F(z)
1

Puc. 33

Haiinem MareMaTwdecKoe OXUIAHUE W IHUCHEPCHUI0 IOKA3ATEIHLHOTO
pacrpeiesieHus:

b

b—oo
0

b_l_ WL
0 A

[o.¢]
MX = / z- A Mdg = lim [ z-\e ?* dz = [unrerpupyem no yactam] =
0

= lim (—ac-e_)‘:c

b—oo

DX = / @2 f(z) dz— (M X)? = [dopmyna (2.17)] = )\/xZe-—)\m do— L —
‘ 0

— : _ﬁ —Ax _2_ XAz
—)\(bl-l+I£o X ¢ +,\( Ae ))

Takum o6pasom,
MX=%+, DX==. ox=+. (2.37)

Haiimem BepossiTHOCTD MOIIAJAHHASA CJIYy49aWHOR BeJIMINHBL X, pacnpenesien-
HOll MO IOKA3aTeJIbHOMY 3axoHy, B mHTepBas (a,b). Hcnombsys dopmy-
ay (2.2) u dopmyay (2.36), momyqaem

Pla<X<b=F@l)—Fa)=(1-e™)-(1-e?)=e—-e™,

re. Pla< X <b} =e 20—,
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Ipumep 2.12. Cnyuaitnas pesmunna T — BpeMs paGoThI pa,zmonaManl

uMeeT noKasarTesbHOe pacnpenesienve. Halitu BepositHocTs Toro, uro ylam-
na npopaboraet ne mMeree 800 wacos, ecm cpemHee BpeMs pabOTHL pauo- |
Jramtier 400 wacos.

Q MT = 400, 3vauut (dbopmysa (2.37)), A = 21% Nckomas BeposiTHocTs
800

P{T > 800} = 1-P{T < 800} = 1— F(800) = 1—(1—¢ 400) — e~20,135.

®

IlokasaresibHoe pacrpenesieHne HCIOIb3YeTCs B IPUIIOKEHNAX TEOPHH
BEPOATHOCTEM, 0COOEHHO B Teopu# MaccoBoro obciyxusanus (TMO), B du-
3UKe, B T€OpUU HAJEeXHOCTH. OHO MCIONB3YeTCH JIJIS ONUCAHUS PACIIPELE-
JIeHU st CJ1y YailHOM BEJIMYMHBI BUIA: IJIATEILHOCTD paboThl Tpubopa 10 mep-
BOr0 OTKa3a, NJUTEJHbHOCTh BPeMeHH OBCJIy>KUBAHUA B CHCTEME MACCOBOI0
06CITy KUBAHUA A T. 1.

Paccmotpum, manpumep, n.c.B. T — mHTeIbHOCTb 6€30TKASHON pa-
borer npubopa. @yuknus pacnpenenerns c.s. T, e. F(t) = P{T < t},
ONpeleJISeT 6EPOANHOCING OMKA3E 30, 6PEMA ITTATENLHOCTHIO t. VI, sHaxur,
eeposmuocme besomxaznoli pabomu. 3a epems t pasua R(t) = P{T >t} =
=1~ F(t). ©yuxunsa R(t) naseisaetca dynryuel; nidewcnocmu.

Cnyuvaiinas sesmunna T 4acTo MMeeT MOKA3ATESIHHOE PACHPENEICHYE.
Ee dynknus pacnpenesienns umeer sun F(t) = 1 — e (bopmysa (2.36)).
B orom ciyuae dymkums magexmocTn mmeer sun R(t) = 1 — F(t) =
=1-(1—e M) = e 1e R(t) = e M, e A\ — unmencusHocmo 0MKaA3086,
T. €. Cpe[Hee YHUCTIO OTKA30B B €MHUILY BPEMEHM.

[TokazarenpHBIH 3aKOH — €IMHCTBEHHBIH W3 32KOHOB pacnpenesienus,
KOTOpBI# 0651a,18€T CBOHCTBOM «OTCYTCTBHS NMOCIEACTBUSAS (T. €. eCJIH Mpo-
MEXYTOK BpeMeHn T yxXe NIWJICH HEKOTOpOe BPeMsi 7, TO MOKA3ATEIh-
HBIH 3aKOH pachnpeiesIeHus OCTACTCA TAKMM XK€ W JIJIsi OCTABINCHCS YacTH
Ti =T — 7 mpoMexyTKa). '

HopmanbHbIiA 3aKOH pacnpenenenus

Hopmasipnbiit saxon («saxon Iayccas) urpaet uCKuoduTesIbHy IO POJIB
B Teopuu pepositHOCTeil. Inasnas ocobernnocts 3akomna [aycca cocrout B
TOM, 4TO OH SIBJIAETICH NpedesvHoim 32KOHOM, K KOTOPOMY NpubJImKaIOTCs,
NpX ONPEACICHHDBIX YCJIOBHAX, IPYTHE 3aK0HBI pacnpenesenus. HopMayis-
HBII 3aKOH HamboJIee YaCTO BCTPEYAETCA HA IPAKTHKE.
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Henpepeisras c. 8. X pacnpenesieHa no HOPMOADHOMY 3GKOHY C Tapa-
MeTpamu ¢ ¥ 0 > 0, eciii ee INIOTHOCTh PACIIPeIeSICHUs HMeeT B

1 (z—a)?
fl@)= ——e 2° x € R. (2.38)
o-V2r ’
Tor daxT, 410 ¢. B. X UMeeT HOPMAJIbHOE (HMJIM IayCCOBCKOE) pacipesie-
JICHHE C IapaMeTPaMy ¢ 1 ¢, COKpalleHHo sanucbisaercs 1ax: X ~ N(a,0).
V6emumes, uto f(x) — ato dbyskuus miuoraoct. Ouesumgo, f(z) > 0.
[o.¢]

IIpoBepuM BBITIOJIHEHUE YCJIOBUA HOPMHPOBKH / f(z)dz = 1. Vimeem:

—00

8\8

2 Y :c—a 2
L _( 202) de = V2 V2 / f ) d(_x_“):
o- \/— - \/2—7r V2-0

(o8]

1 -2 1
= —— dt:——' :1.
VT ’ VT v
—00

31ech IpUMEHUJIU TONCTAHOBKY ¥ MCHONIb30BasH «unTerpad Ilyaccona»

/ et dt = /7. (2.39)
—00
U3 pasenctsa (2.39) caenyer:
e \/'_ oo 2,2 0 22
/e'tzdt:—2—7r, /e_?dz: %= /e_7dz (2.40)
0 0 —00
Dynxnusa pactpenenenns F(x / f(t)dtn.c.s. X ~ N(a,0) umeet
BHL
. (t—a)?
F(z) = 267 (L. (2.41)

\1/ /
 m— e
o-V2r

—00
Ecoim ¢ = 0 u 0 = 1, 10 HOpMaJIbHOE paclpene/ieHue ¢ TAaKUMU MapaMe-

TpaMu HaspiBaeTca cmandapmuvim. [LIOTHOCTE CTaHIAPTHOH CiydaiuHol

BEJINYUHBI UME€ET BUJL
2
€

e 2.

_ 1
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C neit Mb1 yxe Berpegasues B n. 1.21, dopmyna (1.37).
Oyukuus pacupenesenvs ¢. 8. X ~ N(0,1) umeer sus

X t2
P(z) = \/%7 / e 2 dt
—00

Y HAsBIBACTCH, Kak Mbl yxe sHaeMm (m. 1.21. dopmyna (1.42)), dynryu-
eti Jlanaaca. Ona ceszana ¢ nopmuposannoit dyakimeit Jlammaca Do(x)
(m. 1.21, dopmyna (1.40)), xak mbr yxe snaem (dpopmysia (1.43) n. 1.21),

paBeHCTBOM
P(z) =05+ Do(x). (2.42)
He#tctButensho,
x 0 x
D(z) = —L /‘Zdt 1 / S 1/"%dt
X)) = —— (4 _— e —_— e =
27 V21 \/2‘
—00 —00 0
__1 /= 1
= = \5 + Pole) = 5+ Bole)
(cm. (2.40)).

YCTAHOBAM CMBICTT ITAPAMETPOB @ M 0 HOPMAJILHOTO PACTIPEIeIICHIS.
Atz sTOrO HABieM MaTeMaTHYeCKOe OXHIAHME W [UCTEpCHIO C.B. X ~
~ N(a,o0).

* ® (x —a)?
1 - 2
Mx = [o @i —Lo [o @ a=
ver )

-2

T—a
= [IIOJICTa.HOBKa = t] =

5 = / (V201 + a)e_t2 V20 dt =
o
(o 0]

2T

:C’—_\/‘/;hét‘t dt—l——]oe_t dt—0+7 V7 =a,

7(

T.e¢. MX = q. Ilepsbiii MHTErpas paben HyI0, TAK KAk HOOMHTE PAJIbHASA
dynKumMs Hedernas. a MPeneJibl MHTETPUPOBAHUA CHMMETPUYHBI OTHOCH-
TEJILHO HyJ151, & BTOPO# uHTErpas paset /7 (cM. paserctso (2.39)). Takum
00pa3oM, napamMerTp a — MaTeMaTHYCCKOoe OXIIaHue.

[Tpy naxoxnennu mucniepcuu c. . X ~ N (a,0) cropa cresaem noncra-

—a
=tu {TPUMEHUM MeTOIl UTHTEIPUPOBAHKSA 110 YACTAM:
g

T
HOBKY
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(z—a)?
/(J—a)2 x)dx——/(m—a)z 5 200 dr =
7r

—00

oG

o<
. 2 2 . P
=1 / 20220t o/ 2dt = 20” / 2e V" dt =
o0 f

w
—00

o
_2°(_1 vt. | 202
_\/77( 2t w00—1-2/6 dt) NG 2\/_—0

—0oC

Takum obpasom, DX = o2, a 0 — cpemHec KBaJpaTHIHOE OTKJIOHEHHE.

MozxkHO HOKasaTb yro gus ¢.B. X ~ N(a,0): MyX = M. X = a.

A= _op=M _3-0
(T

3
o
Uccnenyem mudeperumanniyo GyHkimo (2.38) HOPMAJILHOIO 3a-

Konas

1.

oy

f(z) > 0 mpu awbom & € (—oc,00); rpaduk yHKIMM PACIOIOKEH
poiie ocn Ox.
Ocb Or cayxur acumnrorohi rpaduka dynxmum f(z), Tak Kax

A ) =0

Oyukuus f(z) WMeeT OMH MAKCHMYM OpU & = a, papubii f (a) =

o/ o

JHeitcTBUTETHHO,

(x —a)?
xT—a) -
f’(m) == ——(,———le 20?2
27
Orciona f'(z) = 0 npu & = a, npn a1oM: eci ¢ < a, 1o f'(z) >0, a
b g
eci & > a, To f'(z) < 0. 910 ¥ 03HAYAET, UTO T = @ TOYKA MAKCUMyMa

n lfmax = f(a) = 0\/2—7T-

I'paduk dbyukumu () cHMMeTpuyYeH OTHOCHTEJIBHO MPAMOM T = a,

TaK KaK aHAJIMTHYeCKoe Bhipaxkenue f(I) CONepXuT pa3sHOCTh T — d B
KBaIpaTe.
MokHO y6euThea, IT0 TOUYKH

, 1 —Ll) ( 1)
Mi{a—o0.- e 2 u Mstla+o, ———p 2
' ( oV 2nw 2 o2

ABJIAIOTCA TOUKaMu nepernba rpadpuka dynkmun f(r).
[Mosb3ysiCh PE3YTHTATAMYA HCCIIENOBAHNS, CTPOUM rpadrK IITOTHOCTH

pacnpeie/IeHust BEPOATHOCTY HOPMAJILHOIO 3aKOHa —— KPHUBYIO pacupelie-
JICHUSL, HABBIBAEMYIO HOpMaavholl kpueoti, wum spueoti Laycca (puc. 34).
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Puc. 34

i
Kak siamser usmenenve napamerpos ¢ u ¢ Ha ¢dopmy kpusoii [ayc-

ca? O4YeBHJIHO, YTO U3MEHEHNEe ¢ He U3MEeHAeT $opmy HOpMaTBEHO# KpHBOH
(rpacdbukn Gynknmu f(z) u f(z — a) umeror onuMHAKOBYI0 dopMmy; rpaduk
f(z — a) nonyuaerca us rpaduka Gpynxnun f () nyrem ciBura mocsennero
Ha a €nuHuIL BIPaBo, eciut ¢ > 0, u BJeBo, ecim a < (). C nsMenenuem o
MaKCHMaJIbHAA OPIMHATA TOYKHW KPHBOH mM3MeHsiercs. Tax Kax Iaomamim.
OrpaHMeHHAasl KPUBOI pacnpenesienns, paBHA equHUTe DY JII0OOM 3Hade-
HUM 0, TO C BOSpacTanueM o Kpusad 'aycca cranoButcsa Gosiee NoJioroi,
pactaruBaeTcsa oL ocu O . . ..

Ha puc. 35 usobpaxensl HOpMaJIbHBIE KPUBBIE MpY PA3JIMYHBIX 3HAYE-
HuAX 0 (01 < 0 < 09) m HEKOTOPOM 3HAYEHWH ¢ (OMMHAKOBOM IJIf BCEX
TpeX KPHUBBIX).

flz)

Puc. 35

Hopmasibiomy 3aKoHy HOMUMHAIOTCH OUMOKM W3MEpPeHWH, BeJIYMHEL
U3HOCA JleTaviell B MEXaHM3Max. pPOCT 4YeJIOBeKa, OmUOKH crpesisbet, Bec
KJIyOHell Kaprodesis, BeJMIMHA NIyMA B PaIMOIPUEMHOM ycrpolicrse, Ko-
Jnebanns Kypca akuymit 1 T. 1.



nasa 2. CryuaitHbie sBenvunnHbl * 101

Haiinem eeposmuocims nonadanus c. 6. X ~ N(a,0) na 3adannoill yra-
cmox (a, 3). Kak ObIJI0 IOKa3aHo,

b
P{a < X < b} :/f(:r,)d:r,

(1. 2.4, dbopmyna (2.8)). B ciyae HOPMAIBHOTO pACIpeNeeHus

(z—a)

B
Plo< X <f} = 1 /e_ 20° dx:[x;—a:t]:

a a

1 / 5y = / G at— L / -5 a

= — e = — e - —= e .
V2r J Var 5 Var J

Wcnonssysa dyrknmo Jlamwmaca (cM. . 1.21, ¢popmy.ra (1.40))

r t2
Do(z) = \/—%/6_7 dt,
0

oJTy YaeM

P{a<X<ﬁ}=<1>0(ﬂ;a)—@0(“;“). (2.43)

Yepes dyrkmuio Jlamraca Po(w) Boipaxaercs u pyHKIMA pacTpeiesenus
F(z) nopmaJbHO pacrpesesiennoi . B. X.

y (t—a)?

F(:(:):/ 12 e 20° dt=P{-oo< X <z}=
T

—00

F(z ):—+¢>0(T—“). (2.44)

3nech pocnosbayemcs dopmysiof (2.43), Hedernoctbio QyHKIUM Do(z) n

i IelCcTBUTEIIHLHO

92
(o)
/ Ta- L. [T=
0 \/2_7(- 2 .

reM, 910 Po(00) =

(I)O(OQ)

a\~
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7]

Ecmu Gyuknusa Jlannaca (unu «UHTErpaJl BEpOATHOCTEH» ) ecTh

. e
@xz——/e 2 dt,
v

F(z) =& (“ - “) (2.45)

TO

HENOCPENCTBEHHO BHTEKAET U3 paBeHcTs (2.42)) u (2.44)).
P p
Papencrso (2.43) moxuo mepenmcars u Tak:

P{a<X<ﬁ}:<I>(ﬂ;a)—<I>(u;a); (2.46)

Ha upakTike 9acto mpuXOMUTLCS BBIYHCIIATH seposamuocms nonada-
Hust HOPMOADHO pacnpedenernoli cayuatinot eeauwumns 6 UHMEPsan, cum-
MEMPUUHITL OTMHOCUMEABHO UYEHIPE PACCESHUSA q. Ilycre takum unrep-
BasioM Oyner (@ — l,a + 1) mymns 21. Torma Pla—1l < X < a+ I} =

= PAIX —al <1} = & (21L22) g (07120 _ o, (4) e

o]

P{X —a| <1} =25, (g) = 20 (g) ~1. (2.47)

Honaras s pasencrse (2.47) | = 30. nonywnm P{|X —a| <30} = 2®0(3).

o rabmane srauenuit nua ®o(z) saxomum: Dy(3) = 0.49865. Cnenosa-

tesbio, P{|X — a| < 30} = 0.9973, 1. e. orkonenue c.5. X oT CBOEIO

MATeMATHHECKOrO OXHIAHNs MEHbIIIe, “IeM 30 — IOYTH JOCTOBEPHOE COBbI-

THE.

Baswenvidi 60600: npaktuieckm JIOCTOBEPHO, 4TO C.B. X ~ N(a,0) npu-

HUMAET CBOM 3HAYeHUdA B NpOMexyTKe (a — 30,a + 30). D10 yrBep) Ienme
HABBIBACTCH KNPAGUAOM MPET CULMS.

Ipumep 2.13. IIpu usmepenuu nerasm MOJy YaX0TCA Cy YatiHbie ommbxu,
MONMHEHHbBIC HOPMAJTEHOMY 3aKOHY ¢ napamerpom ¢ = 10 mm. IIpomsso-
AUTCA 3 HE3ABUCUMBIX u3MepeHus nerasn. Haiftu BeposTHOCTS TOTO, YTO
ommbka X0Ta 6bl OHOTO U3MEPEHHS HE MPEBOCXONAT 110 MOLYJII0 2 MM.

Q To dopmyne (2.47) naxonum:
P{|X — a] < 2} = 28, (T?(-)) ~ 2-0,07926 = 0,15852.

BepostHOCTE TOTO, WTO 9Ta OMIMOKA (morpemHocTs) mpeBbIIACT 2 MM B
OITHOM ONbITE (M3MEPEHUH), PaBHA

P{|X —a| >2} =1— P{|X —a| < 2} = 0,84148.
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o TeopeMe yMHOKEHHS BEPOATHOCTH TOTO, 4T0 BO BCEX TPEX OIbITax oumtG-
Ka U3MepeHus MpeBblnaet 2 MM. paBHa, 0,84148% = 0,5958. CirenoBaTeJIbHO,
WCKOMasA BepoaTHOCTL pasra 1 — 0,5958 = 0,4042. °

YnpaxHeHus

1. Ussectno, uto c.B. X ~ N(3.2). Halitu

P{-3<X <5}, P{X <4}, P{X-3 <6}

2. Hopmainpo pacnpefesieHHad c.B. X 33a7aHa IUIOTHOCTHIO BEPOATHO-
cTeii N

z?

f(a) = —=e¢2

V2w
Haiitu: a) BeposTHOCTD IONMaianus ¢. B. B untepsadt (1,3); 6) cummer-
prYHbI OTHOCHTEJIBHO MATEMATHYECKOTO OXWJAHUA MHTEpBaJl, B KO-
tophifi ¢ BepostrOCTBIO 0,8926 momazer c.B. X B pesyJsbTaTe ONbITA;
B) MpX u M.X. ITocTponTh HOPMAJIbHY IO KPUBYIO f(x).

3. Haiitu x03(pdpuIpenTs aCAMMETPHM ¥ IKCIECCA HOPMAJIBHOrO pacipe-
Jeniennst ¢ iapamerpom a = ().



Cuctembl cnyyaiiHbiX Be NUYMH

3.1. MNMoHsiTMe 0 cucTteme cnyyaliHbIX BENMYMH U 3aKOHEe
ee pacnpepeneHust

S [

IIpy nsyuennn cygalHbix ABIEHUH YACTO NPUXOTUTCA UMETH HEJIO ¢
AByM#A, TPeMA  Gu/bIIMM YUCTIOM Ciyvaiiueix pesmuus. CoBMECTHOE pac-
CMOTPEHNE HECKOJIBKUX CJIy4aifHbIX BEJIMYUH IPUBOAUT K CHCTEMAM CILy-
valiHbix penmaun. Tak, Touka nonajaHus CHAPANA XAPAKTEPA3YETCHA CH-
cremoit (X,Y) mByx coiydalHbIX BeJnramH: abenmecodt X u opauHaToil Y
yCIEBaeMOCTh Hay[ady B3fATOrO abMTypHEeHTa XapaKTepu3yeTcs: CUCTEMOl

n cnydaiineix sermynn (Xq, Xo, ..., X;,) —— ONEHKAMM, OIPOCTABICHHBIME B
€r0 aTTecTaTe 3peJslocTH.
Ynopsnovennbiii nabop (X1, Xo, ..., X,) ciyualiHpix Benuun X; (i =

= 1,n), sagasnbix Ha onpoM u ToMm xe I19C (). HASLIBACTCH - MePHOT
CAYHATUHOT BEAUNUHOT MIM cUCTEMOT N CAYHOTHOLE GEAUNUH.

Onnomeptbie c.B. X1, Xo,..., X, HABHIBAIOTCH KOMNOHEHIMUMU AT
COCTNABAROUUMY  N-MePHOR c.B. (X1, Xo,...,X,,). Ux ymobro paccma-
TpUBaTh KaK KOODIMHATDHI COy4YaliHofl TOYKM Wi Cjygaiioro BekTopa,
X =(X1.Xo,... , X)) B IPOCTPAHCTBE 1 U3MCPEHUI.

Ha mMHorOMepHbIe CoryYaiiHble BeMayITb pACIIPOCTPAHAIOTCS TOYTH Ges
M3MEHeHHH OCHOBHBIe NHOHATUA W ONPCIESICHUS, OTHOCHIIMECS K OIHOME]-
HBIM CJTyaliibiv BetnauHaM. OTpaHuyuMCs U1 TPOCTOTHE PACCMOTPEH -
€M CHUCTEMBl IBYX CIY4YalHbIX BEJUYHH; OCHOBHBIC MOHATHA 0006AI0TCS
Ha cayyait 60JIbIIero Yucsia KOMIOHEeNT.

Ynopanovennas napa (X,Y) nByx coyuaiiubix sesimaun X u Y Hasbi-
BAETCH J6yMeproli Cay«alinot eaunumoti wiu cucmemot deyxr o0rnomeprbiz
caynalinox eeaunurn X nu'Y.

Cucremy (X,Y') moxHO u306pasuth cayuaiimot mowwoi M (X,Y) wim
caywatinom eexmopom OM (puc. 36 u 37).

Cucrema (X,Y) ectv dbyHKnus s1eMEHTAPHOTO COGHITHS: (X,Y) =
= p(w). Kaxnomy snemenTapHoMy COOBITHIO W CTABHTCS B COOTBETCTBIE
TBa NEHCTBATENBHBIX YNCNA T Uy (MM T U T9) — 3Ha4Yenus X u Y (nom
X1 u X3) B nansom onnrre. B aToM ciryuae Bextop T = (z1,®2) HasBBaeTCH
pea.nusayued ciyyaitHoro sekropa X = (X1, Xo).
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Y
MX)Y M(XY
N MEY) M)
0] X T 0] X =
Puc. 36 Puc. 87

Ipumep 3.1. Bpocaorcs e urpasbhbie kocta. Ilycts c. B. X — uncjio
BBHIHABLIMX OYKOB HA TEPBOH KOCTH, C.B. Y — Ha BTOPOH; I19C cocrour
u3 36 snementon: 2 = {(1,1),(1,2),...,(1.6),(2,1).(2.2),..., (6,4), (6,5),
(6,6)}. DnementapsoMmy cOOBITHIO, HATIPEMED, (6,5) = wes COOTBETCTBYET
napa uucess z = 6 u y = 5. CoBOKyNHOCTb 9TUX 3HAYCHUH — PyHKIHA
3JIEeMEHTAPHOIO COOBITHSA W.

CHCTEMBI CJIyYAHIBIX BEJIHUUH MOTYT ObITh JUCKPETMHOLMU, HENPEPHIG-
HOMU VI CMEULGHHOLMA B 3ABACHMOCTH OT THTIA CJIyYaHHBIX BesmauH, obpa-
syonmx cuctemy. B nepsom ciiyuae KOMIOHEHTH 9THX CJTyJaliHbIX CHCTEM
JMCKPETHDI, BO BTOPOM — HEHpPEpHIBHbL. B TPETHEM —— PA3HBIX THIIOB.

Mool xapakTepuctukoil cucremst (X,Y) sABnfierca ee 3axoH pac-
npedenerus eeposmuocnet. yKaspisatolmuii 06/1aCTh BO3MOXKHbIX 3HANE-
Huil CHCTEMBI CIIyTAHHBIX BEJIWUMH M BEPOATHOCTH »TuX 3Havenuii. Kax
W 1A OTAEJBHBIX CJyYaiiHLIX BEJMYMH 32aKOH DPACHpPEIesIeHUs CHCTeMbI
MOXkeT uMeTb pasubie popmpl (1abiuna, PyHKIUA PACHPENCSICHH. I1T0T-
HOCTD, ... ).

Tak, 32KOH PACIPEIEJICHUs TMCKPETHOM By MEPHOH C. B. (X.Y) Mmoxno
3asaTh (PopMyJIoi

pij :P{X::(:i,Y:yj}, ’i:T;TL, j—': l,m (3.1)

unu B popme TAOIUIBI ¢ ABORHBIM BXOTIOM:

\ XNY | yi | y2 | ys |---| Ym
gl P11 | P12 1 P13 | --- | Pim
T2 pa1 | P22 [ D23 | --- | Poam
Ty Pl | Pn2 | Pn3 | --- | Pnm

MMpuyem, cymma Bcex BepOATHOCTeH pjj, Kak CyMMa BEPOATHOCTEI MOJIHOIM
CpYIIIBl HECOBMECTHBIX COOBITHH {X =z, = yj}. paBHA €IMHULE:

n m
>.D pii=1

=1 j=1
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Ha puc. 38 npusenen npuMepustii rpaduk pacnpenenexns JBYMepHOii
INUCKPETHOI cityyaiinoil Besinaunnt (X, Y).

Dij

P13

Puc. 38

3HaA 3aKOH pacHpeneneHus ABYMEpPHON OMCKPCTHOH ciiydallHOR Be-
JIMHBL, MONCHO HAUMU 3uKOHbL pacnpedenetusn Kancloll u3 KOMNOHeHM,

(o6patnoe, Boobwe rosops, Hesepro). Tak. Pey = P{X = a1} = pyy +
+ p12 + ... + Py, 9TO cnenyer us TeopeMbl CIIOXKEHUA HCCOBMECTHBIX CO-
Oorrait {X = 21,Y =y}, {X = 0,V = Y2} oo {X = 21, Y =y}

AHAJOTHYHO MOXKHO HaHTH

m n
Doy = P{X = 2;} = prja py; = P{Y = y;} = 27’117"
j=1 =1

IIpumep 3.2. B ypre 4 wmapa: 2 6ensix, | epHbiil, 1 cunumii. U3 nee naymaay
u3BIeKaor npa wapa. Ilycts ¢.B. X — yucno gepnpix mapos B BbiGopke,
C.B. Y — 9uCJs0 cuHAX mapos B Bhibopke. CoCTaBuThL 3aK0H pacipeneieHus
nast cacrembr (X.Y). Halitn saxonn pacopenesenns X u Y.

Q C.B. X Moxer npuEMMATH 3HAMCHUA 0, 1; c.B. Y — sHauenns 0, 1.
Boiunc/mmm COOTBETICTBYIOIME BEPOATHOCTH: iy = P{X =0,Y =0} =
3 _ 1 2 1 _ 1 , C; _ 2
_C_g_E(HHH'Z'g_E)’pu_P{‘X —O,Y——l}—C—Z—E,
pn = P{X = LY = 0} = %; pro = P{X = 1Y = 1} = %. Tabimua

pacnpenenenns cucrembl (X, Y) umeer pun:

XNY 0|1

112

0 6|6

211

' 16ls




naea 3. CUCTEMbI cryuaiiHbix Benvdnn * 107

\ ) ) —m 1,2 _1 _nn-2,.1_1
Orcroma cienyer: P{X = 0} = 6+6 E= 2.P{X_ 1} = 6+6 = 5
P{Y =0} = (15—+ % = %—, Py =1} = % + % = —;— 3aKOoHbI pacupe/iesenyst
coctapagomnx X 1 Y mMeT BHIL
X101 Y| 0]1
11| = 1[1 °
Pl3l2 Pl313

3.2. dyHKUMN pacripefeneHus AByMepHOM cny4anHon
BeNIMYUHbI U €e CBOVCTBA

(&3

VuusepcaabHO# (popMOit 3a0aHUA pacnpenesienns OByMepHO# citydaii-
HOH BeJIMUMHBL ABJsAeTcs (PyHKI@: pacupeesenus (MM «UHTErPAJIbHALA
byHKIHAs>), IPUIOTHAA KAK JIIs IUCKPETHOH, TaK U AJIs HeNpephiBHOH Ca1y-
gaiinoli Bestmumnb, obosHagaemas Fy y (%, y) mim npocro F(z, Yy)-

Dynryued pacnpedenerus 06ymMepHol caywainol 6eAu bl (X.Y) na-
spisaerca Gyuknms F(xz,y), kotopas st JI00bIX IeHCTBATEIbHBIX JUCEI]
¥ y PABHA BEPOATHOCTH COBMECTHOIO BBIIOJIHEHHUA ABYX COOBITUid {X <z}
u Y <y}

Taxum 06pa3oM. HO ONPEIESICHUIO
F(z,y) = P{X <z,Y <y} (3.2)

(cobmitie {X < 2.Y < y} osnavaer mpomssenenue cOObrTH {X <z}m
{Y <y})

Teomerpugeckn (bynknus F(x,y) MHTEpOpeTHPYETCA KaK BEPOATHOCTD
onanaHus cty dafinoii Toukm (X, Y') B GeckoneunbIit KBAIPAHT C BEPUIMHOU
B TOuKe (,y), Nexamuii Jesee u Hke ee (puc. 39).

Oynxus pacnpenenenus JByMepHOi OMCKpeTHOH cyualinoil Besmiu-
mel (X,Y) Haxomurca CyMMHPOBAHUEM BCEX BEPOATHOCTEH pij, jJiA KOTO-
pex z; <, yj <Y, T.€.

F(z,y)= Y. Y pij- (3.3)

x;<x Y, <y

leomeTpuyecKas uHTEPIpeTanua (PyHKIMA PACHPENEICHIS [I03BOIACT
HATTIAIHO MILTIOCTPUAPOBATHL ee CBOMCTBA.
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Y

. (z,y)

Puce. 39

Croiictpa dynxumu pacnpenesenus IOBYMepHOH ciry4alinoi

BE€JIMYHHDbI:

1.

Qyuxumua pacnpenenenus F(z,y) OrpaHUY€eHa. T. e.
0< Fz,y) <1

F(z,y) me ybsiBaetr no KaxnoMy us cpomx apryMeHToB npu (purcupo-
BAHHOM JIPyTOM, T. €.

F(zy,y) mpu 9 > ay;
F(z,y1) npu gy, > y,.

F(z2,y)
F(CE, 1/2)

VoWV

Ecnm xora Gl onmn us aprymentos obpamaercss B —o00, 10 hyHKIuUst
pactpenenenus F(z,y) papra mymso. 1. e.

Ecnu o6a aprymenta ofpamaorcs B +00, 10 F(z,y) pasna 1, 1. e.
F(+00,+00) = 1.

Ecnv onun us aprymenrtos obpamaercs s +00, To byHKIMA pacTpene-
JICHUA CHCTEMbI CyqaliHbiX BesM4YMH cTaHoBUTCA (byHKImelt pacope-
ACJIEHUA C. B., COOTBETCTBYIOUIEH NPYyroMy aJIEMEHTY, T. e.

F(z,+00) = Fi(z) = Fx(z), F(+o0,y) = Fy(y) = Fy(y). (3.4)

F(z,y) nenpeprisua ciieBa no KaXJIOMy U3 CBOMX apryMEHTOB, T. €.

lim F(z,y) = F(zo,y), lim F(z,y) = F(z,yo).
y—yo—0

x—x0—0
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[ 1. F(x,y) ecTh BepoATHOCTD, cJienioBaTebio, 0 < F(z,y) < 1.

2. Tpn yBesmuenun Kakoro-tubo u3 apryMeHTos (,y) 3allTpuxoBa-
Has Ha puC. 39 00J1aCTh yBEJIM UBACTCH; 3HAYUT, BEPOATHOCTD MOHAaHNA
B Hee curydaitnoit Toukn (X,Y) He MOXeT yMeHbIIAThCH.

3. Cobpirus {X < —oo}, {Y < —o0} m ux HPOM3BENCHHE HEBOZMOX-
HBI: TIONAJANME B KBAIPAHT ¢ OTONBUHYTOM B —00 rpaHuneil HEBO3MOXHO.
BepoATHOCTH TaKoro cobbITHs pasHa HyJIHo.

4. Cobritne {X < +o0} - {Y < 400} nOCTOBEPHO, CCIOBATENBHO, €10
BEPOATHOCTH PABHA €IHHUIIE.

5. {X < +oo} — moctoseproe COObITHE. CJIeIOBATESIHHO {X < 4o0}x
x{Y <y} ={Y <y} n F(+00,9) = P{X < +o;¥ < y} = P{Y <y} =
= Fy(y).

Anagnoruuno, F(z,+o00) = Fx(z). ]

ITojryepKHeM: 3Ha# COBMECTHOE PACIPEIeSICHHE JIBY X CJry9aitHbIX BEJTH-
yue X 1 Y, MOXKHO HallT OJHOMEPHBIE pacupelesienns 9TUX criyyaitapIx
BeJIMUKH, HO obparnoe, BoobIe roBops, HCBEpHo.

OTMeTuM, 4TO ¢ reoMeTpuyecKoit Touku spenns F(z, y) ecmv HeKOMO-
pas noseprrocmd (cmynenwamasn 1Jis ABYyMEPHOI IOUCKPETHOH Ity yaitHoi
BEJIMUMHBI), 00JIAIAIOMAS YKa3aHHBIMY CBOHCTBAMU.

C nomompio ¢pysrimu F(r,y) Jerko MOXHO HaliTH 6epOAMHOCIMY NO-
nadarus caywaiinot mouxu (X,Y) 6 npamoyzosvhus D co croposiaMu, na-
paJUTeJIbHLIMY KOOPIUHATHBIM OCHM:

P{ry < X <xo,yn <Y o} =
= F(Iz,yz) - F(wl,y2) - F(-'EZ;'!JI) + F(ﬂfl,yl)- (3-5)

[IpupeneM «reoMeTpuuecKoe JIOKa3aTeibCTBO», CM. pHC. 40.

Y
T Y2 ,—(;119,2_) (.’L’Q,’yg)
D
Y1y A4-- V-/
(15173/1\ J:('J;Q,yl)
0 Ty Ty L
i

Puc. 40
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3necy F(zy, Y2) — BEPUATHOCTH HOMANAHUS CJIyYaliHOM TOYKU B
obnacts, SAIITPUXOBAHHYI0 KOCHIMU JIMHUAMK, F'(11,15) — BEPTUKAJIBHbI-
mu, F(xg,y1) — TOPH3OHTAIBHLIMA, F'(21, Y1) — KOChIMU, BEPTHKATHHBIMHE,

TOPUSOHTATHHBIME (9T OBIACTD ABAKIIBI BEIWUIN, CJCLYET OLUH pas 1pu-
GaBUTH).

IIpumep 3.38. ITo tabsmmam pacnpenenenuns cucrembl (X,Y) xommonenT
X uY npumepa 3.2 n. 3.1 naitru F(z), Fa(y). Fa,y).

Q Ucnonssyst dpopmyaty (2.4), waxomum byrKuEE pacnpenesienns Fi(x)
u Fy(y):

0, opwaz<0, 0, mpmy<O0,
Fi(z) =05, mpu0<z<1, Fa(y) =<0,5, mpu0<y<1.
1, npu x> 1, 1. npu y > 1.

Ucnonesys dbopmyay (3.3), naxonmm dyukunwo pacnpenesierns F (z,y):

XNY |y<o0 O0<y«l 1<y
z<0 0 0 0
1 1 (_1,2 ®
A 6 2(_6+6)
, v/ _1,2 ~1,2,2 1
L<z 0 2(*o+6) 1(_6+6+6+6>

3.3. MnoTtHOCTL pacnpegenexus BEpPOSITHOCTEMN
ABYMEPHOU cny4yaiiHoi Benu4YnHbl U ee CBOIACTEa

Hcyepnbisagomeit XapaKTePUCTUKON HEIPEPBIBHOI JIBy MEPIIOH CJTyuaii-
HOI BeTMYMHBI ABJACTCH TIJIOTHOCTD BepositHOCTH. BBOmMTCA 3TO NHOHsAITHE
AHAJIOTHYHO TOMY, KaK 310 JeJaJoCh NPU PACCMOTPEHUM ILJIOTHOCTH pac-
HpeleseHuss BEpOATHOCTEH OMHOM caydJalinoi BeJiMuuHbI (H. 2.4).

Heymepros cayuatinas seaunumna HaspBaetcs HENPEPBIEGHOT, €CIIH ee
dbynkius pacnpenesnenna F (z.y) ecth HenpepsbiBHAS dyukiums, nudde-
PEeHIMpyeMas 10 KaxXIOMy U3 apryMeHTOB, y KOTOPOH CynIeCTByeT BTOpas
CMelanian upoussontas Fyl (. y).

IIromrocmwvio pacnpedenerus seposimuocmeti (WM coemecmmoli naom-
HOCMB0) HENPEPBIBHOM ABYMEPHOI Ci1y*iafiHON BeJiYITHHbI (X,Y) nasoiBa-
€TCH BTOpasd CMEelIAHHAA NPOU3BONIHAA ce (DYHKIMY PACIPEHEICHMS.
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OBO3HAYACTCST COBMECTHASI TJIOTHOCTb CUCTEMBI JBYX HENPEPLIBILIX
caygaiinpx sesuuns (X,Y) aepes f (z,y) (mm p(z,y))-
TakuM 06pasoM, IO OIPEIESIEHIIO

&?F(x,
fla) = g2 — Fly (o). (3.6)

[170THOCTb PACTIPEIESIEHNA BEPOATHOCTEH HelpephIBHOI IBYMEpHOi Ciy-
yajinoii sesmunnnt (X, Y') €CTh npejiess OTHOMEHUS BEPOATHOCTH nonaIaHus
cnyuabnoit Touku (X, Y) B ssieMeHTapHEIA NPAMOYTOIBHUK CO CTOPOHAMY
Az u Ay, npaMBIKalomuii K TOIKe (x,y), K TIUIONIA/IA HTOTO MPAMOYTOJIb-
H¥IKA. KOTIa €ro pasmepsl Az 1 Ay CTPEMATCH K HYyJTIO (puc. 41).

Y
y + Ayp------

'y ______

0 T T+ Axr T
Puc. 41

JHelicTBUTEIHHO, MCTIOb3YH dopmyaty (3.5), mosTydaeM: CpeHsid MI0T-
HOCTb BEPOATHOCTH B JAHHOM IPSMOYTOJILHUKE paBHA

_P{x<X<x+A:L‘,y<Y<y+Ay} B

Jer Az - Ay
1 Flz + Az,y + Ay) — Fz.y + Ay)  Fle + Az,y) — Fla,y)°
T Ay Az Az )

Ilepexonst k npeneny npu Az — 0 u Ay — 0. nonyyaem
, _ Fllz,y+ Ay) — F(e.y)
lim fop = hm
Az—0

Ay—0 Aq ’
Ay—0 Y y

re. f(z,y) = (Filz,9))y = Foy(2,9)-
o AHAJIOrMYM C TLIOTHOCTHIO BEPOSTHOCTY OIHOMEPHOH HeIpephIBHONR

cayqaiiHol BeTMIAHE!, OJT5 IByMepHOii cnyJaiiHOU BeJ M InHES (X.Y) nior-
HOCTH BEPOSITHOCTH OIIPENeIACTCH Kak $yukumst f(z,y), YIOBIETBOPSIO-
1HIAA YCJIOBUIO

Plz <X <ztde,y <Y <y+dy} = flz,y)dzdy; (3.7)

pupakenne f(z,y) drdy HA3HIBACTCA IACMEHINOM 6EPOAMHOCINY ABYyMeD-
HOHI corydaiinoil BesT4rHb (X,Y).
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Feomerpuyeckn miorHOCTH pacupenenenusi Bepositnocret f(z,y) cm-
CTEMbI IBYX cJryuadiibix senuwdue (X, Y) npencrasnsier coboi HEKOTOPYIO
TOBEPXHOCTD, HASBIBACMYIO NOGEPTHOCMbI pacnpedeneHus (puc. 42).

e mmmmmemmmaoon

[P
___________ el T

(Mg, my)

Puc. 42

IlnoTHOoCTL pacmpenenenus f(z,y) obmanaer CIIENYIOMIU MU
cBolicTBaMM:
1. Ilnotnocth pacupenesienust qBymepHott cilydaliHoi BeJIMYMHBI HEOTPU-
HaresbHA. T. €.

flz,y) > 0.

2. BeposiTHOCTH IIOIIANAHUS ciyqainoit rouku (X,Y) B obnacrs D paBna
JBOMHOMY VHTErpaJsiy OT IJIOTHOCTH O obsact D. T e.

P{(X,Y) € D} = / / Fz, y) dudy. (3.8)
D

3. Oymkuus pacupenenenus OBYMEPHOR CirydalHOl BesrmamMubl MoxKer
OBITL BHIPAXKEHA UCPE3 ee IJIOTHOCTD pacnpenesienus: 1o gpopmy.Jie:

Ty
F(z,y) = / /fx_y(u,v)dudv. (3.9)

4. VYcroBue HOPMUPOBKE: NBOMHOH HecOBCTBEHHBIH WHTErpaJi B 6eckoned-
HBIX [IpEIes1ax OT MNOTHOCTY BEPOATHOCTH HBYMEPHOM C. B. DABEH Ciu-

HULE, T.e.
oC oo
/ / f(a,y) dady = 1.

—00 —0O0
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5. [TnoTHOCTH pacinpenesieHnsi OHOMEPHBIX COCTABJIAIOIINX X uY moryr
6piTh Hajinens! 1o popmysiam:

+o0 oo
/ feyy) dy = fi(@) = Fx(@), / Hany)do = foly) = fr(w). (3.10)

[J 1. Caenyer u3 1oro, uto F(x,y) ects HeyOpBaiouas pyHKIMs 0 Kaxk-
JIOMYy W3 apryMeHTOB.

2. Dnement pepostnoctu f(z,y)dzdy (cM. (3.7)) npencrasiser coboit
BEPOATHOCTD IONAJAHUA CJTydaiHOl TOUKM (X,Y) B npsIMOYTOJIbHUK CO
croponamu dx 1 dy (€ TOTHOCTBIO 10 HECKOHETHO MAJIbLIX 6oJtee BHICOKOTO
HOPAIKA [0 CPABHEHUIO C IPOU3BE/ICHNeM dxdy). Pa36us obsiacts D Ha ups-
MOYTOJTLHUKY U NPUMEHKB K KaxkK[OMy W3 HUX PABEHCTBO (3.7), nosy1aem,
110 TEOpEME CJIOKEHUs BEPOATHOCTE], IPY CTPEMJICHNM K HYJTIO mwionaei
npaMoyroabaukos (t.e. do — O n dy — 0), popmyay (3.8). [eomerpuriecku
5Ta BEPOATHOCTD M300pazkaeTcs 0GbeMOM AMHIPIECKOTO TE1A, OTPait-
WEHHOTO CBEPXY NOBEPXHOCTBIO pacnpenesicHust f(,y) v Onupaomerocs na
obsacte D.

3. Berpaxenue dyuknun pacnpenesenus F (x,y) cucTeMbI CITyIaiHbIX
pesravn (X,Y) depes miornocts f(x.y) MOSyUEM, MCHOJL3YS dopmy-
ay (3.8) (obsacte D ectb mpsMOYrOJIbHUK, orpanMyeHHblii abcumecamu
—00, T W OpIMHATAME —O00, Y):

F(z,y) = P{X <zY <y} =P{-c0o< X <z,—00 <Y <y}=

- j /y f(u,v) dudo.

—00 —00
4. Tlonoxus B dopmyse (3.9) ¢ = y = +00 W yIuTHBaA. 9TO
F(+00, +00) = 1, nomnyaum
oo 0
F(400,+00) = / /f(.lc,y) dudy = 1.
—00 =00

FeomeTpryecKy CBOKCTBO 4 03HAYACT. ITO 00BeM MeAq, 0ZPUEHUNEHHOZ0 Th0-
6EPLHOCTNBIO PACTIPEOCACHUS U NAOCKOCTNDI0 Oxy, pusen eduruye.

5. Haiinem cnagaJia hpyHKIMM pacrpee/eHus (3Hast COBMECTHYIO ILIOT-
HOCTb OBYMEPHOU CJTydalHO# BEJIMIUHBI (X,Y)), cocraBasonpx X u Y:

x +oc

Fi(z) = Flz, +00) = / / F(u, ) dudy,

—o0 — 00
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+o0o ¥y
Ewﬁ:ﬂ+mw%=/P/f@wﬁh@,
T. €
x oo Yy oo
ﬂm:/‘ Fluyy)dy | du, &@:/‘/jmww do.

(3.11)
Huddepernupys nepsoe pasencrso no Z, & BTOPOE MO {/, [OJAYYUM IJIOT-
HOCTH PaclpelesieHus CAyYalHeX Bejiuuvld X u Y

mw:ﬂm=/J@w@

sz@wszmwm.

O1merum, uro pemenve obpaTHoil 38,1887 (BoccTanoBuTh 3aKOH pacupene-
Jiennst cucteMsl (X,Y) no usBectHnM 3aK0HAM pacnpenesieHus cocTaBig-
IOIUX CHCTEMBI) B OOILEM CITy4ae HEBO3MOXKHO. |

Ilpumep 3.4. [Ipymepnas coyuaiinas sesuauna (X,Y) sajana miorHO-

CTPIO pacupenesneHusi BepostHocreit f(xz,y) = . Hatirn:
P P f(=,y) 1+ )11 )
1) A:2) F(z,y); 3) P{X < L,Y < 1}; 4) fi(z) u foly).

Q 1) Hocrosunyo A HallieM, MCIIOJIB3YS YCIIOBUE HOPMUPOBKU:

o o
A
dady =1,
//(1+:1:2)(1+y2) Y
—00 —00

o0 [o.@]

1+ 22 1—}—y2

-0 —00

+00 +00
A- arctg:z:’ -arctg y’ =1,
-0 — 00
A-7?=1.

Crnenosarenbno, A = %
T
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2) Ucnosnsyst gopmy.ty (3.9), Haxomum:

[ Yy £
N — 1 du dv __1_(... . z). T L
F(L,y)—/ Tt | Toe? arctg r + 5 arctg v T
— 00 — OO

ol IV (L e+ L
= (ﬁ arctg x + 5) (% arctgy + 5) .

_ _(L.m 1y (L. m 1) _ 9

3) PIX < LY < 1} = F(L.1) = (4 =+ D) (3 1) = 1%

(ucnosbzopam opmyty (3.2), MOXKHO BOCTIOJIL30BATLCH dopmynoii (3.8)).
4) Mo dbopmyne (3.10) nosyaem:

oo
1 dy 1 |°°
) = —_ - = — arctg e =
file) / 2 (1+z)(1+9%) 701 + 2?) aeey|
—OoC
S S (E E) N
(1 +a?) \2 2 (1 +2?)’
oo
1 dx 1
5 = —_— - p T T e — T T 5. o
f2ly) / 2 (14 22)(1 +9y?) (1 + 4?)
—00

YnpaxHeHus

1. JIpymepHas Cjydaiinasi BeJnIuHa (X.Y) sagana COBMECTHO# TJIOTHO-
CTbIO pacnpencicHus

flay) = (AT mn x> 0y 20

HY = 0. B MIPOTHUBHOM CJIy1ae.

Haiizu: 1) xosdpunment A; 2) Fx.y(r,9); 3) Fx(2) n Fy(y); 4) fx ()
n fy-(y); 5) P{X >0,Y < 1}.

2. HenpephiBHasi OByMCpHas CJjlydaiiHas BEJ1UHA (X,Y) paBHOMEpPHO
pacupenesiena (re. f(z,y) = ¢) BHyTpU TPEyroJbHUKA € BEPIIAA-
mu 0(0,0), A(0,4), B(4,0). Haiirn: 1) comecThyIO IOTHOCTL f (2, Y);
2) fx(z) m fy(y); 3) BeposrTHOCTH COOBITHI,

A={0<X <lL1<Y <3}
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3. BepositHocTh nONamaMua B HENL NPH OIHOM BuIcTpesie mist I crpes-
ka pasna 0,4, nuia II — 0,6. O6a cTpeska, nesasucumo OpYyT OT Apy-
ra, IEJIaloT HO 1Ba BhICTpena B nesb. Habitu: 1) sakom pacupenese-
Hus Cry9qaiineix Beave X u Y 2) coBMeCTHBIH 3aK0H pacupenee-
HUsA CUCTEMBI CiyJalnbix seamyawn (X,Y); 3) dbymknuio pacupenere-
must Fx y(z,y), ecm cayuabinas sesmanna X — gquesio nonanaxwuii [
CTpeJIKa, cilydaiinan pesmauna Y — II crpesnka.

3.4. 3aBUCUMMOCTb U HE3aBUCUMOCTbD ABYX CJTy4amHbIX
BeJINYUH

3Hast 3aKOHB PAaCHpPENeIeHys CIyYalnbIX Besaun X Y, Bxomsimux
B cucremy (X,Y'), MOXKHO HAHTH 3aKOH PACHIPENESTCHIS CHCTEMDI MMOAYKO 6
cayuae, kozda caywatnoe eeaununoe X uY — nesasucumo. C THOHATHEM
HE3aBUCUMOCTYL CJIyYalHBIX BEJIMYUH MBI y2Ke BCTPEIAIHCh B 11, 2.2: ape
CJTY 9AUHBIC BEJIMHB! HASHIBAIOTCS HE3AGUCUMBLMY, €CIIV 3AKOH pacupese-
JIEHUs KQKJION M3 HUX HE 3aBUCHT OT TOTO, KAKME BHAYEHUS [IPHHUMACT
npyrasi. B npotusioM ciyuae cirygaiibie BesMIMHDT HASBIBAIOTCH 3G6UCH-
MOLMU.

Tenepn namum obmee onpegesieHre HE3ABUCHMOCTH CHy4YaiiHbIX BeJIu-
GUH.

Cnyuqaiinsie Bermaune X u Y HasbBaiorcs HE3ABUCUMBMY, CCJIU He-
SaBUCUMBIMA BAAIOTCS cobbitus {X < z} u {Y < y} st mobuix neficrsu-
TESIBHBIX & ¥ Y. B nporusnoM ciiydae coyualinbie BeMYUEbI HASBIBAIOTCS
306UCUMBLMU.

Cdopmynupyem yenosue nesaBucumoctn CJTy4altHbIX BEJIMYVH.

Teopema 3.1. [1is Toro, 4tobbl ciy4aitupie Benuuuabl X 1 Y 6nlmu Hesapu-
CUMBI, HEOOXOMMMO U I0CTATOYHO. YTO6H (BYHKIME PACHIPEIEICHMS CHCTCMbI
(X.Y) 6p1na pasna npoussenenmio dyHKIMi pactpenesieRus: COCTABIISIONHX:

F(z,y) = Fi(z) - Fa(y). (3.12)

(A Ecnu cayuaiinbie senmaunst X u Y HE3aBUCUMBI, TO cobbITust {X < 7}
u {Y <y} wesasucumur. Crrenosarenso, P{X <2,Y <y} = P{X < z}x
xP{Y <y}, re. F(z,y) = Fi(z) - F3(y). Ecu xe mmeer mecro paBeH-
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crBo (3.12), 0 P{X < z,Y < y} = P{X < z}- P{Y < y}. 3nauwur,
cayuainpie peudanebl X M Y HE3aBUCHMBL. |

SameruM, 410 yeqosue (3.12) ects wHave 3amMCaHHOE yCJIOBUE HE3a-
BUCHMOCTH JIBYX cobprmuii: P(A - B) = P(A) - P(B) (n. 1.15) nns ciyvas
cobprtnit A = {X <z}. B={Y <yj.

Teopema 3.2. HeobXomuMbIM ¥ JOCTATOYHEIM YCJIOBMEM HE3aBUCUMOCTH
IBYX HENPEpPHIBHBIX CJIyYalHbIX BeJUYMH, 00pasyionmx CHCTeMy (X,Y), sB-
JISIeTCsi PABEHCTBO

f(z,y) = fr(z) - f2(y). (3.13)

[} Ecsm X u Y HesaBuCHMble HElPEPBIBHBIE CIyUaltHble BEJIUIHMHBL, TO
umeer mecto pasenctso (3.12). Huddepennmpys 310 paBeHCTBO HO T, &

sarem 110 g, sty f(z,y) = %Fl(w)-j%Fz(y) wa f(z,y) = fi(x)-f2(y)-

11 o6parno. VIHTErpUpys paBEeHCTBO (3.13) no z 1 Wo ¥, NWOJYIUM

j/yf(u,v)dudvz jfl(u)du. /yfz(,u)dv’

—00 —00

1.e. F(z,y) = Fi(z) - Fo(y). Ha ocnopanmu Teopembi 3.1 3aK/IOUacM, 1O
coryuaitibie Besmavabl X v Y HE3aBUCHMBL |

Teopema 3.3. HeobxomumpiM ¥ JOCTaTOYHBIM yCJIOBUEM HE3ABUCUMOCTH
JIBYX JMCKDPETHBIX CJTyIaliHbIX Besrant X n Y, obpasyomux cuctemy (X,Y),
SIBJISIETCS PABEHCTBO

P{X =&, Y =y;} = P{X =2} - P{Y =y} (3.14)

qutst mobeix i =1,2,...,n, j=12,...,m

(Ms1m, 9TO TO XKe CAMOE: Pij = Pu; " Py;» ¢ = 1.7, 3 =1,m).

IIpumep 3.5. 3aBUCMMBI WK HE3ABUCHMBI cay4dabinbie Besmannaer X u Y,
—'  paccmorpennble B ipuMepax a) 3.2 m. 3.1; 6) 3.4 1. 3.37
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3.5.

[T}

Q a)pn=PX=0Y=0}=1,aP{X=0}.-P{y=0}=1.1-1

2 2 4
T. €. P11 # Pz, - Py, - Coryuaiinbie sesmumanr X u Y 3aBUCHMEL
1 1 1 1
9] z,y) = ,afilz) = 20—, = . .
)f( J) 7T2(1+£E2)(1+1/2) fl( ) T 1+IE2 f?(y) T 1+y2

Tak xak f(x,y) = fi(z) - fo(y), 1o, cornacuo ycnosuio (3.13), sakmodaem:
ciryvaiinbie sesimavnel X ¥ Y mesasucuMbL. o

YcnoeHbie 3akoHbl pacnpegeneHus

Ecsn cnyyvaiinpie sesmannst X u Y, obpasyionme cucremy (X,Y), 3a-
BUCHUMBI MEXK 1y COOOHU, TO 0As TaPaKmepucmuky Uz 366 UcuMoCIiy BBOIIUATCS
TIOHATHE YCTIOBHBIX 3aKOHOB PaCHPeHesICHUs] CIIyYaiHBIX BEJIUIIH.

Yenosrnvim saxornom pacnpedenernus otmoti us CAYHOTHYIL BEAUNUH, BXO-
nsmedt 8 cucremy (X,Y), naspiBaercst ee 3akon pacupenesienusi, Haiinen-
HBI Py ycJioBuH, 910 JIpyras cayualiHas Beimduna NPHHSITA, OIpenesIeH-
HOe sHadenue (WK TonaJa B KaKol-To uaTepsa).

[Iycrs (X, Y) — muckpernas AByMEpHAA CJlyHdaiinast Beuauna u p;; =
=P{X =2, =y;},i=1,nj= 1,m. B coorBercTBun C OlIpeneJICHH-
P(AB)

P(A)’
n. 1.14), ycaosnaa seposmuocme mozo, wmo caywatinas eeauwuna Y npu-
MEMN IHANEHUE Yj NPU Ycarosuu, wmo X = T; ONPeNessieTcss paBeHCTBOM

€M YCJIOBHBIX BEPOSITHOCTEH cobbrtuit (nanomunanue: P(B|A) =

P{X =2;,Y = y;}
P{X =z;} )
i=1,2...,n j=1,2,...,m (3.15)

PY =y,|X = a;} =

DPij
(umn xoporko: p(y;la;) = ﬁ—)
T;-
CoBokymmocts  Bepositrocreit  (3.15), e p(v1|zi), p(ya)zs), . . .
-, P(Ym|®;), npencrasnser coboit yeaosHvidi 3axom pacnpedenenits cayadi-
noti eenununer Y npu yeaosuu X = ;. Cymma YCJIOBHEIX BEPOsSITHOCTEI

p(y;j|z;i) pasna 1, neficrBrresbho:
vl = £y _ 1 RN
Zp(yjlml) - pzz - pzi Zplj - p:l?z - l
Jj=1 1=1 j=1

m
(em. m. 3.1: p,,, = Zpij)'
j=1
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AHANOrIYHO OUPENEeSSIOTCH YCAOBHASA GEPORTNHOCTIVD, YEAOBHBIT 30KOH
pacnpedeaenus cayuatinot eesununss X npu ycaosuu Y = y;:

P{X = z;,Y = y;}

P{Y =y;}
1=1,2,..., n: j=1,2,...,m (3.16)

P{X =z,|lY =y} =

n
Pij
(nnm koporko: p(#;|y;) = f)—y%’ e py; = Zpij)-
i=1

Ipumep 3.6. 3anana Tabsuna pacipeneseHus IByMepHoii cirygaiiHoit Be-
saunbl (X, Y):

XY | 1] 27 3
0,1 |0,12 0,08 0,40
0,2 0,16 | 0,10 { 0.14

Haiitu: a) GesycioBHBIE 32KOHBL PACTIPEIETICHUS CIIy YJAlHbIX BEJIMYUH Xu
Y'; 6) yCJIOBHBIH 3aKOH PaclpeieseHusi CJIy 1aiiHOi BeTTauHbl XopuY = 2.

\
7L

k3
Q a) Tax xak pg; = Zpij U Pyj = Zl’z‘j, TO
=1 i—1

X1 0102 Y] 11 2] 3
7 10,60 ] 0,40 | 7 0,28 0,18 | 0,54
0,08 4
6) C yuerom dopmystst (3.16) mmeem: P{X = 0,1]Y =2} = 018 = o
P{X =02)Y =2} = —8’% = g Taxum 06pa3oM, yCJOBHBIN 3aKOH pacnpe-

qiesleHust crydaiinoil Besmavibt X npu Y = 2 Takos

X [01]0,2
Pra| 5 |

2
( E p; = 1). O4eBunio HECOBNA/ICHUE YCJIOBHOTO H 6€3yCJIOBHOTO 3aKOHOB
i=1
pacrpenencnusi cryYaiHoit Besmruab X . CaenoBarenbHO, cJlyvalHbIe Be-

Juuunbl X ¥ Y 3aBUCHMBL. o
Ilycrs Teneps (X,Y) — HenpepeIBHasi IByMepHAs CJiydallHas BeJm-
anna ¢ wiorHoctbio f(x,9y); fi{x) u fo(y) — njoTHOCTH pacmpenesnenus

COOTBETCTBEHHO CJydalHOW BesuiaMubl X U CJIydJaliHol BeSTNIuHbI Y.
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Ilrommuocmo eeposmuocmu yeaoenozo pacnpedenerus (M ycaosHas
NAOMHOCTDL) CAYaiHol 6enununs Y npu ymoeuu X = z onpenesnigercs
paBeHcTBOM

ff(ﬂ; ii,)l) ‘oof(iE,y) , e fi(z) #0. (3.17)

[ 1@

flyle) =

Y(‘JIOBHdﬂ H.HOTHOCTI) 06.Ha)1aeT CBOI/I(' TBAMHW ILJJIOTHOCTHA paCHpej]‘eJIF‘HI/Iﬂ
rak: f(yle) > / Flylz) dy = 1.

AHaJIoquO OHpeJleJIHETCSI ycrioBHaA 1JIOTHOCTH paclpelieSieHHs Caly-
4aiinoit Benwaunbl X npu ycsioun Y = y:

fl =100 o T@y) s, (3.18)
fa(y)

/ f(z,y) dz

Ucnospsys: coornomenus (3.17) u (3.18), MoxHo sanucats

fzy) = filz) - flylz) = fa(y) - flzly), (3.19)

T. €. COBMeCTHAsA IJIOTHOCTH PACHPENEJICHUS] CUCTEMEI CJTy YA HBIX BEJIAUUH
paBHa IIPOU3BENIEHUIO MIIOTHOCTH OMHOM COCTABAIOMECH HA YCIOBHYIO ILJ10T-
HOCTB IPYTo#i cocTasnsiomell mpy 3aIaHHOM 3HAMEHNH TEPBO.

Pasencrso (3.19) masemaror Teopemoli (mpasmiiom) yMmHOXeHUs
wIoTHOCTeH pacnpenesnenuit (ora aHANOIMYIHA TeopeMe YMHOKEHM Be-
posttHOCTeH Jjuutst cobprruii, . 1:15).

Ilpumep 3.7. Isymepnas ciyuaiinas semmunna (X,Y) samana mwiorHo-
——  CThIO COBMECTHOIO pacClpeleseHus

v JC=xy, upm (z,y) € D,
flay) = {0, upu (z,y) ¢ D,

rne DD — obnacTh Ha MJIOCKOCTH

Yy > -z
y<2,
x < 0.

Haiitu GesycioBroe u ycioBHOE pacrpenenenue coctassiomeii X. Y6e-
OUATHCH, YTO CIiy4qaiinbie BeMIuHbl X u Y 3aBUCUMBI.
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N P

Puc. 43

Q O6nacts D usobpaxena ua puc. 43.
Cravana sabigem koadpdpunpent C U3 ycIoBUA HOPMHPOBKH:

fla,y) dady = 1.

2

0
22
f()dd_d0d0d<)
ccyccy/cc/ccyy _écc:cz_z
:c/ (2—%2) :c(:chfcg)'::—zc.

%\8 é\i@
83 é\g

IMostomy C = —%. Tenepnr naxooum
o0 2 -
n =] [ 1w = [ (~bar)an=—4e- 5] -
" 50 R ,
_ —icc(4—cc2) _z 243,"

T.e. fi(z) = %(3)3 —4z), € (—2,0) (xoHTpOIL:

o) 0
[ o= [ f—anaa =g (5 o) [ = heaem =G =)
) J

s naxoxpenus f(z|y) Bocnonpsyemcs (popmyJioi (3.18), npeympapuresis-
Ho Haiina fo(y):

00 0

3

Faly) = [/ f=z,y) dw] / —%:cy —%y- %Qriy: %.,
o J,
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[ = f(z,9) = 1 LY 2x
Yy € (012). Torna f(l'l?/) = [W = igjy LT T _U_Z (:E,'L/) =)
(xoRTPOID:
0 0
2z 2 3;2 0 1 9
fende= [ (-B)a= 221 — Loy,
Jo/o " yQ ?/2 2 l-y y?

Kak sunno. 6esyciioBastii saxon pacupenesenus CIIyYalHOH BeJIMIMHBL X

(fi(z)) He coBnajaeT ¢ yCIOBHBIM 3aKOHOM PACIpENCIeHNs CJTyJalHOM Be-
Jmanabl X (f(z]y)); coyuaiinbie senuunast X u Y — 3aBHCHMBL o

B cayvae nponssosibrOTO THRA CIJIy9alHbIX BeJIManH (PYyHKUYsT pacnpe-
qenenus F(z,y) cucteMbr 3aBHCHMBIX cityqadinbix pesimaun (X, Y) moxer
OBITH 3amuUCaHa B BUIIE:

Flr,y) = Fi(z) - BylX <) = F(y) - Fi(z]Y <y),

rne Fo(ylX < z) = P{Y < y|X < 2} — ycnopnas dbynknus pacmpese-
JIEHNA Cilyaiinoii sesuranner Y onpu yeiosmn {X < z}; Fi(z]Y < y) =
= P{X < z|Y < y} — ycnopuas dywkius pacupenesierus cary4aiinoi
Besimauubl X npu yctosnn {Y < y}.

3.6. Yucnosbie xapakTepuCcTUKu AByMepPHOIA cCry4damHoOM
BennymHbl. MatemaTtuyeckoe oxmnpgaHue u aucnepcus

Hoa creTeMbl CItyqaitHbIX BEJTMHHIN TAKKE BBOLATCS UUCJIOBBIE Xapak-
TEPUCTUKH, NTOLOOHBIE T€M, Kakue ObLIM J1/18 OmHON CJLy YalHOI BEJIMYUHEL
B kawecTBe UMCJIOBBIX XAPAKTEPUCTHK CHCTEMbI (X,Y) obbrano paccmat-
PUBAIOT MOMEHTBI Pa3/IMIHbIX HOpAakos (cM. 1. 2.5). Ha npakTinke uame
BCCro HCnoJIb3yoTcst moMedTHl 1 1 11 nopsinkos: Maremaruticckoe oxunanme
(M. 0.), mUCIepCKst 1 KOPPeJSISMONHBL MOMEHT. MaTeMaTnyeckKoe OKUITA-
Hue u JIMCHeprud AByMEPHOR CITyuaiiHoil BeJIMIUHBT CJTyX)aT COOTBETCTBEH-
Ho CpeaHuM 3HaYCHUEM U Mepoll paccesuna. KoppenamonHbiii MOMEHT BhI-
paxaeTr Mepy B3aMMHOIO BJUAHUSA CHYYaHHBIX BEJIMGHH, BXOIAMIMX B CU-
cremy (X,Y).

Mamemamuueckum oncudaruem deymeprod c.e. (X,Y) naseibaerca
COBOKYITHOCTB JIByX M.0. M X u MY, onpenesiacMbIx paBeHCTBAMU:

n m K23 m

MX =m, = Z Z ripig, MY =my, = Z Z YiDij» (3.20)

i=1 j=1 i=1 j=1
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[&]

eci (X,Y) — puckpernas cucrema c. B. (3nech pj; = P{X = x;,Y = y;});
u

MX = 7 7:6f(3c,y) dzdy, MY = 70 7yf(cc,y) dzdy,  (3.21)

—~00 —00 —00 —00

ecm (X,Y) — HempepbiBHas cucTeMa C.B. (3uech f(z,y) — MJIOTHOCTDL
paCHpenesICHI A CUCTEMDI ).

Jlucnepcueti cucmemot c. 6. (X,Y) HasblBaeTCH COBOKYNHOCTH IIBYX
mucniepenit DX u DY, onpene/ifieMbiX pABCHCTBAMM:

n m

DX = Z Z(gjz - 7”3:)2pij-: DY = Z Z(yj - ﬂly)zpij, (3.22)

i=1 j=I i=1 j=1

ecm (X,Y) — muckperHas cHCTEMa, C.B.

[o e o]
DX = / / z — mg)?f(z,y)dady, DY = / /(y— my)2 f(z,y) dzdy,
00 —6c —00 —0C
(3.23)
ecyim (X,Y) — HenpepuiBHasi CHCTEMA C. B.

Hucnepeuu DX u DY xapaktepusylor paccesHue (pasbpoc) cirydaii-
soit Touku (X,Y) B manpasnenuu oceit Oz u Oy BOKPYT TOYKH (Mg, My)
Ha mrockoctu Jxry — NEeHTpa pacCcesHus.

MaTeMaTu9IeCcKue OXMIAHNS 1My U 11y, ABIATCA YACTHBIMY CILy1asiMH
HAMAABHO20 MoMeHma oy s nopadka k + s cactembr (X,Y'), onpenesisemoro
pPaBeHCTBOM

= M(X"Y*);
mg = M(X'Y%) = a1 9 u m, = M(X"Y"') = ag,1.
Iucnepcun DX u DY siBJIsAtoTCa YaCTHBIME CJIYYafgMH yeHMPaAbHo20
Momenma iy, s nopadka k+ s cuctemsl (X,Y'), onpenensemMoro paBeHCTBOM

pk,s = M((X = mg)M (Y —my)®);

DX = M(X —mg)? = pgg u DY = M(Y —my)? = poz.

Maremarniyeckoe oxupanue C.B. ¢(X,Y), apssomelics (ynxuueit
komronenT X u Y msymepsoii c. B. (X, YY) HaxomuTCst, aHATIOTITMHO, TIO ¢pop-
MyJ1aM:

M (X,Y)) :/ oz, y) f(z,y) dedy (3.24)

8\8
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AJIA HeIpepPBhIBHOTO diydad U

n m
M(p(X.Y)) =33 olwi, y;)pij (3.25)
i=1 j=1
VTS IRCKPETHOTO CITyvas.
Hagaseaeit moment 11 nopsaxa o117 = MXY qacro Bctpeuaercs s
npuiiokenusx. Boramessiercsa no ¢gopmyne

n m
MXY =Y mypi; (3.26)
i=1 j—1
JUIA IUCKPETHHIX C. B.
oCc o0
MXY = / / zy f(z,y) dedy (3.27)
—00 —00

IJ1s1 HEIIPEPBIBHBIX C. B.

3.7. KoppensiuMoHHbI MOMEHT, KoadpPuvumeHT
Koppensauuu

Ocobyto pons urpaer LeHTPAJIbHbIA CMENAHHb MOMEHT BTOPOTO T0-
panka pi,) = M(X—m)(Y-m,) = M XY, naspisaembrii KOPPeJTAMOHHLIM
MOMEHTOM WM MOMEHIMOM CEA3U.

Koppennyuonmom somenmon (mim xosapuaueti) JBYX CJTy YaHHbBIX Be-
JiH X v Y HA3BIBAETCA M. 0. TIPOM3BEICHUS OTKJIOHEHMH 5THR C. B. OT LX
M. 0. 1 obosnavaercs gepes Kxy nm cov(X,Y).

Taxum obpaszom, 1o onpenesreHnio

[

Kxy =cov(X.Y) = M[(X — m)(Y — my)] = MXY. (3.28)

Hpu srom: ecsm (X,Y) — nmckpersas npymepnas c. B., TO KUBapHalus
BBI'IMCIACTCA 10 (PopMy.Jie .

Kxy = ZZ = ma)(y; — my)pij; (3.29)

=1 5=1

eci (X,Y) — nenpepoibnas ByMepHAd C. B., TO

Kxy = / / (5 — ma)(y — my) () ddy (3.30)

-0 —O0
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(popmyser (3.29) u (3.30) mosydeHni Ha OCHOBAHMH dopmyn (3.24) n
(3.25)).

KoBapHaluio 9acTo yIo6HO BEYHCIIATE N0 (popMyJie
Kxy =cov(X,Y)=MXY - MX - MY, (3.31)

KOTOpas MOJIyIaeTCsa U3 OlpeleJIeHus (3.28) na ocHOBaHUM CBOMCTB Marte-
MATUIECKOTO OXKMIGHUA:

Kxy = M[(X —m)(Y —my)] = M(XY — Xmy —Ymg + MgMMy) =
= MXY —myMX —m ;MY +mgmy = MXY —mgimy — Mgty + Mgy =
=MXY -MX - -MY.

Dopmyaty (3.30) MOoXKHO 3aNMCATH B BUIIE

oo o0
Kxy = / / zy f(z,y) dedy — mgmy. (3.32)

—0 — OO

CaolicTBa KOBapHalluH:
1. Kosapuamis CHMMeTPHYHA, T. €.

Kxy = Kyx-
2. Jucnepcust C. B. €CTh KOBApUAIMsA €€ C CaMoi cobotii, T.e.
Kxx = DX, Kyy = DY.
3. Ecawm ciyuaiinbie esrunbl X u Y He3aBHCHMBL, TO ~
‘

Kxy =0.

4. Jlucrepcusi CyMMbl (Pa3sHOCTH) JIBYX CJIyJaiiHbIX BEJINIMH paBHa CyMMe
ux mpcnepcnii noc (MUHy ; yIBOGHHAA KOBapHAalM:A 3THX cayvaitHbIxX
BEJIMYUH, T. €. .

D(X +Y) = DX + DY + 2Kxy.
5. TloCTOSHHDII MHOXHTEJH MOXKHO BHIHECTH 33, 3HAK KOBapuAIWMii. T. €.
Kexy =c¢Kxy = Kxcy nm cov(cX,Y) = c-cov(X,Y) = cov(X,cY).

6. Kopapmaims He W3MEHUTCH, €CJIM K OIHOU U3 C. B. (nsnr kK 06OMM cpasy)
npubaBuTh NOCTOAHHYIO, T. €.

Kxiey = Kxy = Kxy+c = Kx+qey+e
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win
cov(X +.Y) = cov(X,Y) = cov(X,Y 4+ ¢) = cov(X +¢,Y + c).

7. KoBapuamsa ABYX CJIyYailHBIX BEeJIMUHH 1O abCOTIOTHOM BeJIMYHHE He
IIPCBOCXOJIAT UX C.K.O., T. €.

|Kxy| < 0s - 0y

[ 1. Caenyer us onpencnenus (3.28) koBapuanmm.

2. Kxx = M[(X —m;)(X —my)] = M(X —m,)? = DX.

3. N3 nesapucumocty ¢.B. X u Y ClI€Iyer He3aBUCHMOCTDL MX OTKJIO-
wennit X —my, u'Y — my,. Iosbsysack ceoiicTBaMu M. 0. (m. 2.5), nonyyaem
Kxy = M(X —m,)- M(Y — my) = 0.

4. DX +Y)=M{(X+Y)-M(X+Y))?=
= M((X=MX)+(Y-MY))* = M(X -~ MX)>+2M (X —~MX)(Y —MY)+
+M(Y — MY)? = DX + DY + 2Ky,
D(X —Y)=DX 4+ D(-Y)+2M(X — MX)(-Y — M(-Y)) =
= DX + DY —2Kxy.

5. Kexy = M(cX — McX)(Y — MY) = Mle(X — MX)(Y — MY)] =
= CKXY.
6. JlokasbiBaeTCA AHAJIOTUYHO.
X —m, Y-—-m,
o, 1 Oy

7. Ilpumenss cpoiicTBo 4 IBYM CTAHAIAPTHHIM C. B.

(cM. m. 2.5), nony1aem:

X—m, Y —-my X —m, Y —m,
p(Xprmea Y ) p(Xom) (Yo,

X —m, X —m, Y —m, Y —m,
() (5w ()

— Y —m
:1+1i2M(X Ma Umy)zz(liK‘“).
Yy

Or 010y

Jliobas pucnepcust neorpumarenbua, II03TOMY

2 (1 + K“'”) > 0. (3.33)

0.0y

Orciona caeuyer, aro —020y < Kxy < 0,0y, T.e. |[Kxy| < T 0y. n
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Uz ceoiictba 3 caenyer, uro ecim Kxy # 0, 1o ¢.B. X u Y 33BUCHMBL.
Cayuaiiabie seuanant X u 'Y B otom ciiydae (Kxy # 0) HasbiBaor xoppe-
auposarnvimu. OgHako w3 Toro, 4ro Kyxy = 0. me caenyeT HE3aBUCHMOCTD
c.s. X uY. Barom cayuae (Kxy = 0) c. . X 1Y Ha3bIBAUOT HEKOPPEAUPO-
carnpMmu. VI3 HE3aBUCUMOCTH BBITEKAET HEKOPPEJIMPOBAHHOCTE; 0OpaTHOe,
BOODINE TOBOPA. HEBEPHO.

Kak csemyer us cpolicts Kopapuanuu, oHa (Kxy) xapaxTepusyer H
CTeleHb 3aBUCHMOCTH CJIy4YaiiHbIX BEJIMUIHH, U WX PAcCesHue BOKPYT TOIKH
(Mg, my). PasMepHOCTh KoBapranuy papHa TPOU3BEIEHUIO pasMepHoCTel
c.p. X u Y. B Kauectse UHCJIOBOI XapaKTEPHCTHKU 3aBUCHMOCTH (2 He
paccesHua) ¢.B. X u Y GepyT 6e3pasMepHyio BeJIMIMHY — koahpueHT
xoppessiun. OH ABJISETCA Jlydimeli ONeHKOH CTeNeHN BIMAHISA OIHOH’ C. B.
Ha, IIPYTYIO.

Koadduyuenmom woppessyuu Txy AByX c.B. X 1 Y Haspibaerca oT-
HOITCHHE UX KOBAPHALW (KOPPEJIAIMOHHOIO MOMEHTA) K POM3BEIEHHIO UX

C.K.O.: (X Y)
KXY Ccov ,
= = . 3.
RTINS V) (330

Ouesnngo, KoxpdUIEEeHT KOppessanul paBeH KOBapualyu CTaHIapTHBIX
X —mg — My
Oz oy

CaoiicTBa kK03(hpuImeHTa KOPPEeJIan:
1. Koapdunuent Koppesiun 1o abCOTIOTHON BeJIMTTUHE HE PEeBOCXOAUT

c.B. Z1 = H Zy = , T.e. rxy = cov(Z1, Zy).

1, re.
rxy] <1 mm —1<rxy <1

2. Ecmm X u Y HesaBUCHMBL, TO
rxy = 0.

3. Ecmc.s. X uY cpasanbl JuHelHOR 3apucuMocthio, T.€. Y = aX + b,
a#0, To
lrxy| =1,
npuyeM 7xy = 1 npm a > 0,
rxy = —1mpu a <0.
4. Ecm |rxy|=1,10cC.B. X 1 Y ceaszanb auHelHol (PyHKIMOHAJIBHOR
3aBUCHMOCTBIO.

[ 1. Tak xax |Kxy| < 0g - 0y (cBOiiCTBO 7 KOBapUAlUH), TO
y

B leyl O'x(fy _
|7’XY| - —O.—x?y‘ \ Uyax =
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2. Kxy = 0 B ciyuae nesapucumoctd X u Y. CnenoBaresnbho,

Kxy
Xy = O':I:O'y = O.

3. CorytacHO CBOMCTBAM KOBApHALMH, HMEEM
cov(X,Y) = cov(X,aX +b) = cov(aX + b, X) = acov (X + g,X) =
=acov(X,X) =aDX

u DY = D(aX +b) z\aQDX. [Mosromy

. ,_"cov(X,Y) . aDX _a _J1, mwpma>0,
XY = N - |-1, mpua<O0.

VvDXVDY /DX -|a|-vDX ld|

4. llycty rxy = 1. Torma u3 pasencrsa

X-m Y‘”Tny Kxy
D( O'xx_ Oy ):2<1_0'ny

(cm. cpoiicTBO 7 KOBapHAIME) MOJTyYaEM

X —my, Y—my
(Za )

T Oy

X—my, Y-—-my

T. €. o -~ = ¢ — nocrosnHada. Ho
X—mx Y_'nly X—7nx Y—W‘Ly
?:MC:M( Oz '_. O_y :M —O_x— —M —T =
=0-0=0,
X — Y —-m o
T. €. ¢ = 0. 3Hauwr, Uxmx =—5, Y re Y = a_z(X —mg) + my. lpn
rxy = —1 nmonyuaem

o.
Y = —U—z(X — Mg) + 1My,

Taxum obpasoM, nipu rxy = +1 ¢c.8. X u Y ceasaupl quseiino byHEKIHO-
HAJILHOU 3aBUCHMOCTHIO. |

Wrak, 118 HE3aBHCUMBIX CJIy9YaiiHBIX BEJIMUUH T'yy = 0, nng auHelHO
CBA3AHHBIX |[rxy| = 1, a B ocTasbHBIX cayqasx —1 < rxy < 1; roso-
PAT, 9TO C. B. CBA3AHDI NOAOHCUMENbHOU Koppeasyued, ecym 1y > 0; ecin
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ryy < 0 — ompuyameavroli xoppeaiyued. Yem 6mxe |rxy| K equuuLe,
tem GoJiblie OCHOBAHMH cuuTarh, 9410 X u Y CBs3aHbI JIMHCHHON 3aBUCH-
MocThio. OTMETHM, UTO KOPPEJIAINMOHHbIE MOMEHTHI M AUCTIEPCHI CUCTEMbL
C. B. OGBITHO 3IAI0TCA KOPPeasyuorHol, mampuyel:

Kxx Kxy i DX Kxy
Kyx Kyy DYy ).

IIpumep 3.8. 3akoH pacnpeneseHus JIACKPETHOM IByMEpPHOH C.B. 3aJIaH
TabJmnei:

XY | -1] 0 | 1
0 0,15 0,40 | 0,05
1 |020]0,10]0,10

Hafitn xoadxpumenT KOppessiiui 7xy .

(Q Haxonum 3aKOHBI pacipefieIeHus COCTaBJIAIONAX XuY:

X101 y|-1] 0 { 1
"

p 06|04 p | 0,35 10,50 | 0,15

HaxonuM MareMaTuIecKoe OXKUIAHAE COCTABIIAIOMMUX: Ty = 0:0,6+1-04 =
=04 my = -1-035+0-0,50+1-0,15 = —0.20 (ux MOXHO GbLIO GBI
ajiry, ucnosssya dopmyay (3.20); Tak

2 3
Mg =Y Y TiPij = 0-0,154-0-0,40+0-0,05+1-0,20+1-0,10+1-0,10 = 0,4).
i=1 j=1

HaxomuM JMCHEpCHH COCTABIJIAIONINX:

DX = [MX? — (MX)?) = (0*-0,6 +1%-0,4) — (0,4)2 = 0.24,
DY = ((~1)2- 0,35 + 02 - 0,50 + 1% - 0,15) — (—0.20)% = 0.,46.

Cravio Goth: 0y = 0,24 ~ 049, 0, = /0,46 =~ 0,68. Haxonum MXY,
ucrionpsys dopmyay (3.26): MXY = 0-(—1) -0,154+0-0-0,40+0-1-0.05+
+1-(~1)-0,20+1-0-0,10+1-1-0,10 = —0.10 (MOXHO Gb1JI0 6b1 COCTABUTE
3aKOH paclpefesieHus Z = XY a zarem najitu MZ = MXY: -

Z=XY | -1]"0 1
P 0,20 | 0,70 | 0,10 |’
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MZ =MXY = —1-0.20+0-0 ;704+1-0,10 = —0,10). Haxomum KOppeJIsing-
OHHEL MOMCHT, MCIIONb3ys (opmyay (3.31): Kxy = [MXY -MX-MY]=
= —0,10—0,4-(—-0.20) = —0,10+0,08 = —0,02 # 0. Haxo,zmM K03 punpent
koppessiun (dbopmyna (3.34)):

v | Exy | . —0,02
Y= [omoy] 0,49- 0,68 ~ ~0-06,
OTpHUIATEIIHLHAR KOPPE/IALHSL. o

YnpaxHeHus

1. Jlsymepsas c.b. (X,Y) sanana saxonom pa'cnpe,uenenuﬂ.

XN\Y[ 1 [ 27374
1 [0,07]0,04]011 011
2 [0,08]0,11[0,06]0,08
3 10,090,13 0,10 ] 0,02

[poBeputs, 3aBucumer i c. 8. X u Y. Haiitu cov(X,Y).

2. TlnoTHOCTL COBMECTHOrO pacnpenesienus . 8. X u Y 3anana dpopmysnoit

fz,y) = {0( —ay’), mpu |z| <1, |y <1

y B OCTAJIBHBIX CJIydasax.

Haiitu nocrosianyto ¢ n kosdpurumerr KOppeJIsilyn.

3. Henpepoipnas aByMepHas c.B. (X,Y) sanana mioTHOCTbIO pacnpene-
JICHUsA BEPOATHOCTE

fz.y) = cr+y), mpu0<r<l, 0<y<1,
4 0, B MIPOTHBHOM CJTy4ae.

3aBucumel Jim ¢.B. X u Y? Hajitu M. 0. 1 Jucnepcuio c.s. X n Y.
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3.8. lsymepHoOe HOpMarnbHOE pacnpeaeneHue

Cpeny 3aKOHOB pacupelesIeHus JIByMEpHOl C. B. (X,Y) na mpakTHke
Yame BCEro BCTPEYAETCs HOPMAJbHOE (IayCCOBCKOE) PACIpPE/IeNICHUE BEpPO-
arrocTeit. OHO IPUMEHSIETCS, B YACTHOCTH, JIIA OIIMCAHUHA 2-X Pe3yJIbTaToB
n3Mepennsa, A0CHUCCHE ¥ OPIMHATHI TOYKN MO IaHNA (X,Y) mpu crpemsbe
U T .

Jeymepran c. 6. (X,Y) nasvieaemes pacnpedeaeHnoli no HOPMAALHOMY
3aK0HY, €CITH e¢ COBMECTHAs IIIOTHOCTD f (<, 1) uMeeT BUJ,

1 X
27rchcry\/T— r2
1 ((:c~mm)2_27‘(:6—mx)(y—my)+_(y—my)2)

-\ 2 Ge0y o2

x e , v/, (3.35)

IJ€ TNy, My, Og, Oys T = TXy — NAPAMETPBI 9TOTO PACIPENICNEHN.
Pacnpenesienue (3.35) Ha3BIBACTCHA TAKKE HOPMAADHOIM 3UKOHOM PAC-
npedesenus Ha NAOCKOCTIU WU OGYMEPHBIM HOPMAALHBIM (rayccoBCcknMm)
pacnpedeneHuem.
MoxkHO 1oKazarb, 410 f(z,y) — 5T0 QyHKIMs [IOTHOCTH, T. €. ClIpa-

BEIJIVUBO pa.BeHCTBO
X0 x
[ [ sy deay =1

-0 — 0
me = MX, my = MY; 0y 4 0y — CPEIHMC KBRJPATHHUCCKNE OTKJIOHCHUA
(c.x.0.); 7 — x03pdUMUEHT KOPPEJIALMY C. B. XunY.

D10 03HAYACT. YTO JBYMEPHOE HOPMAJILHOE PACHPENEJICHUE MOJTHOCTBIO
OIpeieNIACTCA 3aJAHNEM €F0 YHMCJIOBBIX XapaXTEpPUCTHK, UTO ynobHO Ha
npakTHKe (ONBITHBIM [IyT€M HAXONAT 3T HAPAMETPhl-XapaKTePHCTUKM M
[IOJTy 0T COBMECTHYIO IVIOTHOCTD f(Z,%y) HBYyX HOPMAJIbHO pacnpeiesicH-
HBIX C.B. X u Y).

BBIAICHUM CMBICJI, HAIIPHMED, IAPAMETPOB 1My U Oy, HalndA pacupene-
slerme BepoaTHocTed cocrapnsmonieil X (T. €. MIOTHOCTH BEPOATHOCTEN O
Homeproii ¢. B. X). Cornacto dopmyse (3.10) (m. 3.3) mmeem:

(x — m;c)2

oC
i) = / Flsy) dy = 1 e
—

2rooyV1 — 12
0o 1 ((y~my)2_27‘(m~mm)(y my))
dy =

oy Oz 0y
—00

Y



132 » Pazpen nepsbiii. AnemeHTapHasi Teopust BePOSITHOCTE# 1 CNy4aiHbLIX NPOLLECCoB

LT — My Y —my
= | HOJICTAHOBKH =t, =z =
20, V2o, -
x
t? 1
= ‘\/io-y e_ 1—¢2 / eﬁ 1 42 (Z2*2TtZ) =
2no,0yV1 — 12 .
—00
2 F 1
= 1 e 1 [ it
V2ro /1~ 72
-0

2 242
¥1th742+11" tlz [e’e) ‘(2 ~’I‘t)2
_ € T e 1‘1"2 dZ:

B V2ro, /1 —72 |
—00

z—rt
= |[TIOACTAHOBKa ——— — ¢ =
[ V1 — 2 ]
N x
_ et /T — 12 i et
V2ro, /1 — 72 . V270,
—o0

[e @]
= |Tak kak / e du = Vv — unrerpan Iyaccona, dopmyna (2.39) | =
—00

@ ma)?

(@ ma)?
fi(z) = ;75%;;—e I (3.36)
x

Chay4qaiinan enuanna X umeer HOPMAJILHOE PACIIPEIICJICHNUE C M. O. 1My U
mucnepeueit o2, Anasiorununo noJrygaem

(y —my)?
. ]_ - 20.2
foly) = ——e Vo, (3.37)
Vano,
T.e. Y ~ N(my,o,).
I'padux mnorroctn f(x,y) HOpMasbHOTO pacupenenenus 1By MEPHO#
c.B. (X,Y) npencrasnsier coboii X0NMOOOPas3HYI0 IIOBEPXHOCTDH, BEPUIN-

1
2no0yV1 — 12
MyMm dbysxnuu f(xz,y) mocturaerca B ToUKe (mg,my), puc. 42. Ceuenns
TIOBEPXHOCTH  PACHPEJICNICHHs TLIOCKOCTAMY, MPOXONAMUMY Hepe3 TOYKY

Ha KOTOPOH HaXOOUTCA B TOYKE Mg, My, , T. €. MAKCH-
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1
My Ty,
2rooyV1 —1?
. g 2
BiaoT coboil kpuseie l'aycca Bupa z = be~¥z m2)" Tlepecekas TOBEPX-
HOCTB pacupeneserns z = f(z,y) WIOCKOCTBIO 2z = 2o, T/I€ 0 < zg < Zmax,

HepeH UKy IApHO mockoctu Oxy, npencra-

apaJueJIbHOR IJIOCKOCTH Ozxy, NOJNYyUIUM B CEYCHUH IAAUNC, YPABHEHHE
OPOEKIHH KOTOPOTO HA [JIOCKOCTh Ozxy, UMeCT BUJL

(z — g)? (z ~mg)(y —mny) (¥ — my)2
2 —2r 0.0 + 2

= hZ. (3.38)

e h? = —2(1 — 72) In(2rz00,04V1 — 2). (B cusy orpanutienud Ha 2o ap-

- TymenT Jiorapudma MeHblIe 1, CIIeNoBaTeIbHO, SHATEHHUE Jlorapu¢pmMa, OTpuU-
naresibno.) Ecim ocymecTsuts npeobpaszopanie MapasulesIbHOro Mepenoca
H [oBOPOTa oceit no dhopMynam

T = 1Ny + ToCOS v — yg sin .
y = My + Tpsina + yo COS

2r0,0y

9
02 —o?

obpasyercsi B KAHOHHICCKOE y PABHEHNE DILIHIICA. Dynunc (3.38) HaspIBAIOT
SANUNCOM PACCEAHUSA; OC CHMMETPHH 3Juthiica (oHu 0OpasyioT ¢ OCbI0 Oz

rhe yrost « nomobpan Tak, 9to tg 2o = 10 ypasuenue (3.38) mpe-

yIJIbI & 1 12T~+ () — 2AABHBLMU OCAMIU PACCEAHUA, & BEHTDP JIIIHIICA (Touka,
(Mg, My)) = YEHMPOM PACCEAHUA.

Ec/ii KOMIOHEHTH! By MEPHOIl HOPMAJILHO PACTIPEEJIEHHOI! C. B. (X,Y)
Hekoppesupopabl (1 = rxy = 0), T0 QyHKIMA NIOTHOCTH (3.35) mpunn-
MAaeT BUL

1 ((1 - m$)2+(y my)z)
1 e 2 o2 o2 _

- z Y
2mogoy

flz,y) =

_(@oma)? y—my)

_ 1 202 1 202 I J g
= —— z - —e Yy = T - f2 5
e o file) - f2(0)

re. f(z,y) = fi(z) - f2(y), toe fi(zr) — NIOTHOCTH PACTPENEIEHUS C. B. X.
fo(y) — c.B. Y. O1ciona creyer BbIBOL: HEKOPPEAUPOSAHHDIE HOPMAALHO
pacnpedenenmvie CAYHalinpe SeUNUNDL ABAAOTCA MAKHCE U HE3ACUCUMDL-
mu. CrnpaseniuBo u obpaTHOE yTBepmneHﬁe. Takum obpaszom, OJA HOP-
MAJIBHO PACHPEICSICHHBIX C. B. TEPMUHB! HE3ABUCHMOCTB® N «HEKOPPEJIH-
POBAHHOCTB» 9KBUBAJICHTHBI.
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YpaBHeHNe 9JLMIICA PACCeAHUA TS HEKOPPEJIUPOBAHHBIX C. B. 3alIU-
ChIBa€eTCA B BUE
; 2 2
(-L'_mz) +(y—my) —-1
2 2
(ho) (hay)

(cnemyer us pasencrsa (3.38) mpu r = 0). Ha puc. 44 msobpaxen omun
Takoil asumnc (mpu h = 1).

Myt-efomee

Ox

0 My x

Puc. 44
VYreepxnenne. Ecmc.s. X uY HE3aBUCUMDI, TO 8EPOAINHOCTNG NONA-

darua cayuatinot mowwu (X, Y), pacnpedesennot no HOPMAADLHOMY 3AKONY,
6 npamoyzonvrus R={a <z < b.c <y < d}, maxomutca no opmyJe:

P (—-—*b ;:nl) — &y (“ﬁa ;:nT)) X
d—m c—m
(w0 () -0 (),

z 22
1 e Zdz — Qpynxumna Jlamnaca.

Vam g

(1 cnonesys dopmyny (3.8),maxonum:

Pla <X <be

N
a
N
(=8
()
Il
N

rre $o(x) =

Pla< X <be<Y <d) =

b (z— mge)? d  (y—my)?
_ ]. - 202 ]_ /_. 202 N
= —_—— e O dx e Y dy =
Vino, ./ V2moy v
a (¢}
b—m, a—1m, d—my € — 1My
= (o () = (552 (0 () - (52)

poussosbryio obsnacty D moxHO IPHOJIMAKECHHO 3aMEHHTh OOJIACTDIO,
COCTaBJICHHOM M3 IPAMOYTOJILHEKOB. Ha 9TOM OCHOBAaHO IIPMMEHEHNEC TaK
Ha3bIBACMBIX «CETOK PACCEUBAHUIS.



hasa 3. CucTeMmbi cayuaiiHbix Benvdmuy ® 135

|~

3.9.

MOXHO TIOKA3aTh, YTO BEPOATHOCTD MONAIAHUA TAKOH Ke TOUKH (X,Y)
B OIIMH U3 BJLIINIICOB PACCEAHHA PaBHa

2 . 2

r—m Yy — m 1,5

P ( Qz) —I—(y 2y) <h2 =1—e 2",
oy oy

IIpumep 3.9. Haiitm BEpoATHOCTH MONAJAHNHA TOIKH (X,Y) B mpamo-

yromeruk {|z| < 1, |y| < 2}, ecsm nioTHOCTE COBMECTHOTO pacripesiesiennsa
1_2 +4y2
c.B. X n'Y pasna f(x,y) = 3%6_ 6

Q @ynxnmio f(z,y) MOXKHO IEPENUCATD B BHIIE

-0
- 2(\/§>2
(z,y) = ——e 20V3)' . ¢ 2) = fi(z)- folv).
f(z,y) NN ‘ég - fi(z) - f2(y)

Braaut. ¢. . X 1Y nesapucumbl 1 X ~ N(0,v3),Y ~ N (0, ?) IMoato-

my Pllz| < 1,ly| < 2} = 28 (%) - 2® (%) = 43¢(0,58) - ®o(2,31) =
= 0,428. °

Perpeccus. Teopema 0 HOpManbHO Koppenauuu

IMpu u3yYeHny JBYyMCPHOM CIyYaiHOl BEJIHIMHB! PACCMATPHBAIOTCA HE
TOJIBKO GHUCJIOBbIC XAPAKTEPHCTHKH OJIHOMEPHBIX KOMIIOHEHT X | Y (cm.
1. 3.6), HO U YMCJIOBbIC XapAKTEPUCTUKHN YCJIOBHBIX pacrpenesIenii: ycaos-
HBIC M. O., YCJIOBHBIE JUCIIEPCUN.

VeaoeHbM MATEMATNUNECKUM OHCUOaHUEM 0OHOT U3 C. 6., 8LOUAUWUL

- 6 cucmemy (X,Y) HaszpBaeICs ee M.O., BBIYUCIACMOE IIPH yCJIOBUY, HTO

JIPYTas C. B. IPUHAIA ONPEIEEHHOe SHAYCHHE (MK NONa/ia B JIAHHBI i
reppast). Obosnauaerca: M(Y|X = z) mm M(Y|z) n M(Xly).

BhIYHCIAIOTCA 9TH XAPAKTEPUCTHKM 10 OOBIMHBIM (pOpMyJaM M. O.. B
KOTOPBIX BMECTO ILTOTHOCTH PACIPEIESICHNs U BepoATHOCTel cobprtnii ne-
NOJIb3YIOTCS YCJIOBHBIC TIIOTHOCTH PACTIDEIEJIEHAA WIIH YCITOBHbIC BEPOAT-
noctu (1. 3.5).
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Jna HenpepuIBHBIX C. B.

M(Y]z) = fyf(ylzv)dy, M(XJy) = /wf(xly)d:c, (3.30)

e f(ylz) u f(z|y) — ycnosubie mnotnocTy pacnpenenenus .. X u'Y,
onpeziesigemele pasencrsamu (3.17) u (3.18) . 3.5.

Hna muckpersbix ¢.8. X ' Y ycioBubIE M. 0. BIMUCIHIOTCS o op-
MyJIaM

M(Yie;) =Y i plysle)  M(X|y;) = > zip(wily;), (3.40)
j=1 i=1

rue plyjle:) = PY = yi|X = 2;}, plaily;) = P{X = @]V = y;}, dopmy-
sl (3.15) m (3.16).

Ycnosroe MaremMaTHueCKoe oxXUIaHNE C. B. Y npu 33J1aHEoM X = 7, T. €.
M(Y|z) = p(z), naseactca @yrnyued pezpeccuy, WM 1IPOCTO pezpeccuet
Y na z (wm Y o z). Aranoruuno, M(X|y) = o(y) — peepeccus X way
(mmm X 1o ).

I'padukn s1ux GyHKIpit HABBIBAITCS COOTBETCTBEHHO AUHUAML (vum

«KPUBBIMUS) pezpeccut Y ua z u X Ha Y.

Ecym o6e dbynkunu perpecenu Y wa z u X na Y JIMHEHHEI, TO roBOpPAT,
9T0 C.B. X 'Y CBA3AHBI AUHEUHOT KOPPEAAYUONHOT 306UCUMOCTIVIO.

Teopema 3.4 (Teopema o0 HopmasbHOLH Koppensanun). Ecim npymepnas
c. 8. (X,Y) pacnpenenena no HOPMAJIBHOMY 38KOHY, TO C.B. X U Y CBs3aHbI
JIMHEHHON KOPPEeNIAIMOHHO 3aBUCUMOCTBIO.

(4 Ycnosmoe m.o. M (Y|z) (r.e. dymkumo perpeccun Y na, T) Haiizmem,

HCTIOJIb3Ysl YCJIOBHBIM 3aKOH pachpenesieHus c.B. Y mpu X = xz, KoTo-
PBIif OlIpeAesAeTCs: yCIOBHOH MIOTHOCTHIO pacnpenenenus f(y|z). Cornac-
flz,y)

HO opmysie (3.17) f(y|z) = @) Copmectnas nnoraocts f(z,y) sana-
1\
Ha opmy.toit (3.35), a wnoTHOCTD pacnpenesienus cocrapngaromeit X ectsb

(@ may?

g — 1 202
xZ) = € z
i) V2mo,

(em. dopmyny (3.36)). Nmeem
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1
flylz) = x
(wl=) 27rcrl-0y\/1—'r2

1 ((z —ma)? 2r(@—ma)ly —my) (Y- m-y)“’)

x 6‘ 2(1 —72) o Ox0y a2 2o, '
(z —ma)?
e

e 20

IMpousseneM yupoIeHHe MOKA3aTes A IKCIOHCHTHL B nocaentell gpopmyJie.
Tak Kax ‘

1 ((ac—ml-)2 B 2r(x —my)(y —my) + (y"my)2> n

T 2(1—12) o? Tz0y O’Z

(x—mz)® 1—12 1
. —_ e— X
202 1—72 2(1 —r2)

X ((55 - mx)2 _ 2r(z —ma)(y — my) B (z — mx)2(1 — TQ) + (y— my)z) =

og 020y 0326 O’Z
1 (y—my)? 2r(a—me)ly—my) 1= me)®\ _
2(1 —17?) O‘Z T20y o?

_ 1 y“my_lr.:v—mz 2
2(1_,,2) Oy Ty °

(y= Gy +7- Pta—ma))’
2(0y V1 —12)?

TO !

(ylx) = 1 e
fylz) Voo i)

Kax BUTHO, yCIIOBHBIH 3aKOH PACIpeIeJIeHHd ABNACTCH TOXE HOPMAJILHBIM
C YCJIOBHBIM M. O. U yCJIOBHOM nmucrepcueit, onpenesigeMbiMu (hopMyIaMu

oyl —my)

M(Y|g) =my +7- L w D(Y|z)=o2(1—12).  (341)

AHAIOrHIHO MOXHO TOJlySuTh yHKIMIO perpeccuu X Ha y:

oaly —my)

oly) = M(X|y) =mq +7- — 5

u D(X|y) = o2(1 —r?). (3.42)

Tak kax o6e dpyuknum perpeccun (3.41) u (3.42) yuue#Hbl, TO KOPPEIANMLA
Mexay c.B. X u Y nmHednad. |
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Ilpumep 3.10. Tocrpouts jmmmo perpeccun Y Ha  1yia mByMepHoii c. b,
(X,Y'), sakon pacnpenesnenus KOTODOH 3a5lan tabiuneti:

XNY[-1]o0 1]
0 [0,10]0,15]0,20 [ 0,45
1 10,15[0,25[0,15 | 0,55
> ]025]040]035 ] 1

Q Haxomum ycsosnbre PAIBI pacnpenenenus €. . Y npu x1 = 0, x5 = 1,
ucnosib3ya copmyas (3.15).

0,10 19

pyilzr) = P{Y = —1|X =0} = 0.45 ~ 45
_ —aly —m _ 0,15 15

p(yalz1) = P{Y = 0]X =0} = O = i
) — _ _m_ 920 90
p(yslzr) = P{Y = 1|X = 0} = 0dE =

Cornacno (3.40) mveem M(Y|z;) = —1.10 4 . 15 +1.20 10

45 45 45 ~ 45"

Hanee:
oy . -1y 015 15y
p(yilee) = P{Y = —1|X =1} = 0FE = 1o
0,25 95
Plyzlrz) = P{Y = 0|X =1} = 0,55 ~ 55
_ x 1o 015 15
plyslze) = P{Y =1]X =1} = OB = 5o

_ 15,025 15
Crenosarensno, M(Y|zg) = —1 zr +0 gr 1 gz = 0.

Jlunwua perpeccn Y Ha, uzobpaxena Ha puc. 45. o
1._
10,
0 1 z

Puc. 45
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YnpaxHeHus

.

1. llocTpouThb JIMHKIO perpeccuu X Ha y M0 yCJIOBUIO NPUMEpa 3.10.

2. Tycrs (X,Y) — nBymepHas HOPMAJIbHAA C.B. C NApAMOTPaMM iy =
= my = 0, 0, = 0, = 1. Haiitu ycyiopny:o mIoTHOCTH pacupenesieHuA
c.p. X 1pH ycqosuu, 4To Y = Yy M C.B. Y upu ycnosum, uto X = T
(BOCTIONIB30BATHCA (POPMYJIAMH (3.36) u (3.37)).

3.10. MHoromepHas (n-mepHas) cnyvyaiHas senmuinHa
(o6wimne ceepeHns)

CucreMy 7 CTydIailHBIX BEJIHYHH HA3bIBAIOT n-meproti (mrozomeproti)
C. 6. HJM CJIy9aiHBIM BEKTOPOM X = (X1, X2,---,Xn) _

Muozomepnas c. 6. ecmv Gynkyus DJICMEHTAPHOro cobbITHA  W:
(X1, X2,-..,Xn) = @(w); KaXmOMY 3JIEMEHTAPHOMY COOBITUIO W CTa-
BUTCSL B COOTBETCTBHE 7. NEHCTBUTENBHBIX HHCeN Ti, T2, ---- Tn
sHadeHUs, npuHATHE C.B. X1, X2, -..) X, B pesynbrare onbiTa. Bex-
top Z = (x1,%2,..-,%n) HA3BIBACTCH peasusayueti CIyIaifHOro BEKTOpa
(X1, X2,...,Xn) =X

3akoH pACIpeneseHIs BEPOATHOCTEH n-MepHOH C. B. 3a/IACTCH €€ bynx-
yueli pacnpedeseHus

FXl,Xz,...,Xn(-'L'ly-'L'Qv- .. ,.’L‘n) = P{X1 < $1,X2 < X9y ,Xn < :En}

Oyuknus pacupegenenus F(z1, 22, .- Zy,) obyagaeT TaKUMU XKe CBOHCTBa-
MH, Kak ¥ (QYHKUHA pacrupenesenns IByX C.B. F(z,y). B "actHocTn: OH&
IPUHUMAET 3HAYCHUA Ha OTPE3Ke [0,1], F (400, +00,. .., oo) = 1, F3(z3) =
= F(+00,+00,Z3, +00, ..., +00).
ITaomuocms pacnpedeserus CucCmemst 1 HEIPEPHIBHBIX C. B. (X1, Xo. ...
., X,,) onpenenseTca paBeHCTBOM

_O0"F(z1,%2,- - y ZTn)

T30, XX (E1, 725 Tn) = 0102 . .. Oy
[Ipu stom: f(x1,%2,..-,%n) 201
[e @] O? -OO
/ / / f(:cl,xg,...,:cn)d:vld:cQ...,d:cn =1.
—00 —00 —00

—————

n
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Beposmuocme nonadanus cayratinot mowwu (X1, Xo,..., X,) 6 obaacme
D w3 n-meproro npocrpancrsa BBIPAXKAETCHA 71-KPATHBIM MHTErPAJIoM

P{(Xl,XQ,...,Xn)ED}://.../f(£1,x2,...,wn)d:vldxg...,dxn.

(D)
Dynknusa pacnpenenenus F (x1,22,...,2,) BRIpaKaeTca qepes ILJIOTHOCTD
Sy, 29, .., 1) n-xparuasm HUHTErPaJIoM

:L} pis) I'y.l

F(wl,wQ,...,xn):/ /.../f(:icl,xQ,...,wn)dxld:cQ...,d:vn.
—00 —00 -0
————

n

Heobxodumvim v docmamowmvim YCNAOGUEM 63AUMHOT HE3AGUCUMOCITIA
7 C. B. ABJIACTCA PABEHCTBO:

X1, X0, X0 (T1, T2, . .., 20) = Fx, (%1) - Fx,(z2)... Fx, (zp);

JJIS 71 HEIPEPBIBHBIX C. B.:

SX0 XX (1,82, - n) = fx, (1) - fx,(22) .. . Jx, ().
OcHoBHBIME “uca06BIML rapaxmepucmuramu muozomeproti c. e. (X,
X2,...,X,) asnaorcs:
L. n mo. cocrapnaommx X;, T.e. my = MXy, mg = MXs, ..., m, =
=MX,;

2. n pucnepcuit cocraBssOIX Xi, ne. Dy = DXy, Dy = DXo, ...,
D,, = DX,,, upu atom D; = M(X; —m;)?, i =1, m;
3. n(n—1) kopapuanuii, . c. Kij = M(X;-X;), i # j, npu atom K;; = Kj;,

Ky = D;.

Kosapuarmm K;; obpasyror KOBapHAIMOHHY IO MATPHILY
Kii K ... Ky, Di Ky --- Ky,
Ky Ky ... Koy, Dy -+ Ky,
CECINS . e e . e - . s 8 HHI/I . e e . e
Koy Ky ... Kon D,

3.11. Xapakrepuctuueckas ¢$yHKkLUMS U ee cBONCTBA

Hapsny ¢ ¢pynknmeti pacipenenenud, conepxaueil Bce cenenus o c. .,
JJis1 €e ONIMCaHMs MOXKHO HCIIONb30BATDL TaK HA3BIBAEMYIO TaPaAKMepucn-
ueckyro Pyrkumo. C ee nomoupio, B YaCTHOCTH, yNPOIAETICA 33]Ia4a Ha-
XOXKICHUA PACIPEIEJICHUA CYMMbI HE3aBUCUMBIX C. B., HAXOMICHUS YHCIO-
BBIX XapaKTEPHUCTUK C. B.
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Xapaxmepucmuneckoll pynryuetl c. 6. X HaspIBAETCA M.O. C.B. €%,

obosnaraercs depes @x (t) mm npocto ¢(t).
Takum 00pa3oM, MO ONPENENCHHIIO

ox(t) = Me™¥,

e { — mapamerp, ¢ = v—1 — MHUMAas eINHUNA.

Hanst p.c. . X. IpUHAMAIONIEH 3HAYEHU L1, T2, - -C BEPOSATHOCTAMYA
pp = P{X =z}, k = 1,2,3,..., XapaxTepuCTuiecKas Jbyukumst onpene-
nsierca GhopMyJIon

o0
ox(t) =) ¢ *py. (3.43)
k=1

[UIA H.C. B. € mioTHOCTHI0 f(2) — dopmyJoit

o0

ox(t) = / e f () de. (3.44)

—00

3ameTuM, 9T0: '

1. Xapakrepucrnyeckas (pyHKIMs H. C. B. €CTb npeobpasosanne Pypbe 0T
IJIOTHOCTH €& pACTIPEIICIICHTs; wiorsOCTh [(2) BEIpaxaetcs gepes ¢(t)
obparnpiM npeobpasopanueM Pypoe:

o0
— _1_ —itx
f@) = 5 [ wtte i
—00
2. Ecsm c¢. B. npuavMaeT LEJIOYHCIIEHHbIC 3SHACHUA 0,1,2,..., 10 ©(t) =

=p(z), tme z = e't. Torna

P(z) =Y pi
k=0

(cm. m. 2.6).
CaoiicTpa xapakTepucTuieckod pyHKumu:
1. Jlns scex t € R umeer MecTO HEPABEHCTBO

lo(t)] < (0) = 1.

9. Ecom Y = aX + b, rae a 1 b — nocTosiHHbIe, TO

oy (t) = e™px (at).
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3. Xapakrepuctuueckas ¢byHKmmst CYMMBI JIByX HE3aBUCUMBIX C.B. X n Y
paBHa MPOU3BEICHNIO MX XAPAKTEPHCTUCTHYICCKIX byukumii, T. €.

ox+v(t) = ox(t) - oy (t).

1. Ecym mst sekotoporo k CYWeCTByeT Ha4asIbHBbI MOMEHT k-To TopsmKa
¢.B. X, Te o = M(X¥), 10 CywectByer k-s1 NPU3BOLHAS XApaKTEpH-
CTHIeCKOi (DyHKImy 1 ee 3HaUeHne npu t = () PABHO (v, yMHOXEHHOMY
HA z"“, T. €.

¢P(0) = *FM(X*) = ibay.

A 1. |p(t)] = |MctX| < Me®™X| = M1 = 1. (HeitictBurennro. Y] =
=|costX +isintX| = /cos tX + sin2 tX — 1); ©(0) = Me® = M1 = 1.
2 (,OY(t) = MY — MeitlaX+b) _ M(eiibeia,Xt) = el pfeiaty _
= ey (at). .
3. 90‘X1+X?(t) — Meit()(l-l-Xg) — M(e’itxleitXQ) — MeitAYI . A’_’[@itx? —
= ¢x, (t) - x, (t). CoiicTBo cnpasemymBo JJ1sl CYMMBI 77 HE3aBUCHMBIX C. B.

k7 it X -
4. gpf\’f)(t) = d%— = FM(XkeitY), [oaromy npm t = 0 umeem
B (0) = i+ M(X*) = i*ay. N

. —k (k .
W3 cpoiicrsa 4 cnenyer oy, = i—F SOEY) (0). Orcrona, xak gacTHbil cay4ai,
MOXHO [OJIYYUT:

- . "1—1—1..:L.:_'
a=MX = ch(U). (z s R z),
ay = MX? = —,"(0), (3.45)
DX =ap— o = —¢"(0) + (¢£'(0))2.

IIpumep 3.11. Haittu XapaKTEPUCTHICCKYI0 PYHKIMIO ¢. B. X, pacipene-
JIEHHO# 10 bunoMmAaIbHOMY 3akony. Haiity MX u DX,

Q C.B. X npunnmaer snagenust 0,1,2,....n ¢ BeposTHOCTAMU

pr = P{X =k} = CppFg"*.
Hoaromy, ncnomnbsyst dopmyaty (3.43) u dopmysty 6uroMa Herorona, naxo-
JIAM, 9TO

F13 F13
P(t) = DO = 3T CR(e gk = (eitp + g7,
k=0 k=0
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1. e. p(t) = (e'p + ¢)". Vicnonnsyst opmyJrbt (3.45), Haxomum:

MX = —i(n(e"p + )" Lopet i) =np, DX =npq. [

YnpaxHeHus

1. HaiiTi XapakTepuCTHIECKYIO (PyHKIHIO C. B. X, paBHOMEPHO pacHpe-
neJIeHHol Ha oTpeske [a, b).

2. Haiitu M X c.s. X. pacupenenestoit o saxony Ilyaccona ¢ napame-
TPOM @, HCIOJIB3Ys XapPaKTePUCTHIECKYIO dynxmmo px (t).

' _ __2$7 npu x c [_110]7
3. Hano fx(z) = {0’ B IIPOTUBHOM CJ1y4ae

Haittu @x (t).

— mjoTHOCTL C.B. X.

3.12. Xapakrepuctuieckas GyHKLMS HOpMaJibHOW
CNy4aiHOW BEJIN4MHDI

Corstacao dopuydie (3.44), xapakTepuCTHIeCKAs Jyukupsi ¢.B. X ~
~ N(a.0) papHa

(x — a)? oo 2?2 — 2(a + ito?)x + a®

o0
1 / ite,— 53 _ 1 / 3 _
t) = ePe 202 dx = e 20 dx =
w(t) V2o 2no

2

. 00 42 _9g(a 4 ito?) + (a +ite?)? + a® — (a + ito?)?
- / (4 2(72 d’E fosseng
V2o
—00

00 (z—(a+tite?))?  2aito? + (ito®)?
= 1 / e 202 -e 202 dr =
—OQ

e 202 202 dr =

2aito? — t2o? 7 (@—(at ita?))?
&

—00
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00 z — (a + ztaz) . 9
_ wt~*/ d(m—(a+zta )).\/—2-0:
V20
2 .2 2.2
1 ita— zta~t <
= —e¢ 2 mT=e 2
GOV
oo
/ e % du = V7 — unrerpan Ilyaccona
o0

i t2 2
Taxum obpasom, px (t) = €2 ecam X ~ N a,o).
@

j Ilpumep 3.12. Haiitu ¢ nomoursio XapaKTEePUCTUIECKON (byHKIIMH M. 0. 1
—  ucnepcuio ¢.p. X ~ N(a,o0).

Q [pumenum dbopmybt (3.45):

t?g2 ;
MX = [~/ (0)] = '™ 7 (ia — tgz)l =—itliia=a,
t=
T.e. MX =g

DX = [-¢"(0) + (¢'(0))%] =
=— (—026’“‘% + (ia — taQ)Qe'iat-t—;_) lt_ +(ia)? =

=0? — %42 +i%d? = 02
T.e. DX = 02 Tonyumnm ussectHble HaMm pe3yJibTarel: ¢ — M.0., 0 —
C.K.0.; 9TH NAapaMETPEI IIOJTHOCTHIO OMPEAESISOT C. B., pacnpenesieHHy 0 1o
HOPMAJIBHOMY 3aKOHY. ®



DYHKLMU CyHalHbIX BEJIMYUH

YacTo BOSHUKAIOT 33J1a9i. B KOTOPHIX TI0 M3BECTHOMY 3aKOHY paclpe-
mesienus (MITM 9UCJIOBBIM XapaKTEePUCTHKAM) OIHON (1im HECKOJILKUX) CJIy-
yaiiHoll penunHbl TpebyeTcs Onpene/InTh Paclpene/enne npyro#t (uinm He-
CKOJILKMX) CJIydaifHOil BesM4MHbI, $yHKIHUOHAILHO CBsI33HHOH C NEpPBOM.
TlocTpoeHne 3aKOHOB paclpefiesiennsl (yHKuit HEKOTOpbIX . C. B. (X,
X +Y, X Y) yxe ObJ10 pacCMOTPEHO B II. 2.5 (cpoiictsa 2. 3, 5 mare-
MATHYECKOTO OXKMIAHNS).

DYHKLMS O[HOro CNY4aiHOro aprymeHTa

Ecnnu KaXO0My BO3MOXHOMY 3HAYEHUIO C. B. X 1o onpeaesIcHHOMY IIpa-

BUJIy COOTBETCTBYeT OHHO BO3MOXHOE 3HAYEHHMe C.B. Y, to Y Ha3bBaIOT
Pynryueti caywaiinozo apeymenma X, sammcebator Y = @ X).

INycts X — g.c.B. € BO3MOXKHbBIMHU 3HAYEHUAMU T1,L2, T3, -,Ln, BE-
POATHOCTH KOTOPBIX PaBHBI COOTBETCTBEHHO Pi,P2;P3;---:Pny T-€ Pi =
= P{X = xz;}, i = 1,2,3,...,n. OueBnnno, 910 C.B. Y = o(X) Tax-
e JI.C.B. C BO3MOXHBIMH 3HAYEHUAMM Y1 = o(x1), y2 = @(z2), ¥y3 =
= @(23),---,Yn = @(&n), BEPOATHOCTU KOTOPBIX PABHLL COOTBETCTBEHHO
P1,P2, V35 - - - 2 Py, T- €. €CIH Y5 = o(x;), 0 p; = P{Y =y} = P{X = z;},
i=1,n.

OTMeTM, YTO PA3JIMYHbIM 3HAYEHHAM C. B. X MOTYT COOTBETCTBOBATE
OIIMHAKOBbIC 3HaYeHus C. B. Y. B 9ToM Ciy1ae BepOATHOCTH MOBTOPAIONINX-
Csl 3HAUCHUI CJieAyeT CKJIaAbIBATD.

MarteMaTHIecKoe OXHIAHNe i aucnepcusi GyHKkmmn Y = (X)) onpene-
JISTIOTCH COUTBETCTBEHHO PaBEHCTBAMHI

MY =) p(z:)pi, DY = > (i) — my) pi-
i=1 =1
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Ilpumep 4.1. 3anan 3axon pacrpenesieHus fi.C. B, X:
—

X[=1[1]2
p |0,1]03]06]

Haiitu MY, ecim: a) Y = X2, 6) Y = 2X + 10.

Q a) C.s. Y npunumaer snasenms N =p(r) =(-1)2 =1,y = 12 =
=1, y3 = 22 = 4, 1 e. ona HpVHUMAET JBa 3HaveHuA: 1 u 4, opudem
p1=PY =1} = P{X = —1} + P{X = 1} = 0,1+ 0,3 = 04, p2 =
=PlY =4} = P{X =2} =0.6. Cnenosarensiio, MY =1-0,4+4-0,6 =
= 2,8.

6) 3akon pacupenesiesnst Y umeer Bui

Y[ 8 [12]14
p |01]03]06]

Buaunt, MY =8-0,1+12-0.3+14-0,6 = 12,8. o

Hycts X — HenpepuIBHASA C. B. € IWIOTHOCTBIO pacnpenenenus f(x), a
c.B. Y ects bynkmus or X, re. Y = ¢(X). Hailnem saxon pachpeese-
nus ¢.8. Y. Bymem cuwmrarh ¢yukmmo Y = ©(X) menpepriBHOI, cTporo
Bospacratoumelt u mudpepentupyemoii B urrepsasie (a.b) (on Mmoxer GuITh
beckoneuHBIM: (—00, 00)) BCEX BOSMOKHEIX 3HAYCHHT . B. X. Torpa cyme-
creyeT dynkims = = 1)(y), obparnas pyuku y = ¢(z) (cnyqaiinas Touka
(X,Y) siexxwur na kpupoii y = p(x)). Oyrkums pacpenenennst Gy (y) (ee
MOXKHO 0Go3HaumTh 1 1aK: G(y), Fy (y) wm Fy (z)) c.B. Y oupenensiercst o
bopmyse G(y) = P{Y < y}. U 1ak kax cobsrrue {Y < y} skBuBasienTHO
cobertmio {X < (y)} (puc. 46), to

Y

y = p(z)

oy O O




Maea 4. MyHKUWUM CNyYANHbBIX BENUHUH * 147

P(y)
Gly) = PLY <y} = PIX < 9()} = Fx((5)) = / f(a)de. vc.

P(y)
Gly) = / f() de.

a

TudpdepeHrmupys IOJTy YEHHOE PABEHCTBO 1O ¥, HaliIeM IJIOTHOCTh pacipe-
geJjieHns C.B. Y:

ot = 25 = 50 - L) = £ ¥ )

9(v) = FW)Y (v)- (4.1)

Ecm ysxnus y = @(z) B uHTEpBAJIE (a,b) crporo ybeiBaet, To cobbrrye
{Y < y} sxBuBaIEHTHO COOBITHIO {X > ¢¥(y)}. Hosromy

G(y) = /b f(x)dz = — 7 f(x) da.
b

P(y)

Ozcrona cnenyet, 110

g(y) = —Fb()Y (v)- (42)

VURTHIBASA, YTO IJIOTHOCTH PACHPEeSICHHs HE MOXKET OBITh OTpUIATEJIHHOM,
dopmyaer (4.1) u (4.2) MOKHO OOBENUHUTE B OJIHY

g(y) = F)IP Y)I- (4.3)

U, nakonen, ecyin PyHKIUA Y = (r) HEMOHOTOHHA B HHTEpBAJIE (a.b), TO
s Haxoxnenust g(y) caenyer pazbuTh UHTEPBAJI HA 72 yIaCTKOB MOHOTOH-
HoCTH, HafiTi 00paTHyIO (DYHKIMIO HA KAXIOM U3 HUX U BOCTIOJIL30BATHCH

¢dopmyJioit

n
g(y) = > Fs)iw)l- (4.4)

i=1
Ecm c. . X singercst Henpepbibroil 1 f(2) — mioTHOCTL €€ pacnperie-
JICHHS, ‘TO TSt HAXOXKIEHUs YUCIIOBBIX XApAKTEPUCTUK C.B. Y = ¢(X)

HeobsaA3aTeIFHO HAXOAUTh 3aKOH €€ pacapeneJeHud, MOXKHO NOJIB30BATHCA
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dopmynamu
o0

MY = M(p(X)) = / (@) f(z) da,

—00

© (4.5)
DY = D(e(X)) = [ (¢(w) = my)?f(a) da

Ilpumep 4.2. Hajitu wiotsoCTS pacipenenenus gyukmun Y = —5X 42,
cuuran X H.C.B. C IIOTHOCTHIO f(x).

Q Oyukimua y = 5z + 2 MOHOTOHHO yGriBaet B I/IHTGPBH,JIE‘ (—o0, 00).

Obparsas dbyrknus ecrb x = 1(2 —y) = zp(y) P (y) = _5 Io dopmy-
2—

Jsie (4.3) umeem g(y) = ( ) l 5f ( y) Yy € (—00,00). @

Hpousnmroctpupyem ma npumepe 4.2 BBIBOM (hopmyst st pyHKRImMM u
TJIOTHOCTH PAaCHPENesIeHUs:

G(y)=P{Y<y}=P{—5X+2<y}=P{X>ng}:

:1—P{X<25;y}=1—(P{X<25y}+P{ :2%?/}):
:1—P{X<25y}:1—Fx(2—gg).

TaK Kak P{ = 25;‘7}} =0,1re. Gly) =1~ Fy (ZEJ) — dynkmsa

pacnpenenenus c. B. Y. Torna

o) =) = (1- £ (25 5y)) —-fx(zgy).(zgy)':
y f .

1.(2—y
veg) =31 (352) € (on,00)
Ormetum, 4T0 JHEEHROE npeobpasobanue Y = aX + b He Mensier xa-

PaKTepa pacnpeiesieHus: u3 HOPMAJIBHOM C. B. MOy HaeTCst HOpMaJIbHAA; U3
PaBHOMEPHON — paBHOMEpHAA.
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Hpnmep 4. 3 ITycts c. B. X MMeeT paBHOMEPHOE paciipeie/IeHre B MHTep-
BaJIe 2 , ). Haiitn MaTemMarniecKoe OXHIaHue C. B. ¥ = cos X: a) naii-
st H.HOTHOCTI) ¢(y); 6) me naxonst g(y).

Q a) Nmeem:

=

N 3L
T
2’

0. mgz(— )

B unrepsaJie ( 5 2) JbyrKIMs Yy = €OS T HEe MOHOTOHHA: B (———725 O) byHK-

IR

1M BO3PaCTaeT, B (0, 5) — ybuipaer. Ha neppom ygactke obparHas byHK-
mast £ = —arccosy = 1(y), Ha BTOpOM — Zg = arccosy = Pa(y). o
dopmyJie (4.4) umeem

g(v) = FEh @) @) + F @) ey =

_1j 1 o1 _ 2
T /i—g| ™| Vi—¢?| m/i-¢%
T.€ 0
—= —, npu0<y<l,
gly) = mV/1i—y?
0, opu y < 0 mm y 2> 1.
Torna
o] 1
MY [/yg(y)dy] /y — =y =
7r\/1—
—00 0
1
2 1 2 / 3|"
=79 (1—-99) 2d1-y)=—%-2V1~-y 0:7r’
0
T.e.MY:%.

6) Ucnonbzyem dpopmyaty (4.5):

Lid
cosw-%d:c = %—smw 2£ %(1 —(-1)) = -Zﬁ,
2

=

h<

| I
mm\,\;,:‘

=
T
=
l~<
I
Hro
o
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YnpaxHexnus

4.2.

1.

Huckpernas c. B. X 3agana 3akonom pacopemesieHus

X! -2 | -1 0 1 2 3
p 9,101 0,20 | 0,30 [ 0,25 | 0,10 | 0,05 |

Haiiti sakon pacnpenesnenust cinyqainbix Besmumu: a) Y = 2X2 — 3.
6) Y =vX+2;8) Y :sin%X.
Huckpersas c. . X samana cBoum PAIOM pachnpeneseHusA

X[0 1273
» [0310,4]0,2(0.1]

HocTpours muoroyrosmauk pactpenesienusa ¢.B. X u Y = cos? %X .
Haiitmn MY u oY.

Haditu nyorrocts pacnpenesienus u gucnepcuio €. B. Y = X + 1, ecym

X ~ R[-2,2].

Coyyatinas semmranna X ~ N(0, 1). Hajitu miorsocTs pacnpenesnenns
c.B.:a) Y =3X3%6)Y = |X|.

[Mycts X — n.c.B. ¢ wiotHOCTHIO
T

_Je™, mpuz >0,
flz) = {0, upu z < 0.

Haiitn dbysxuuro pacipenesenmst n miormocts pacnipenenenns c.B. Y,
ecmma) Y =2X —1;6) Y = X2,

DYHKUMUN OBYX CIIYy4aiHbIX APryMeHTOB

s perenvist psaa npak tuaeckix 3aJa1 HeOOXOMMMO 3HATh 3aKOH pac-

Tpene/ienus (M TUCTIOBbIE XAPAKTEPUCTUKIL) CITyARHbIX BeJTHHHH BUIA
Z=X+Y,Z2=X-Y,Z=vVX21YZ, Z =max(X,Y) un gpyrux.

Ecym xaxmoit mape Bo3MOKHBIX 3Hadenuii ¢.B. X un Y no onpenesnien-

HOMY IIpaBHJIy COOTBETCTBYET ONHO BO3MOXKHOE 3HAYEHHE C.B. 7 , TO Z
Ha3LIBAIOT (hynryuelt 06ys caywatinvir apeymenmos X u Y, 3annuchIBaIoT
Z = p(X,Y).
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HalizieM 3aKOH PACIIPEIeJIeHNs CyMMBI IBYX CITyYafinbix BesTiuH (Hau-
Gostee BAXKHBI Ha NPAKTHKE), T. €. 3aKOH PACIIpesieSIeHus C.B. Z = X+Y.
Iycth cmcTemMa AByX HeNpephiBHBIX C.B. (X,Y) mMeeT COBMECTHYIO

notnoCTH pacnpenesienus f(z,y). Halinem no dopmyse (3.8) hyHKIIIO
pacupenesieHus C. B. Z=X+Y.

Fyp(z)=P{Z <z} =P{X+Y <z} = //f(x,y) dzdy.
D,

3nech D, — MHOXKeCTBO TOYEK IIOCKOCTH Ty, KOOPAUHATE KOTOPbIX YO~
BJIETBOPHIOT HEPABEHCTBY & + ¥ < 2, CM. pHC. 47.

z
rH+y==z2
z
N
Puc. 47
Nnmeem B
Fz(z) = /(/f(x,y)dy)dx.

Tnddpepennupys NOJIyUEHHOE PABEHCTBO IO IEPEMEHHOH 2, BXOIANIEl B
Bepxuuil IIpenest BHy TPEHHEr0o MHTErpadla, HOJIy 9aeM BbIpakeHne /1A 10T
HOCTH pacupenesienusi ¢.B. Z = X +Y:

fz(z) = / flz,z — z)dx. (4.6)

FEerm c.5. X u Y mesasucumpl, 10, Kak mssectro (. 3.4), f(z,y) =
= fi(z) f2(y). Popmyuia (4.6) mpumer BULL

F2(2) = fxav(e) = / (@) folz — @) da. (4.7)

3aKOH PACIPEIEJICHUS CYMMbL HE3AEUCUMBIT C. 6. HASHIBACTCH KOMTO-
suyueti umm ceepmxoti 32KOHOB PACHPENE/IEHNA CJIAraeMbIX.
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IliorHOCTS pacnpenesienns c.B. Z MOXHO 3aIUCATH B BUIE fx+y =
= fx * fv, tne x — snak ceeprkm, a dpopmysy (4.7) HaspBaOT Gopmyuoit
CBEPTKH WK (POPMyJIOf KOMIIOBUIUY JBYX PACIPENEJICHU,

Samucas Z B suse Z = Y + X, MOXHO HOJTyquTh OPYTO€ NPEenCTABIICHAC
mnsa fz(z), a umenno

o0

h&%:/f&—%w@

—-oC

=/ﬁ&—wmw@

B CJIyYae HE3aBHCUMOCTH C.B. X u Y. .
3anaua HAXOXKIEHUS 3aKOHA, pacrnpenesicHua C.B. Buga Z = X — Y,
Z = X Y ¥ Opyrux pemalorcs aHAJIOTUYHO.

IIpumep 4.4. Ilycrs c.B. X ~ N(0,1), c.B. Y ~ N(0,1). Hafitur saxon
pacnpenesienus C.B. Z = X + Y, cuntasa X u Y He3aBUCUMBIMIE C. B.

Vd

Q Vcnosmsys dopmysy (4.7), nosygaem

7 z2 1 (Z—I)z 1 222 —2zz+z g
2 == =
f2(2) 27r \/27r o = 27 / *
: —Oo0
2 z
1 s ((z_%) +T) T ® ( z)z ;
—_ = - — 1 o 4 - I_i — = =
o7 /e 2 dv=gze @ [ e d(z-%)
—Oo0 —0o0
1 = v
= —6_7\/7_'( = —= ¢ 2(\/_)2
27 \/“/
(o e]
/ e du = Vn — unrerpan Ilyaccoua |.
oo
T. e
22
Fxav(z) = —=L—e 2V2Z,

V2V2r

CyMMa He3aBUCHMBIX HOPMAJILHBIX C. B. (C m = 0, 0 = 1) umeer nopmasIb-
HOe pacnpesiesienve (¢ m = 0, 0 = 1/2). - [
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IIpumep 4.5. CoBMecTHOe pacmpesiesienue c. B. X 1Y 33/1aH0 IJIOTHOCTRIO
pacnpenesieHus BepOATHOCTEH

z+y, mpul<z<L 0<y<],
flay) = {0 B MPOTHBHOM CJIy4ae.

HaiiTu JIOTHOCTD PACIpeIesieHus: BeposiTHocTel ¢.B. Z = X — Y.

() Haifinem crauana dbynkmuo pacupenenenus F(z) c.B. Z, a sarem — ee
npoussomuyio Fy(z) = fz(z).

thz)=P{Z<z}:P{X——Y<z}://(x+y)dxdy,

rme D, — MHOXECTBO TOHYEK, KOOPIMHATH! KOTOPHIX YAOBJIETBOPAIOT Hepa-
BEHCTBY & — Yy < Z, T. €. Y > & — 2 (OHM HAXONATCA BbIlE NPAMOH y = T — z),
rie z — npomussosbioe gucsio. Oduesnano, ecom z < —1, 10 F(z) = 0; Tak
xak f(z, y) = 0 sre ksayipara 0 < z < 1, 0 < y < 1. Obnacts wHTErpupo-
pamma D, npu —1 < z < 0 nsobpaxena na puc. 48, npu 0 < z < 1 — na
puc. 49).

Y y
y=x—2
1 /:x—z

X

/ E
/0 T+z1 z

Puc. 48 Puc. 49

o)
N
)

IMpu —1 < z < 0 umeem

142 142 ,
2\ 1
F(z) = //(m+y)dmdy—/dx/(x+y)dy— /d:r(xy+y2) =
r—=z
0 0
14z
_ 1_ .2 @2\, _
—/<x+2 Tt + a2 5 )dx—-
, .
(21 B, g (@2t
“(7+§$ 3 t%5 6 o
_(1+z)2+1_|_Z__(1+z)3_'_z(1+z)2_l__z_3__(z+1)2
2 2 3 2 6 6 2
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Ilpu 0 < z € 1 umeem

z 1 1

F(z)://(:1:+y)dxdy:/dx/(a:+y)dy+/dx/](x+y)dy=
D, 0 0

z r—=z

z

1
2 1 2
- L L
~/d:c<xy+ 2)’0+/dx(xy+ 2)
0 z

1

r—=z

_ (22 x|, (22, a8 2 (z—2)® 1
—(‘z'+2 T Tt 3ty 6 )l
2 2 3 3 1— 2)3 .2
2z 1 2201 2 1.2 2 2 (-2 242241
—oteto Ty te a3t g3 6 0= 2

Taxum obpasom,

0, npu z < —1,
z 4+ 1)2
(——), npu — 1< 2<0,
Fy(z) = 2 9 1 1
-~ +2z+ , mpm 0 <z <1,
1, npu z > 1.
CrientoBaresbho,
0 mpu z < —1, z > 1,

Fz(z) = fz(z) = z+1, mpu —1<2z<0,
1—-2, mpnO<z<l.

Kountposis:
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-1

o o : -
_4f(2)dz——— /0dz+;[(z+1)dz+!(1_z)dz+[0dz_:

—00

(z+1)2p0 (1-2°p_1 _
SN Lf‘ ; h—§—0—0+§_L °

Ilpumep 4.6. Hesasucumsbie c.B. X u Y pacnpeneneHbl paBHOMEPHO

X ~ R[0,4], Y ~ R[0.1]. HafiTu myoTHOCTE pacrpenesieHus BEpPOATHOCTEN
c.B. Z=X+Y (puc. 50).

Y
N

N

AN

o\ z—1 z\ z\ 4 V
Tt+y==z $+y;z T+y=z
’ Puc. 50

Q Cucrema c.s. (X,Y) paBHOMEpHO pacnpeneJiena B MPAMOYTOJILHUKE
D={0<z<40<y<1},

1 .
fi(z) = {Z’ z€0,4], foly) = {1’ y € (0,1},

0, z¢l0,4], 0, y¢I[0,1].
Tak xak ¢.8. X u Y nesasucumsi, 70 f(z,y) = fi(z) - fa(y) = All 1= %
Fp(2) =P{X+Y <z} = // %dzdy: %SDZ,
1 D,
(z+y<z)
roe Sp, — MJonEab 0b6JIacTH D, — 4acru NpAMOYTOJIbHUKA, Jiexamei

ke npamol z +y = 2. Bam z < 0, 0o F(2) = 0; ecm 0 < z < 1, 10

F(z)zi—-—%—z2 (Tak KaKSDZ—’:%'Z'Z);ECJII/I] <z<4, 10

P =} (242 1) = b
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ecom 4 < z <5, 10
F) =g (1-4-56-26-2) = 18- (5 -2

ecsm 5 < z, TOF(Z):l-ll:l. Nraxk,

4

0, 2<0, z>5,
o 0,252, 0<z<1,
f(z) = Fy(z) = 0,25, 1<2<A4,

0.25(5 — 2), 4<z<5.

Kontpons:
0 1 4

4f@Mz=/%mh+/%dz+%jﬁzMzL )

0 1

oty 4enny10 WIOTHOCTH PACIpeeseHA fz(2) moxuo maiity mpyruu
CHOCOBOM, UCTIOJIB3Y s (hOpMyJTYy

f(z) = /f1(37)'f2(2—$)d$.

4

4

ﬂ@z/&ﬁ&—xﬂxz%/ﬁ&—xﬂm
0 0

DyHKIMA MO 3HAKOM MHTETPaJia OTJINYHA OT HYJIsl JIVIIb B ciiydae

0<z <4,
0<z—2<1,

HNmeem

<
{ng\& (4.8)

z—1<z<z=
Pemenue cucremst 3aBucut ot sHavenus z.
1. Ecim z < 0, cucrema necosmectsa; orpeskn [0.4] u [z — 1, 2] ne
nepecekalorcs, (cM. puc. 51).
‘Crieposatesibio, fo(z —z) = 0 u fxsv(z) =0.
2. Ecm 0 < z < 1, cucrema (4.8) skpusasienTna nepapenctsy 0 < 7 < 2
(cm. puc. 52).

IToatomy
z

' =1 1.z
fxiy(z) = 4/1d$—4$,0— i
0.
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zil "2 z
; T

Puc. 51
zil z x
S T

Puc. 52

3. Ecom 1 < z < 4, cucreMa (4.8) sKBUBajIeHTHA HEpaBeHCTBY 2z — 1 <

< 7 < z (cm. puc. 53).

TlosTomy

(z—z+1)——

it
|
8

fX+Y(Z):%/1dz 111

z—1

4. Feom 4 < z< 5,10 z— 1 < 7 <4 (cMm. puc. 54).

Sy
‘lb_.
8

Tloatomy

4
1 _1.
fz(z) = Z_/ dx——4x
-1

¥4

(el
’J;_.-
8
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0. Ecimn 5 < z, o cucrema (4.8) necomectna, (cm. puc. 55), a, sHawur,
fz(z) = 0. Uraxk.

0, 2<0, 2> 05,
£(z) = 0,25z, 0<z<1,
10,25, 1 <z<4,

025(5—2), 4<z<5.

YnpaxHeHus

1. Ilo ycnosuo npumepa 4.5 nafitn GbyHKIMIO U TJIOTHOCT pacopenene-
HUs peposaTHocTel c.B. Z = X 4+ Y.

2. Tlo ycyiosuio npumepa 4.5 HalTH IJIOTHOCTD pacipeiesieHust BEPOsITHO-

Y
cTell C.B. 4 = .
creii c. B %

4.3. PacnpeaeneHue GpyHKUMIA HOPMAJIbHbBIX CJly4anHbIX
BEJIMMMH

PaccMoTpum pacipenesienne HeKOTOPhIX C. B.. HPELCTABJIAIONIX byHk-
VY HOPMAJTBHBIX BEJIMIWH. HCIIOJb3YCMbIe B MATEMATHYECKON CTATHCTHKE.

Pacnpenenenue x? (xu-xsagpar unu Nupcoxa)

‘ Pacnpedenenuem x2 ¢ n emenenamu c60600u naseBaercst pacopezneste-
—  HHe CyMMBI KBAPATOB 71 HE3ABUCHMBIX CTAHOAPTHBIX CJIyYARHBIX BEJIUIHHE,
T. €.

n
=Y X2 wme X,~N(0,1), i=12,....n
=1

H.HOTHOCTI) BepOﬂTHOCTI/I C. B. X2 3ABUCUT TOJILBKO OT YUCJIa n, T.e. In-
ciia citaraemeix. Ecom =1, 1o x2 = X2 tne X ~ N(0,1),

1 _xZ
e 2.
\Ver

[lnorrocTs pacnpenesienus c.s. Y = X? papna (comacko (4.4))

y
1 e 2, y>0.

g(y)=\/% ,

fx(z) =
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INioTHOCTE pacnpeaesieHusA X2 umeer Bup

1

n
fale) =4 22T (3)
0. mpu z < 0,

-1 -2
e 2, upuz >0,

NS

z

o0
roe ['(p) = /tpgle't dt — ramma-dyrxuus Disepa (F(p) = (p — 1)! aua

0
mestprx nosiouTespaeix p). C BO3pacTanueM UMCIA crenenei CBODGOIBL 7
pacnpenesicaue X2 nprOIIKaeTCs K HOPMAJILHOMY 3aKOHY Paclpesie/ienus
(mpu n > 30 pacnpepeJienue X2 HMpaKTUYECKH HE OTJIMYAETCA OT HOPMAJib-
HOTO);

Mx?1 =n, D)(?1 =2n

Ha npakivike, Kak MpaBHJIO, MCMOJIB3YIOT HE INIOTHOCTH BEPOATHOCTH, &
KBaHTHJIH PACIpeIeneHns X2

Keonmuaoto pacnpedeneHus X2, oTBeqaoell ypOBHIO 3HAMUMOCTH
HABHIBACTCH TAKOE 3HAYCHUE X2 = X?x.n’ pu KOTOPOM

oC
PHE > xXon) = / fo (@) dz = .

2
Xa,n

C reoMeTpHYeCKOil TOUKH 3peHHs HAXOXIeHHe KBAHTHIIH! X2 ,, saKIno-
yaeTrcda B BHIOOpE TAKOro 3HAYEHUA x?l = X?x,n’ qTo0BI TIJIOWALH 3AUITPUXO-
panHoil Ha puc. 56 ¢urypri Oblia pasHa .

f(=z)

X X

Puc. 56

3HAYEHNs KBAHTWIOH NPUBONATCH B CIENMAJBHBIX TaOJHAIAX-IPUIIO-
KEeHHsX.

I1si cTaHAApPTHOrO HOPMAJIBHOTO pachpeesieHns KBaHTUJIM ypPOBHH
o 00603HAYAIOTCA Yepes L, IPUYEM Ug FABJIAETCA pelleHHeM ypaBHeHUA

D(uy) = l—éa.
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Pacnpegenenve CtbiogeHTa

a Pacnpedenenuem Cmorodenma (vrm t-pacnpedeneruem) ¢ n crenenamu
CBOOOMBI HABHIBACTCH PACHPENESICHYE C. B.

T’n - Z L)
VX2

rie Z ~ N(0,1) — cranmapThas HOPMAJTBHAS BEJIMIHHA, HE3ABHCHMAS 0T
x%-pacnpeneﬂeﬂnﬂ.
InotHOCTH BeposTHOCTH pacnpenesienus CThIOenTa UMeeT BU

. n-+1 n+1
fr,(t) = Fi(é)?Twln (1 + %) ? ;1€ (—o0;00).

IIpu n — oo pacnpenenenue Crpiogenta npubinokaercs (yxxe mpu n > 30
HOYTH COBNAIACT) K HOPMAJILHOMY;

MT, =0, DTn:ﬂﬁT n>2.

Ha opaktuke UCIOJIB3YIOT KBAHTHJIM {-paclpenesieHUsl: TAKOE 3HAYCHHE
{=1ta , 41O
2m

P{t| > t%,n} = 2t / f@)dt = a.

5,77.
C reomerpuyeckoit Toukm 3PCHUA HAXOXKIOECHME KBAHTHJICH 33KJH0OYAETCS B
BBIOUpE TAKOrO 3HAYEHWs § — ta n? 9T00BI TJIOMAIH 3alITPAXOBAHHON Ha
2 3

puc. 57 ¢dburypsl 6b1a pasHa Q.

f)

27

Puc. 57
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PacnpeneneHne Guuuepa—CHenexopa

Pacnpedenenuem Quwepa -Crederopa (mm F' -pacnpedeaeruem) ¢ M ¥
7 cmeneHamMu ceobodsl HA3BIBACTCA pacnpenenenye C. B.
1.2
mXm
F = ,
1.2
'nX'n

Y

e x2, ¥ X2 —— HEe3aBHCHMBIE C.B., MMEIONHe x2-pacnpeneJsieHne CooTBeT-
CTBEHHO C 1M ¥ 7. CTEIEeHsIMY CBOOO/IBL.
Ilpu n — co F-pacnpenesieHue CTPEMUTCHA K HOPMAJILHOMY 3aKOHY.

2n? -2
MF=-"_ n>2  DF= ”(m+2” )
m(n —2)*(n — 4)

9 n>4

Ha mnpakTike 0ObIMHO UCHOJIB3YIOT KBAHTHIIM PACHPEICJICHA: TAKOE 3Ha-
genvie F' = Fomp, 970

P{F > Famn} = / F(F)dF = a.

Fa,m,n

C reoMeTpMUECKOil TOYKYM 3peHus HAXOXKICHME KBAHTUIIM 3AKJIOYACTCA B
BbiGope Takoro suadeHus F = Fymn, qrobbt IJIOMAAL 3AUITPHUXOBAHHOK
Ha puc. 58 ¢urypsl ObTa paBHA (.

f(F)

0 Fomm F

Puc. 58



NpenenbHbie Teopembl Teopuu BeposTHOCTEI

Paccmorpum psn yreepxncauii u Teopem s G6oJIbLION rPyIHIbl TAK Ha-
SBIBAEMBIX NPEICJILHBIX TEOPEM TCOPUH BEPOATHOCTEH, yCTAHABIMBAIOINX
CBA3E MCXKJ/1y TEOPETH'ECKVMU WM JKCTIEPUMEHTAJBHBIMA XA PaK TEPUCTUKA-
MU CITIyH4aiHbIX BEJIMYMH 1TPH GOJILIIOM YUCJIe UCHBITAHME Haa numu. On
COCTABJIAIOT OCHOBY MaTeMaTU1ecKoil craructvku. Ilpenessubie Teopems
YCJIOBHO JIeJ1AT Ha ABe rpynnsl. llepsas rpynna Teopem, HazplBaeMas 3ax0-
HoMm bonvuiux wucen (kopotko: 3BY), yeranasmsaer ycroitunBocts cpen-
HUX 3HAMEHMIi: TIpU OOJIPLIOM MHCJIE€ MCIBITAHMI X CPEIHUEE PE3YJILTAT Tie-
pecraet ObITh CITy4aBHbIM 1 MOXKET ObITh MPENCKA3aH ¢ JOCTATOYHON TOY-
HocTeio. Bropas rpymnua Teopem, HasmIBaEMAs UeHMPAAbHOT npedeavHol
meopemot (xoporko: HIIT), ycranasmmpaer yciosus, NP KOTOPBIX 3aKO0H
PACTIPEUESICHUS CYyMMbl GOJTLIIOTO YHCTA CIIy9aiiHbIX BEJMUUH HEOrPAHN-
HEHHO NMPUO/IKAETCA K HOPMAJTBHOMY.

. B navase paccmorpum nepasenctso Uebbiena, KOTOpOE€ MOXKHO HC-
HOJIB30BATE: &) 1 rpy6oit onenkn BeposiTHOCTEH COOBITHIA, CBABAHHBIX CO
C. B., pacnpeieJIcHue KOTOPBIX HEM3BECTHO; 6) IOKA3aTesIhCTBA PANA TeopeM

3B4.

S5.1. HepaBeHcTBO YebbiLLeBa

Teopema 5.1. Echuc.B. X umeer M. 0. MX = a v nucnepemo DX, to njisi
J06oro € > 0 cupaBeyuBo HepaBeHCTBO Uebbiena,

P{X - MX] > ¢} < %. (5.1)
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[} oxaxem nepapeHctso (5.1) juis HEOpepbiBHOH C. B. X ¢ IIOTHOCTBIO
f(x). Beposraocts P{|X —a| > €} ecTh BepoATHOCTD HONANAHUA C. B. XsB
OBAACTD. JIEKANLYIO BHE TIPOMEXKYTKA [a — €,  + £]. Moxuo 3ammcars

a—E +00 .
P{X —a|>¢€}= /f(:n)(la:+ /f(:):)d:):: / flx)dz =

a'te jo—al >

= / L- f(z)dr < / .(—m—_;)zf(m)dx,

o “alze lo—alze

TaK KAK OBJACTD VHTErPUPOBAHUA | — @] > € MOXHO 3anuCaTh B BHIE
(x — a)?
62

(z — a)2 > €2, orxyna cnenyer 1 < . Nlmeem

P{X —a| =€} < ]—, / (z — a)?f(z)dz < % (z — a)? f(z) dx,
o €

lz—al>e -

g2

TAK KaK HATErpa/ 07 HeoTpunarTeshbHoi (hyHKImMY TpyU PAaclIMpeHun obta-
CTH UHTErPUPOBAHUA MOXET TOJIBKO BO3PACTH. Taxum 0O6pazoM,

oC
PUX —d>eh < f [ @-af)de= 5DX,
£ £
DX

2
£
AHajgornyHo JOKA3BIBACTCA HEPABEHCTBO YeOoiiesa ¥ i JUCKPET-

e P{|X —a] >¢€} <

Holi ¢. B. X, npMHUMAOIEH 3Had9eHus T1, £2. T3, - . - ¢ BEPOATHOCTAMMU D1, P2,

p3, . - -5 TOJIBKO WHTCTPAJIBI (Buma / ) 3aMEHSAIOTCA COOTBETCTBYOIIMI
lx—alze
cyMMam¥ (BHIA E ). |
lwi—alze

Ormerum, uro HepasencTso ‘lebpimea MOXHO 3armcath B apyroi
dopne:’
PUX — MX|<e} >1- 2% (5.2)
£
B ¢opme (5.2) 0HO yCTAHABIMBAET HUKHIOW TPAHUIY BEPOATHOCTH CcOObI-
s, a B gopme (5.1) — BepxHIOIO.
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Hepasenctbo Yebblmesa cnpasemivso das awobuz c. 6. B YaCTHOCTH,
s ¢.B. X = m, umeromelt Guromuanvoe pacnpedenerue ¢ MATEMATHYC-
ckuM oxunanuem MX = a = np u mucnepeveit DX = npq (. 2.7), ono

IIpYHYMaET BU/L

Plm —npl < e} > 1 - =, (53)

A .
IJISL wacmocmu 7_n_ (nm > 1. 1.5) cobblTust B 11 HE3ABUCHMBIX WCIIH-
TAHUAX, B K&)K}],OM U3 KOTOPBbIX OHO MOXET OPOU30UTH C BEPOATHOCTHI

p=M ( ) = a, nucnepcus KoTopbix D ( W) = %

Ba UMEET BUJL

, HepaBercTBO ebbimme-

P —pl<e}> —n%qi. (5.4)

Onenky BeposTHOCTH ToTAgaHus C.B. X B OPOMEXYTOK [€,00) J1aet
HepaseHCcTBO Mapkosa.

Teopema 5.2 (Hepasencrso Mapkosa). st mo6oii HEeOTPUIATEIILHON
¢.B. X, umetomeit m.o. MX u e > 0, cnpasenmso HEPABEHCTBO:

PiX >e) ¢ MX (5.5)

>d=fﬂw l/f@@——/ﬁmwg

%Tmf(m)dx—‘MgX [ |

o

Hepasencrso (5.5) MoxHO 3anucars B dhopme

P{X <epz1-MX (5.6)

' Ilprmep 5.1. Ouernth ¢ noMomLIO HepaBeHcTda lebpiuena BEPOATHOCTD
TOTO, 9TO OTKJIOHEHUE C.B. X OT ¢Boero M. 0. GynerT MeHbIe Tpex C.K.o.,
T. ¢. MeHbLIE 30,.

Q THovtaras € = 30, B bopmyse (5.2), nosyuaem
2
O 1_ 8 ’
=1-1-8 (8889
(304)? 9 9

D14 OLEHKA, KK U3BECTHO (I1. 2.7), HASBIBACTCH NPAGUAOM mpex cuzm; nJis
¢.B. X ~ N(a,0) 91a BeposTHOCTH pasHa (,9973. [

P{X —MX|<30,}>1—
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5.2. Teopema HebObiLIeBa

Ocuosroe yrBepxaenne 36 conepkutcs B T€OpeMe YebOpinieBa. B neit
v gpyrux Teopemax 3BY ncnosbsyercd DOHATHE KCXOIUMOCTH cIry YaiHBIX
BEJIMYVH 110 BEPOATHOCTU.

Cuyuaiinbie BesuduHbl X1, Xo, ...y, X,y ... cTOOAMEA VO BEPOATVHOCTIIY
K sesmmampEe A (coydaiinoi wim nectyaaiinoit), ecom s jnoboro £ > 0
peposiTHOCTh cobbitua {| X, — A] < €} npy n — 00 CTPEMUTCH K EIMHHLE,
T. €.

nlglgoPﬂXn —Al<e}=1

(wm P{|X,, — A| < €} = 1). CXonumOCTh 1O BEPOATHOCTH CHMBOJIMHECKH
3ANMCHIBAIOT TaK:
X, —— A.
n—o0

CtelyeT OTMETHTD, UT0 CTOJUMOCTIVD 110 GEPOATIHOCTIY tpebyert, 9To0bI
pepasenctBo | X, — A| < € BBINOJHATIOCH 0ns NOOABAAIOULER20 UUCAA HAEHOB
HOCJIEIOBATEIHHOCTH (B MATeMATHYECKOM AHAJIM36E —  JJIA BCEX 70 > N, e
N — HCKOTOPOE HYHCJIO), & IIPH 7 — 0O HPAKTHIECKN BCE SIICHBL MOCTEN0-
BATEJIbHOCTH JIOJUKHBL MONACTb B £-OKPECTHOCTb A.

Teopewma 5.3 (3BY B ¢dopwme II. JL. Yeboirena, 1886 r.). Ecim cay4aii-
HbIe BETWYHABL X1, X2, -+ ., Xp, - - - HE3ABUCUMBI ¥ CYIIECTBYET TaKOE MCJIO
C >0,uro DX; <C,i=1.2,..., 70 1i1s soboro € > 0

T.e. cpenHee apuMETHICCKOE ITUX CITy YaRHBIX BeJIMIUT CXOIUTCH o BEpPO-
ATHOCTHA K CPEIHEMY apu(pPMETHYCCKOMY UX M. 0.1

lim P {
n—o0

n n
L X kY M| <ef=1, 61
=1 =1

n—oe

n n
LS b,
=1 =1 "

[ Takxkak DX; <C,i=1,2,..., 70

T n \ T
D(%ZXi): 121)( Xi):#ZDXi:
i =1

n i=1
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n T

" n
Torsma. npumensas x c. B.
n
x=L¥"x
=1

HepaseHCTBO Yebbiiea (5.2), umeem

P{
Iepexons x npenesty npu n — co u YIUTBIBAA, ITO BEPOATHOCTDL J1I060ro
COOBITUA He npeBbIIaeT 1, nosayuaem

n n D('ﬁ

1 1 i=1 C

Py Xi— 5 MXil<e}>1——ﬁ>1—*. (5.8)
=1 =1

n n
. 1 1 ) _
nlgrolcP{‘h—ZXz——ﬁZMle<e}—l. .
i=1 =1
Caencrsue. Ecou c. B. X1, Xo, ..., X, ... HE3ABHUCUMBI U OIMHAKOBO

pacupencsiennt, M X; = a, DX, = ¢2. 10 nas mo6oro € > ()
p

n
nlggoP{’%ZXi ~u
=1

T. €. CpegHee apH(bMeTHHQCKOe C. B. CXOIMTCA OO BEPOATHOCTYU K MaTeMaTu-
HECKOMY OXKHNIAHUIO G

< 6} =1, (5.9)

n
P
Tll E Xi — Q.
/ n—oc
=

[d Tax xax

T
B MX = L(MX - MXat. . 4 MX,) = L(abat. . +a) = Lie=a

=1

a Jucnepeud C. 8. X; paBHbl YHCILY 02, 1. €. OTPAHIYEHDI, TO, ipuMerns 3BU
B popme Hebrimesa (5.7), nostywum yrsepxaenne (5.9). |

Crencreue (5.9) Teopembr Yebbimesa 060CHOBLIBAET KTPAHUMI CPer-
HEro apudMeTIIeckoro ¢. B. X;», NOCTOANHO UCIOJb3yeMbI# Ha HPAKTVKE.
Tax, mMycTe NpOUSBEICHO N HE3ABHCEMBIX MU3MEpEeHnii HEKOTOPOH Besmyu-
HbI, NCTUHHOE 3HAYEHUE KOTOPOi ¢ (0HO HemsecTHo). Pesysbrar kammoro
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|7

uamepenus ecTh C. B. X;. COrIacHO CnencTBIio (5.9), B kauectBe npubin-
JKEHHOIO 3HAYENMs] BCJMYHHBL ¢ MOXHO B3siTh CpefiHee apudpMeTniecKoe
PE3YJILTATOB U3MEPEHU:

a~ %Xn:X =X.
i=1

PaBeHCTBO TeM TOYHEE. 1eM OoJIbIe 7.

Ha reopeme HeObleBa OCHOBaR TaKXKE NIHMPOKO IpUMEHSAEeMDIA B CTa-
TucTuke 6ubopounvili memod, CyTb KOTOPOro B TOM, 910 O kadecTBe O0JIb-
HIOTO KOJMYECTBA OJHOPOAHOFO MATEPUAJIA MOXHO CyIuTh HO HeboJIbILOoi ¢
ero rpobe.

Teopema HebpIniesa MOITBEPKIACT CBA3H MEXKILY ciryuaitHOCTBIO M He-
OBXOMIMOCTBIO: CPCITHEE BHAMCHHUE CAYHUTHOT 6EAUNUNbL

=iy
=1

IIPAKTUYECKN He oTivdaercs oT H(’C./I,y"t(lﬂHO’L!l GEAULUHDL

n
Y MX;.

i=1

IIpumep 5.2. [nyGuaa MOpA M3MEPSIETCH opubOpOM, He UMEIOIIM CHCTE-

maruteckoit oGk, Cpenree KBaIpaTuiecKoe OTKJIOHEHNE n3MepeHuil He

apesocxonut 15 M. CKOJIBKO HYX)HO CAEITATH HE3ABMCUMBIX w3MepeHuit, 9To-
6h1 ¢ BEPOATHOCTHIO. 1ie Menblel 0,9, MOXKHO OBLIO yTBEPKLATH. YTO CPEll-
fee apuMeTUTIECKOe ITUX U3Mepeiyil OTIIaeIca OT a (rny6usBl MOpS)
10 MOILYJTIO MeHbIne, 9em Ha 5 M7

Q O6o3naunm depes X; pesybTarhbl 12 HE3ABUCUMBIX w3Mepenait rryoutnt
mopa. HyHo HaliTy 9HCJIO 78, KOTOPOE YUOBJICTBOPAET uepapenctsy (5.8):

n Tn
C
PULS X, - Ly M| <ep 215,
n 7 ol

3 X e

=1 =1

ric M X; = a, wno 03uayMaem omeymemeue npu UsMepeHuir CUCTNEMATNU-
weckols owubxy (T. e. N3MEPCHUSL TPOUBBONATCH C OMIHAKOBOH TOYHOCTHIO).

1To ycnosmio € = 5, C = 225, 12K KaK 0 = V DX = 15m. Otcioga

n
i1 225
PelsY Xi—a <5}>1—25n>0,9,
1=1

e 0,12 % n > 90. Mamepenne HyHO IIPOBOJUTE HE MEHEE 9 paz. @
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5.3. Teopema BepHynnu

Teopema Bepuynnu ucropuviecku ssiasercs nepsoii w naubosiee mpo-
croit dopmoit 3akona Goypmmx uncesr. Oua TEOPETUYECKH 0OOCHOBBIBAET
CBOMCTBO yCTOHYMBOCTH OTHOCHTESIHHOH 9aCTOTHI (cm. b. L.5).

—

Teopema 5.4 (3BY B popme 5. Bepnynsu, 1713 r.). Eciau BepositHoCTS
noABeHNs COObITHST A B ONHOM MCHBITAHME DPABHA P, HUCJIO HACTYILICHHUS
ITOTO COOBITHA NP 1 HE3ABUCUMBIX HCITBITAHMSIX PaBHO N4, TO OJs JI060T0
qyucna € > 0 uMeeT MECTO paBEeHCTBO

lim P {
n—>00

T. €. OTHOCUTeJIbHAsA actota P*(A) cobbrmms A cxomures no BEDOATHOCTY K

n—Tf— —pl < 6} =1, (5.10)

BEPOATHOCTY p cobbrtust A: P*(A) LN P(A).
n—o0

[ Bsenemc.s. X1, Xo...., X, cirenyrommM obpasom: X; = 1, ecu B i-M
UCTIBITAHNY TIOABUJIOCH CODBITHE A, a eCyii He NOSBUIIOCD. TO X; = 0. Torna
HHCIIO 114 (4MCII0 YCNEXOB) MOXKHO NPEACTABATEL B BUIE

n
4 = E X;.
=1

M.o. u gucuepcns c.s. X, papubr: MX;, =1-p+0-(1—-p) = p,
DX;=(0—-p)*(1-p)+(1 - p)?p = p(1 — p) = pq. Bakon paclpencenns
c.B. X; UmeeT BUjI

X, 0o 1
Pli-p|p,

npy Jobom i. Takum obpasom, c.B. X; HE3aBUCHMBI, UX JUCIIEPCUY OTpa-

HUY€Hbl OIHUM W TEM XK€ 9UCJIOM Z,

TaK KaK
. Y _ 2 1 1\? _ 1
p(l—p)—p—p—z—( —3) <7

HoaroMy K 21uM C. B. MOXHO npUMEHHTD reopemy Hebpimesa (5.7):

n n
TLIEEOP{‘%Z& = %ZMXZ-[ < e} =1.
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Ho
1 - A 1 S 1
i=1 i
Caoenoaresbao, hm P {‘7% — pl < g} - 1. ]
n—ro0

Teopema bepRyJuiH TEOpETHHECKU 0OOCHOBBLIBACT BO3MOXKHOCTH TIpH-
GJUIVIKEHHOTO BLIYUCJICHHS BEPOSTHOCTH COOBITHSI € TIOMOIIBIO €ro OTHOCH-
TeJIbHON YACTOTHL. Tax, HalpuMep, 32 BEPOATHOCTH POXIEHUA JICBOYKU
MOMKHO B3$ITh OTHOCHTEJIBHYIO YaCTOTY 3TOTO COOBITHS, KOTOpasi, COLJIAc-
HO CTATHCTITMECKYM TAHHBIM, NpubsmkeHHo papra 0,485.

Hepapenctso Yebpmuesa (5.2) /s Iy IailHbIX BeIUTUH

n
nA = ZX,L
=1

HpI/IHI/IMaGT BUJ
P{~n%—p\<6}2 - (5.11)
ne

O606meneM TeopeMbl BepHYJUIH Ha CJIy4dail, KOrna BEpOATHOCTH Py
HOABJICHUST COOLITUA A B KaXIIOM U3 1 MCHBLITAHUN PasJIMYHBL. ABJIACTCH
meopema Ilyacconas:

n
. P 1 .
PH(A) —— h—zlpi, (5.12)
1=

i€ p; — BEPOSATHOCTb COOBITHSA A B i-M HUCIIBLITAHVM.

IIpumep 5.3. BepoaTHOCTh HAIMYIKA ONEUATKH HA onuoli crpanuIe PyKo-
macy pasaa 0,2. OueHnTh BEpOATHOCTH TOTO, YTV B PyKONMCH. conepxamei
400 cTpaHuIl, 9ACTOCTD HOABJICHUS ONEUATKH OTINHAETC OT COOTBETCTBY-
fo1el BeposTHOCTH HO MOJLYJIIO MEHbIIE, 9€M 0,05.

Q Bocnomssyemca ¢opmyioti (5.11). B pannom ciydae p = 0,2, ¢ =08,
n = 400, £ = 0,05. Nmeem

P{|52 02| <005} > [ —-pi] _po 0208 g
! ne? 400 - 0,05

T.e. p = 0,84. o
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5.4. UeHTpanbHas npegenbHas Teopema

Henrtpaneuas upenenvhas teopema (LIIT) npencrabasger coboit Bro-
PYI0 IPyltly NPELEALHBIX TEOPEM, KOTOPBIE YCTAHABIIMBAIOT CBSI3h MEKLY
SAKOHOM DACHPENENIEHUsT CYMMBI C. B. M €10 IIPEAebHOR opMoii — HOp-
MaJIbHBIM 3aKOHOM pacHopenefeHus.

Cdopmymupyem IIIT pns coyuas, Korma 4ieHs CYMMBI HMEIOT OJWHa-
KOBO€ pacripefc/ienye (MMEeHHO.9Ta TeOPeMa, JaLle APy rHxX HCTIOJIb3YETCH Ha
HPAKTHKE, TAK B MATEMATHYECKOH CTATHCTHKE BLIGOPOYHBIE CITyYaiHbIe Be-
JITSTMHBL UMEIOT OIWHAKOBBIE DACIIPENETICHN, TAK KaK MOJYYeHb U3 OIHOH
Y TOI XK€ reHepaJIbHof COBOKYITHOCTH).

Teopema 5.5. Ilycts c.8. X1, Xo. .... Xp HE3ABUCUMbBI, OIMHAKOBO pacipe-
AEJICHBL, MMEIOT KOHCUHbIE MaTeMaTuYccKoe oxujanue MX; = a u aucnep-
cuio DX; = o2 i = 1,7n. Torna dynkuma pacupenesenna HEeHTPUPOBAHHON 1
HOPMUPOBAHHOU CyMMbI 9THX CIydaiilbix BeJIMYHH CTPEMUTCS ITPU 71 —> OC K
dynknun pacnpenenenus CTAHIAPTHOM HOPMAJIBROY CITYUaiTHON BeSTUIHHbL:

n n n

YXi—-M[Y X, > X —na

=1 =1 =1
Zn =

[eRVA 1)

(5.13)

[S)

&€r
t2
l -
Fz () = P{Z, <z} —— ®(z) = e 2 dt.
n—o0 i
—0o0
W3 coornomennsa ( 5.13) carenyet, ©TO IpYM NOCTATOMHO GOJTIIOM 7 cymma Z,
NpUbIIIKEHHO pachpenesena 1o HOPMAIBHOMY 3aKOHY: Z, ~ N{0,1). 9o
O3HAMACT, 9T0 cymMa Sy, = X + Xy + ... + X,, npubamkenno pacpenesieHa
0 HOPMAJILHOMY 3aKOHy: Sy, ~ N(na,/no). Tosopsar, uro npu n — oo . B.
n

> X acumnmomuuecku nopmasvha.
i=1

Hanomaum, wro:

1. C.p. X Ha3pIBaeTCs HEHTPUPOBAHHOH K HODMUPOBAHHOH (T.e. cTaH-
JMApTHOI), ecsimn MX =0, a DX = 1.
2. Ecmes X;,i=1.n HesaBucumer, M X; = a, DX; = o2, 10

n
M(ZXz) =a+a+...+a=naq,

=1
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n n
D( X.i):ZDXi:a2+a2+...+a2:n02.
=1

) =1

X
1 v 1
3. ®(z)=—= / e~ 2 dt — Ppynxuus Jlamaca; ®(x) = 5 + Po(z), tHE
)= = )= 1+ @)
—0
"
1 e
do(z) = ——= [ e 2 dt — HopMEHPOBaAHHAZ dbyukuus Jlamaca.

V2
0
®opmyna (5.13) mosposseT TpU GOJBLINX 72 BBMUCTATE BEPOATHOCTH
PASIHYHbIX COOBITHIT, CBABAHHLIX C CyMMaMHu cayuabinbix pesmunH. Tak,

nepeiisisa ot C. B.
k13
Sn = E X;
i=1

K CTa.H,H,a.pTHOﬁ C. B., IIOJIy9NM!

n
n ZXi—na 5
P{“ZXigﬂ}:P{“"”“«:l < "Za}z
P oyn on ovn

~o () ()

A (B=MS,\ o (a—MSa) _ .
P{agsngﬂ}qu)(m) ¢<————\/_D§;) (5.14)

BbopMyJia 1J1st ONIpeNesIeHUs BEPOATHOCTH TOTO, ITO CyMMa HECKOJIbKUX C. B.

OKAKETCS B 38, JaHHEIX Tipenesiax (cM. (2.43) u (2.46)). Hacto HIIT ucnoms-
ayiot, ecqm n > 10.

NN

Ipumep 5.4. Hesasucumsie ¢. 8. X; pacupesiesielisl pABHOMEPHO Ha 0Tpes-
ke [0, 1). Haiitu 3akon pacnpeiesieHus ¢. B.

100

y =3 x,
i=1

a TAKKE BEPOATHOCTH TOTO, 4T 55 <Y < 70.

Q VYesiopua HIIT cobmoparotcs, NOITOMY C. B. Y uMeer npubsiuKenuo

NJIOTHOCTL paCUupeHesiCHUA

(y - my).2
1 - 202

e y
V2roy

fy(y) =
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o msBecTHBIM bopMmystam mis M. 0. u AUCTICPCUN B CjIy4dae pPaBHOMEPHOTO
1—0)?
0+1=%,DXZ»—( ) _ 1

pacnpenenenusa Haxonum: MX, = 5 A

12 12’
oX; = 1 —1—. Torna

V12 23

100 100

W:M(Z;Xi) =Y MX;=100- 1 =50,

=1
100 100

2 _ ) = =100 L =25
gy_D<Z;XZ)_ZDXZ_1oo 5= 3
<

=1

c
Oy = 0\3/?". [Toaromy
3 _ 3(y — 50)*
fr(y) = e 50

5V6m

Ncnonbsys dbopmysy (5.14), vaxomum

- _ao|70-50) . [55-50) B _
P{55 <Y <70} = & — o |~ (4V3) — B(V3) =
3

3
= 3(6,9282) — &(1,73) ~ 0,04.

T.e. P{55 <Y < 70} =~ 0,04. ®

5.5. WnTerpanbHas teopema Myagepa-Jlannaca

Caencreusivu LT sasnsmorca paccmoTpennbie padee (. 1.21) mokasn-
Ha# v uHTerpanbnan teopeMbl Myaspa Jlannaca. [Ipusenem BeiBom wite-
rpaJibHOR Teopembt Myaspa -Jlannaca.

Paccmorpum cxemy Beprysum. Mycte ng4 — wucno nossnenus cobpi-
THA A (4UCTIO YCIIEXOB) B 11 HE3ABUCHMBIX WCIBITAHUAX, B KAKIOM U3 KOTO-
PBIX OHO MOXET NOABUTBHCH C BEPOFTHOCTHIO P (HE HOSBUTHCH — ¢ BEPOAT-
HOCTBIO ¢ = 1 — p). Cnyvaliinyio BesIuvHy 1,4 MOXHO HPEACTABUTE B BUJIE
CYMMBbI 7 HESABUCUMBIX C.B. X1, Xo,..., X, Takux, yro X; = 1, ecstut B i-m
ucHbITanK cobbitie A Hactynmio, u X; = 0 B IPOTUBHOM CJIyHae, T. e.

n

ng = ZX,-.

=1
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Tak xax MX; = p, DX; = pq (u. 5.3), 10

n K3
MnA:M(ZXZ-> = np. DnA:D(ZX1,> = npq
i=1 i=1

(ma 910 y3)K€e JABHO H3BECTHO, CM. (2.24), Benp C. B. N4 UMeET 6mHOMUAJIBHBIT
3aKoH pacupenesienus ). Torma c. B.

S X~ M (z Xz->
=1 i=1

Zn: \ :nA_np

HPEJICTABJIACT TAKKE CyMMy 71 HE3aBUCHMBIX, ONMHAKOBO PACIPEHeSICHHbBIX
cayvaiinbix BemauH. [lpu aToM Zy ~ N(0.1). pelicTBUTEJIBHO:

M7 = M (nA—np) _mp—np _
V1Pq vtPq

_p(razm)_ L g _
DZH_D(\/W>_nqunA_npq 1

Crenosatebao, na vcnosamum [ITT (5.13) c.B. Z; upu OOJILIIOM HW-
cite 1 MMeeT NpubIKCGHHO HOPMAJIbHOE PACIIpeIesIeHue. CornacHO CBOii-
crBy (2.46) HOPMAJILHOTO 3AKOHA, 3AINCHIBACM

Pla < 2o < my =@ (270) “ 0 (A10) = 2(2) - 2(21)

(®(z) — bynkuua Jlannaca). lomaras

ki1 —np ; ko —np
= 2=
\V/1Pq \V/Pq

JIBOIHOE HEPABEHCTBO B CKOOKax

21

ki —np LA ko—np
N L

MOYKHO LHEePelnCATh B 9KBUBAJICHTHOM BUJIE k1 < na < ko. Takum oGpasom,

[OJIy 4aeM
P{k1 S na S kQ} = (I)(ZQ) — (I)(Zl),

. e. unmezpanvryro Popmysy Myaspa—Jlanaaca.
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}
-3amerum, uro: 1. Mnrerpansnas npenesibHas Teopema Myaspa-Jla-

TJiaca
na —np
Pi——= <z} d(x 5.15

{ V1pq } (@) ( !

1A CXeMBl bepHyJIIIN HENOCPEICTBHHO BLITEKACT M3 HIIT (5.13) ¢ ygerom
n
PESYJIBTATOB, MOJYYEHHbIX B 1. 5.3 (n4 = ZX"" MX; =p, DX, = pqg
i=1
Toria na = np, o/n = \/pq\/n = /npq).

2. Jlns nofcaera cyMM GuIOMEATLEBIX BEPOATHOCTEH MOXKIIO BOCIOJb-
30BATBCA UPUOIIRKEHHOH hopmy.Ioii

m
m — np
Pop=~®| —= 5.1
> P e (M) (5.10

k=0

HeftctBurensho,

m
ZP"J“ =P{na<m}=P{—co <ny < m} =

k=0
nA — TP m—np m — np
=P{-oo< 2 —F <« :(I’( )_(I)*OOZ
{ V1Pq V1pq } N T (~oc)

_ 3 (m - np)
N

rie ®(x) - - dpynknus Jlamwmaca.

IIpumep 5.5. Mamunucrke Tpebyercst HANeYIATATh TeKCT. COINEePkK ALLM
8000 cios, cocrosmmx us deTbipex u Gosiee Gyks. Beposrhocts cuenars
OmKOKy B JIIOOOM M3 ITHX CJIOB PABHA 0,01. Kakosa sepositHocTb, 4T0 npun
nevaranuu Gyner cuesiano me 6osee 90 ommbok?

Q Tpumenum popmysry (5.16). Tax xax n = 8000, p = 0,01, ¢ = 0,99,
m = 90, To

| 1 =1 ~o112
Vvipg - /8000-0,01-0,99 /792
m-—-np 10
~ ~ 1,12,
N, 8,9 L12,
)
®(1,12) = 0,8686. Caiepobarenvro, P{n, < 90} = Z P, ;. ~ 0,869. o

k=0
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YnpaxHeHunsi

1.

OueHnTh C TOMOILBLIO HEPABCHCTBA YeBpimeBa BEPOATHOCTL TOTO, ITO:
a) mpu Gpocatu MoneTsl 500 pas TuciIo polIaAcHu repba Oyner 3a-
kuoueno Mexny 200 u 300; 6) npy Opocanun 10 urpafbHBIX KOCTEH
CyMMa OYKOB OTKJIOHWTCH OT M.0. MEHbUIE. 1€M HA 8.

,Hnénepcnﬂ KAk/I0H U3 NAHHBIX HE3ABMCUMBIX CJIyHailibiX BEJIMIH HE
npesbimaer 5. HaliTn uncio sTux BeJIMIuH, NpH KOTOPOM BEpPOATHOCTD
OTKJIOHEHMsA WX cperHeil apumernyeckoi or cpenuelt apubmeTHae-
ckoii ux M. 0. Meree yeM Ha 0.} npesbicut 0,9.

OueHnTh BEpOATHOCTH TOLO, "ITO NpH Gpocanvu MoeeTni 500 pas ua-
CTOCTD TIOSBJICHHSA repba OTKJIOHUTCA OT BEPOATHOCTY HOFABNCHUL T€p-
6a mpy oHOM OpOCAHMH 110 MOMUYJIIO MEHEE HeM Ha 0,1.

CTpesioK monaaeT Py BHICTPeJIe B MULIEHD B ICCATKY € BEPOATHOCTHIO
0,5. B neBsatky — 0,3, B BOCbMEPKY — 0.1, B cemepxy — 0,1. Crpenok
cresas 100 BeicTpesios. KakoBa BepoATHOCTD TOTO, T0 OH HabpaJi He
mvenee 940 oukoB?

[IpmkuBaOTCA B CpeHEM 70% wuucsia nocaxeHHbx caxennen. Ckosb-
KO HYKHO [IOC3,TITh CAXKCHUEB, GTOBHI ¢ BEPOATHOCTHIO He Menbiici 0,9
OHIATD, YTO OTKJIOHEHHE YHCJIa TIPIKMBUIMXCA CAXEHIEB OT NX M. O.
He IPEBLIATIO 0 MOIYJIO 407 Pemnte 3a7ma4y € IOMOIBIO HCDABEH-
cTBa Yebbnuesa.



OcHoBbl Teopum cnyuaiitbix npoueccos

6.1. NonaTtme cnyyaiinoii ¢yHKUMM (Nnpouecca)

Ulpu m3ydennm psima sissenntt yacro MPUXOIUTCA UMETh 4eJI0 CO CJIy-
HalHbIMU BEJTHIMHAMY, H3MEHSIOMUMIAC B Iporecce HAOIONEHU (ONBITA.
HCITBITAHUSA) C TEICHUEM BPEMEHH. llpumepamu taxux cirygaiiHbIx Besmaun
MOTyT CJIy»KUTh: CHIHAJI HA BBIXONE PaIHONPUEMHHKA, oz, BosaekcTBreM
HOMEX, 3arpyKeHHOCTb CTYICHTOB B CEMeCTpe. IJIHA oYepen 3a OuieToM
B «Jlenkom», kKoneGanus HAlPKCHUS B CETH, PERTUHT MOJNTHYIECKOl ap-
THHA, TPACKTOPUA YaCTHL, B GPOYHOBCKOM NBMMKEHNW U T. I,

Takue citywaiinpie BesmammbL. HU3MEHSIIOIMECA B POLIECCE ONbITA, Ha-
SBIBAIOT CAYYGUHOMYU PyHKUUsMLU.

Pazpes maremarukm, U3yHaromui ciiydaiinpe ABjeHNA B IMHAMIKE UX
PASBUTHA. HABBIBACTCH MEOPUEt CAYNATIHIL byrryui (cayvatino npoyec-
cos). Ee meronst HCHOJIE3YIOTCHA, B YACTHOCTH, B TEOPUU ABTOMATHYECKO-
10 YIPABJICHUS, DU aHAJIN3E U IUTAHUPOBAHNN (DUHAHCOBOI JEeATeJIbHOCTH
TpepnpuATHii (1 oTHesbHOM CeMbit), ipu obpafoTke m nepegaye CArHAJIOB
PAIMOTEXHUYECKHX YCTPONCTB, B 9KOHOMUKE. B TEOPUH MACCOBOTO 06CITY-
KUBAHUS.

Paccmorpum ocroBHBIE TOHSITIS TEOPHH CAYYallHBIX NPOIECCOB (C. 11.).

Ecsm xaxnomy snagenwto t € T, rne T — HEKOTOPOE MHOXeECTBO neit-
CTBUTECJILHBIX 9HCEJT, HOCTABJICHA B COOTBETCTBHE C.B. X (t), T0 rovopsr,
T0 Ha MuOkecTBe T' 3amana cayuatinan Gyrmxyus (c.d.) X(¢). Opyrumm
GioBaMM, ciryvabinoit dymkimeii X (t) HasbBaOT C. B., 3aBUCANLIYIO OT He-
Cay4vaiiHoro aprymenTa, t.

Ecmm napamerp t UHTEPIPETUPYETCHA KaK BPeMs, TO C. . HABIBACTCH
cayatinom npoyeccom. JIpyrumm ciiosamu, CIIyY9afiHbIM TIPOHECCOM HA3bI-
BAETCH CEMENCTBO CIlyYallHbIX Beamuun X (t,w), 3saaHBbIX HA ONHOM 1 TOM
K€ NPOCTPAHCTBE BJIEMEHTAPHBIX cOOhTHi (), 3aBucsammx oT napameTpa,
t € T. Obosnauaercs wepes X (t,w) unm X(t), X;.

Cayuaitaeiit mponece Moxno 3a1a1h (hopmyJioil, eciu Bus CJIy YaliHohi
dbyskuy ussecren, a Ciry4alfHble BEJIMYUMHBI, OlpenesAIoye napaMeTpsl
C. ., MOXHO 33127 AHAIUTUYECKH. Tax, c.d. X(t) =Y -sint, mue t > 0,
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Y ~ R[0;1] — c. B., uMeI0Ias PABHOMEPHOE PACTIPEIEJIEHNE, ABJIACTCH CILy-
yallHbIM ITPOLIECCOM.

[lpu (PUKCHPOBAHHOM 3HAYEHWH I, T.¢. NpA ¢ = to € T, cnyqaiinbiit
npouecc X (t,w) obpamaerca B ¢.B. X (to,w), HABBIBAEMYIO CEUEHUEM CAY-
YaiiH020 NPOYECCa.

Peanusayueti mim mpuesmopuedi caywalinoeo Tponecca X(t,w) HA3BI-
BaeTcst HecJlyvalinag pyHKIMs BpeMEHN z(t) = X (t,wo) upw prKCHpOBAH-
HOM W = Wp, T. €. KOHKPETHDIH BrJl, MPUAEMAEMBbIi CJTyJalHbIM IPOECCOM
B pe3yJbTare NCHbITAHU. ’

Peassammi C. 1. obosHadaior wepes x1(t), x2(t),- .., IIe HAEKC yKa-
3BIBACT HOMEP OITBITA. '

Ha puc. 59 nokasambi Tpy peasmsarmn z1(t), z9(t), z3(t) cayqatinoro
fpouecca IpHl w = Wy, W = w2, W = W3 (OHM HAIOMMHAIOT TPAEKTOPHH
TpexX IMPHXOA0B IOMON TONBHIIMBLIETO nocsie pabothl rpy3unka). Kaxpan
TaKas peaansanus (TpaekTopus) ABJAeTCA 00braHOl (yHKIWEH z(t). B u-
e KVMPHbIX TOUEK HA PUCYHKe M300pKEHbl 3HAIEHU C. B. X(ty,w) B TPEX

OIIbITaXx.
e ()AL
z2(t) to
0 ;
:rg(t)/V W

Puc. 59

Tak, ecyid B PACCMOTPEHHOM BbIlIC NpUMEpE C. B. Y B nepBomMm onbite
NpUHsASA 3HaUYeHue 1, BO BTOPOM — 2, B TpeTbeM — 5 10 [OJIy'IAM TpH

peanmsaun c. I.: z1(t) = sint, z2(t) = 2sint, x3(t) = %sint — mHecJryJaii-

wibre pynkmmi. Ecim e B 570M npuMepe 3aduKCHpoBaTh MOMEHT BpeMEnn,
panpumvep ¢ = % TO noNyumEM ceudenue: X ZTG— ,r.e. X (%) = %Y — cay-
yajinasa BEJIAYUHA.

B saxsmouenwe naparpada oTmeTuM, u1o  (DyHKI@A Fy(x) =
= P{X(t) < x} — TaK Ha3bIBACMBIL odnomeprbiii 30801 pacnpedenerus
cayuatinoeo npoyecca X (t) — me sBiserca ACYEPHBIBAIOILECH XapakTepy-
¢THKOii caryuatitoro mpouecca. Caryvalinsiii mpouece X (t) npencraBiser Co-
Goli COBOKYIHOCTE BCEX CeUEHM IPH PASIIAYHBIX SHAMCHUAX T € T, nosto-
My JIJISl €10 MOJTHOTO OIMCAHUA HAZI0 PACCMATPUBATE COBMECTHYIO pyHKIHIO
pacipeieseHnst cedennii npouecca:

Fi ot (T1,%2, - - - ,xn) = P{X(t1) < z1, X (t2) <\w2,...,X(tn) <ap}—
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6.2.

TaK HaBBIBACMbIN KOHeuHOMEPHBI 3ukon pacnpedenenus C.1I. B MOMEHTH
1, tz,..., t,, T.e. paccmarpusaTh MHOroMepuyio c.B. (X(t1), X(ty), ...,
X(tn)).

Taxum o6pasom, nousTHe ciryuaiinoro POIECca, ABAAETCA 0boOuenHneM
TIOHATUA CUCTEMBI CJIy YaliHbIX BEJIMYMH, KOTIA ITUX BEJMYUH — GECKOHEY-
HOE MHOXECTBO.

Knaccudumkauusa cnyyaitibix npoyeccos

Crywaiinetii mpouece, nporekatoumii B 110608 dusuueckoii cucreme S,
IpesicTaBiseT COOOH CilyYaliHbIe TEPEXOIBI CUCTEMBI B3 OHOIO COCTONHIS B
Ipyroe. B 3aBHCHMOCTH OT MHOXK€ECTBA, 5THX COCTOSHUI W, o1 muoxecrsa T
SHAMEHUI apryMenTa t BCe CiyqaliHble IPOLECCH NeJTAT HA KJIACCH:

L. Inckpetnerti nponecc (nuckperHoe COCTOAIHME) C IUCKPETHBIM BpeMe-
HEM.

2. IInckpeTHbiii nponece ¢ HenpepbBHLIM BPEMEHEM.

3. HenpepoiBrbiii nporiecc (senpepbisroe COCTOSTHUE) C JINCKPETHBIM Bpe-
MEHEM.

4. HeupepsbiBHbIii nponecc ¢ HEMPEPBIBHBIM BPEMEHEM.

B 1-m u 3-m cayuanz mroscecmeo T duckpemmno, 1. e. apryment t npu-
HIMAET IMCKPETHHIC SHAMCHUs by, ¢, b2, . .. (06brano £ = 0,1.2.3,...); B 1-u
CIyIac MHOXCCTBO 3HAMERRni Ciyuaiinot dbynknmn X (t), 1.e. X (ty) = x,
X(t) =uxy,... — AUCKPETHOE MHOXECTBO (MHOXecTBO W KOHEYHO wm
CYETHO), & B 3-M CJy4yae — MHOXKeCTBO W HECYETHO, T. €. CeYeHNEe CITydai-
HOI'O nponecca 1 Jio60ii MOMEHT BpeMen# £ IpencTaBager coboi HEIPePhIB-
HYIO CJIy4aiiHyIo BeJIM4MHy.

Bo 2-m v 4-m cayuasxz muoorceemeo T HENPEPOIGHO, BO 2-M CJlyYae
MHOKECTBO COCTOstHMI CucTeMbl W KOHEUHO MM C4eTHO, a B 4-M Ciyuae —
W necuernoe.

[Iprmepamu crtyuaiinbx mponeccos 1- 4 KAaccoB SBIAIOTCH COOTBEL-
CTBEHHO:

L. ®yrGosuct MoxeT 3a6UTh WM He 3a0UTh OIMH MK HECKONLKO IOJIOB
B BOPOTa CONEPHMKA BO BpeMs MaTyell, IPOBOIMMBIX B ONpenesieHHbIE
MOMEHTB! (COMJIACHO PACIUCAHMIO UIP) BPEMEHM t1,12,.... Cnyuaiinbii
npouecc X (1) — uncsio 3abuTbiX 10JI0B IO MOMCHTA .

2. X(t) — 4mcno mpoCcMOTPEHHBIX TEJIETIPOrpaMM Ha NCPBOM KAHAJE OT
Havasa paboThl TeJIeBU30pa [0 MOMeHTA, £,
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6.3.

3. B onpenenennble MOMEHTHE BpeMEHN to, t1, to. . . . MIMEPSACTCA TeMITEPA-
rypa Y (t) 3a6071€BIIErO YeI0BEKA. Y (t) — cayuaiinbiil uponece Heipe-
PHIBHOIO THIA C JVCKPETHBIM BPEMEHECM.

4. Jabnenue Bosuyxa P(l) B mmHe KoJeca aBTOMOOWIIA.

OTMETHM. 9T0 pPAcCMATPUBAIOICA M APYTHE, Hujgee CJIOKHBIC KMacChl
citydaiiusix nporneccos. Juif pasiminbIX KJaccob CJTyYallHBIX NPOLECcCos
paspaboTaHbl PA3IMTHLIE METOIB UX W3y TeHM.

OCHOBHbIE XapaKTepuCTUKKM Clly4ailHoro npouecca

Jlrst cotydaiHOro Mpouecca TAKXKe BBOUATCH pocTeHImEe XapakTepu-
CTUKH, AHAJOTMYHBIC OCHOBUBIM XapPAKTEPUCTHKAM CJIyTAlHBIX B/ THLL
BHAHNe UX OKA3BIBACTCH TAKXKe JIOCTATOYNO JJis PEIICHUA MHOTUX 3314t
(HATIOMHIIM, TIOJTHAS XAPAKTEPUCTHKA Cily YaHHOTO IIPOUECCa JIAETCA 6¢ MHO-
FOMEPHBIM (KOHETHOMEPHBIM) 3AKOHOM pacnpenesenust). B orymine or au-
CJIOBBIX XAPAKTEPUCIUK C.B., OPEACTABIAIOIAX COOOH ONPCACTEHITHIE 1=
/T, XAPAKTEPUCTHKY C. 11. IPEICTABJIAIOT CoOOH B ob1eM cirydae He 9uca,
a pyHKUMN. -

MaTemaTudeckoe oXxuaaxve ciyvdainHoro npouecca

Mamemamuseckum oxcudarues c.n. X (f) HasbIBacTCA HECILyHallias
dyuxums my (t), koropast mpu JI060M (PMKCHPOBAHNOM 3HAMEHUN apry-
MeHTa | paBHA MATEMATHYECKOMY OXUJAHMIO COOTBETCTBYIOMETO CEHEAU
CJIy9aiHoro npouecca:

mx(T) = MX(t). (6.1)

MareMarnieckoe O uIaHue C. i, 0003HaYAIT KPATKO M TaK: mi(t), al(t).

@ynknua my () XapakTepusyer HOBCICHUC C. 1. B CPCIIHEN. T'ecomert-
pUYeCKY MATEMATHYECKOC OXUJIAHNE m(t) MCTOJIKOBHIBACTCH KaK «CPed-
Hesl KPUBASA», OKOJIO KOTOPOA PaCIONOKENBl KPUBBIC — peasmsanun (Cm.
puc. 60).

Onupasch Ha CBOWCTBA MATEMATHICCKOrO OXUAALN ciryqaiinoit BeJIu-
YUHBI U yYUThiBad, (TO X (t) - cayuyaiinbtit iponecc, a f(t) — mecryqainas
pyHKIHA, NOJIYyUYaeM C60UCINGa MAMEMATNUNECKO20 0HCUIaHUS CAYHAUHOZ0
NPoOYLCCa:
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mx(t)+ox(t) X

mx(t)—ox(t)

Puce. 60

1. MaremaTudyeckoe oxumanue Hecsyuainoil dbyskupE paBHO Camoil
byuKUMR, T. €.

M (f(t)) = f(2).

2. HecoyyaliHblil MHOXUTEIIb MOXKHO BHIHOCHTD 38 3HAK MATEMATHYECKOr0
OXUNaHudA cjy4vaifnoro npomecca, T. e.

M (f(5)- X (1) = £(t) - mx (1),

3. Maremaruueckoe oxunanue CYMMHI (Pa3HOCTH) JBYX CJIydYalHbIX Ipo-
IECCOB PABHO CyMMe (Pa3HOCTH) MATEMATHYCCKUX OXHIAHUN Cliarae-
MBIX, T. €,

M (X(t) £Y (1)) = mx(t) £ my (t).

Ormerum, uro, saduxcuposas aprymMeT { U Iepexons oT CaydaiiHoro
nponecca K ciydaiinoil Besimdune (T. €. K CEYEHUI0 CIIyYaiHOro pomecca)
MOXHO HaWTH MaTEeMATUYECKOE OXKUIAHUE HTOrO IIPOTIECCA.

B

Tak, eciur cevenwve c.n. X (t) npu manuoM t ecTs HENIpEpBIBHAA C. B. ¢
IoTHOCTHIO f(t,7), TO ero MareMaTmYeCKoe OXHAAHME MONKHO HATH o

dopmyJie
o

MX(t) = / - f(t.z) dz. (6.2)
—00
Ilpumep 6.1. Cnyualinbii npouece onpenessgercs dbopmynoit
Y()=X-e', t>0, X~ N(3;1),

. T.e. X — c.B., pacupenesiesa 1o HOPMaJIbBHOMY 3aKOHy ¢ ¢ = 3, ¢ = 1.
Halitn maremaTrueckoe oxumanme ciryuaitioro nponecca Y ().
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(z—3)*
Q Tak kak f(r) = L o722, 70, ucnomesysa dopmyny (6.2),
HAXOMIMM: .

7 o0 _.(zf?a)z
my (t) = /w-e*t- 1l =2 dx = L ot [ g6 \V2/) da
—0C

_ e’ .(/(x_g).e_( x/i) dr + 3 7{.(1\;53)2@;) =

o

+3-V2-r | =

:____\/ie._i/%(o_kg.\/ﬁ.ﬁ):g.e—t’

e my(t)=3-e*t
[IpusesieM APYToe PellleHre: COITIACHO CBOACTBY 2

my(t)=M (X . e*t) —et-MX,

1o X ~ N(3;1), cnenoparesbio, MX =3 u my (t) = 3e™". o

[Avcnepcus cny4aiHoro npouecca

Jlucnepcuedl cayaiinozo npoyecca X(t) naspiBaercsi Hec/ydalHad
— dyuxnus Dx (t), koropad NPy KaxI0M SHAYCHIH t paBHa JUCTIEPCUN COOT-
BETCTBYOIIETO CEYCHNS:

Dx(t) = DX(t) = MX%(t) — m%k (1) (6.3)
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Hucnepcus Dx(t) c. 1. xapaktepusyer pasbpoc (paccesinue) BO3MOX-
HBIX SHAMCHHUH C. 1. OTHOCHTEJTEHO €T0 MATEMATHYECKOTO OXKUIAHMSL.

Hapsity ¢ nucnepcueii c. . PaCCMaTpUBAETCH Takxke cpeduee xeadpa-
munecxoe omxnonerue o(t) (KOPOTKO c. k. 0.), onpenessemoe PaBEHCTBOM:

ox(t) = VDx(t). (6.4)

Pasmeprocts dbyukimm oy (t) pasna pasMepHocTH . 1. X (t).
SHAMEHUS DeATH3AUMH C. I1. TIPH KAXKIOM f OTKIIOHSIIOTC OT MATEMATI
UECKOr0 OXuianus mx (t) na penmaudy nopsaka oy (t) (c. puc. 60).
OueBnnner crenyrompe ceoticmea ducnepcuu c. .
L. Ilucnepcus neciyuafinod dbyuknuu pasna HYJIO, T. e.

D(f(t)) = 0.
2. Tucnepcus c. . HeOTPUNATCIIHHA, T. €.
Dx (t) = o%(t).

3. Hucnepcusi npousseneHus Hecayuainoi dymrknmn Ha corygatinyno
dbyuknuo pasna npoussenenno KBajpara HecnydaiiHo# hyHKOME Ha
Apcnepento caydaiinoi byuknuu, T. e.

Dx (f(t)- X(t)) = f2(t) - Dx X (t).

4. Hucnepcust cyMMbl C.1. u Hecayyainol GyHKnuK pasma mucnepcun
c.o., T.e.

Dx (X(t) & f(t)) = Dx(2).

Ilpumep 6.2. Vcnonsys ycnosue npumepa 6.1, maiitu aucnepcuro u cpex-
Hee KBaJpaTnyecKoe OTKJIOHEHue C. 1.

Q Haxoaum mmcnepenio, ncnomnssys ee cBORCTBO 3: Dy(t) =D(X-e7t) =
=(e")?2-DX =¢?.DX. Ho X ~ N(3,1), cnegosarenvho, [DX = o2,
cm. c. 99 DX =12 =1.

Hoaromy Dy (t) = e 2 -1 =% 1.e. Dy(t) = e 2.

t

oy(t)=Ve 2 =¢" re oy(t)=¢"". o
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KoppensiuvoHHas ¢yHKUUS Cry4anHoro npouecca

MareMaTnaeckoe OXUAAHNE W AUCIEPCUs He ABJIAIOTCA MCIEPIIbIBAIO-
UIAMH XapakTepPUCTHKAMU CJTy4ailHOrO nporecca.

B uacTHOCTH, 3HAA MATEMATHYECKOE OXKUJIAHUE ¥ JUCIEPCUIO, HUYEro
HOJIB3S CKA3ATh O 3aBHCHMOCTH ABYX (n Gostee) ceucHuit . 1.

JIst OHpenesICHUs CBA3K MEXKJTy Pa3IMuyHbIMU CCUCHUSAMM C. TL. UCHOJIB-
3yeTcs KoppesAuuoHHasA (DyHKIWA — aHa/or KOBapHalun

Kxy = M((X —mx)- (Y —my)) = MXY —my - my,

XapaKTepusyolieil CTeNeHb CBA3M MeX /1y AByM# C. B. XuY.
‘ Koppeasyuonnoti (roeapuayuonhod, ABMOKOCAPUGUUOHHOT, AGINOKOD-
- peasyuonnot) @ymxyuet c.n. X(t) HaspiBaeTcH Hecydabiuasn (OyHKLUs
nByx aprymentos Ky (ti:t2), KoTopad npy Kaxuol nmape sHauennii ¢ u
t, paBHa KOPPEJIANMOHHOMY MOMEHTY (koBapHAINMK) COOTBETCTBYIOMUX Ce-
qenmit X () v X (t2):

Kx(ti;t2) = M((X(tl) —m(ty)) - (X (t2) — m(tg)))

Kx(ty;la) = M(X(h) - X(t2)) = M(X(t1) - X(t2)) — mx(ty) - mx(ta2),

roe X(t) = X(t) — m(t) — nenrpupopanHas ciydaiinas dyHrnU.
TIpuBerieM ocrosHuie c60lcmea Koppeaayuonnoll (asmokosapuayuon-

noti) dynxuuu Kx (t1;t2) cayyaitroro npouecca X (t).

1. Koppensiumonhaa GpyHKIMA MPU OIMHAKOBBIX 3HAUEHUAX APryMEHTOR
paBHa, AUCTIGPCHUU C. IT., T. €.

Kx(t;t) = Dx(t).

[ HeiicTBirresbHo,

Kx(t:1) = cov(X(0), X (1)) = M((X(t) —mi(t)) - (X (1) - m(H)) =
= M(X(t) —m(t))’ = Dx(t). ™

D70 CBOUCTBO TIO3BOJISAET CYUTATh MATEMATHYECKOe OXKUIIaHNe U KOppe-
JIANUOHHYI0 (DYHKIMIO TJIABHBIMHU XapaKTePUCTAKAMH C. I1.; HeODXOOAUMOCTD
B JUACTIEPCHUY OTHAJAET. '
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2.

Koppenanuonnas ¢bynknus vHe Mensiercs IIp¥ MEePEeCTAHOBKE apryMen-
TOB MECTaMH, T. €.

Kx(ti;t2) = Kx(ta; 7).

ITO CBOJICTBO HENOCPEICTBEHHO BBHITEKACT W3 onpesiesieHusi Koppeds-
OHMOHHOM (pyHKINm.

Ecim x ¢. 1. nprGasurs necnyuaiinyo dbyrkmmro, To KOPPeJIAIMOHHAS
dbyuxuusa He uzMeHmTCH, T. €. ecam Y(t) = X(t) + f(t), 10

Ky (t15t2) = Kx (t1;t2).

[d Tax xax my(t) = mx(t) + f(t), To

Y(t) —my () = X(t) + f(t) —mx(t) — f(t),

T.e. Y(t) — my(t) = X(t) — mx(t). Orcrona cnenyer, uto Ky (t1;t9) =
= Kx(t1;t2). N

4.

Monynn koppessinponnoll dbyakmmn me IIPEBOCXOOHAT HPOW3BEICHNS
CPENHEKBAIPATHYECKUX OTKJIOHEHMIA, T. e.

|Kx(t1;t2)] < v/Dx(t) - Dx(t2) = ox(t1) - ox(t,).

CroiicTBO 4 HENMOCPENCTBEHHO BHITEKAET U3 COOTBETCTBYIOMIETO CBOi-
CTBa KOPPEJIANMOHHOTO MOMEHTa IBYX C. B. (¢M. 1I. 3.7) ¢ yueroM nep-
BOro CBoO¥icTBa KoppessiumonHoi dhyuknuu c. 1. X (t).

Lpwn ymuoxennu c. . X (t) ua vecayvaligbit MEOKITEIND f(t) ee xop-
penAnuonHasn GpyHKIMA YMHOKUTCA Ha IIPOU3BE/IeHHe [ (t1)- f(t2), Te.
ecom Y (t) = X(t) - f(¢), 10

Ky (ti3t2) = f(t1) - f(t2) - Kx(t1;t0).

Hapsany ¢ xoppensmumonnoit ¢ynknveit c. . paccMaTpuBaeTCA TAKXKe

HOPMUPOBAHHAA KOppeJisiuuonnasa GbyHKnus (MM HOPMUPOBAHHAA a6mMo-
Kosapuayuonnaa Pynxyun) rx (t1;t2), onpenensiemast paBeHCTBOM

oy Kx(ti;t)
(.4 (tlatQ) - U,\’(tl) K UX(tQ).

C yverom cBoiictBa 1 MOXHO 3aUMCATD TaK:

Kx(t1;t2) _
VEx(ti;t1) - /Kx (ta; t2)

rx(t1;t2) =
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TTo cBoeMy cMbICHy 7 (t1; t2) anaormaaa KoahPpUnuenRTy KOppeaanus 1Jist
C.B., HO HE ABJAETCS NMOCTOSHHOW BEJIMYUHOR, 3aBUCHT OT apryMeHTOB tj
a is.

Csoficmea HOPMUPOGAHHOT KOPPEAAYUOHHOT PyHKYUY AHATIOTHIHBL
cBoiicTBaM K03 dunuenta Koppeasinuu (M. 1. 3.7):
Lo frx(tist) <13
2. rx(t;t)=1;
3. rx(ti;te) =rx(t2;t1).

ITpumep 6.3. Vcriosnpsyst ycsosue npumepa 6.1, HallTu KOppeasiiuOHHY O

|~

¥ HOPMHPOBAHHYIO KOppeasnuonnyo dbyrkuuu c. . Y (1).
Q eiicrBuresnbHo,

KY(tl;tZ) — M((X . e_tl - 3. e—tl) . (X R e—tz —3. (:'Vtz)) _
= 1\4(){2 R e—tl . e—tz —6X - e—t] . e—tz 4 96~t1 . e—tQ) _
= M(e‘tl etz (X — 3)2) —eh.ele . DX =, e 12.12 = ¢ (b +t2)’

r.e. Ky (t1;t2) = e (hFt2),

—11 —t2
) _el-e
Torma ry (t1;t2) = Th o
IIpu perrennu npyMepa HUCHOJIb30BAJIMCH ONPEneeHNs KOpPealnoH-
HOM ¥ HOPMHPOBAHHOH KOPpPeNsAnvoHHOM GyHKIM, a Takke pe3ybIar pe-

meHus npumvepa 6.2. o

= 1, T. €. 7'y(t1;t2) = 1.

BaavmHan koppensaumoHHas ¢GyHKLUA CNy4anHoro npouecca

Jiia onpenesieHnsi CTENEHH 3aBUCMMOCTH CEedeHME JIBYX CITy4JaifiHBIX
HpPOLECCOB HCHOJIL3YIOT KOPPEANMOHHY 0 (DYHKIHIO CBA3K NJIM B3AUMHYO
KOPPEJIAIMOHHY 10 (DyHKIHIO.

Baaumnoli xoppeaayuonnoti gynxyueli deyzr c.n. X (t) u Y (t) nasvisa-
—  erca Hecay4alinaa Gynknus Rxy (t1;t2) ABYX He3aBUCHMbBIX aPIYMEHTOB 1
¥ 1y, KOTOpaa NMpy Kax 104 nape 3Ha4eHuii t; u {2 paBHa KOPPEJIATIMOHHOMY
mMomenTy aByx ceuennii X (t1) u Y (t2):

Ryy (tit2) = M((X(tl) —mx(t))- (Y (t2) Hmy(tQ))) = M(X(tr)- Y(t2))-
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2

Hpa c.. X () n Y(t) HASHBAIOTCA HEKOPPEAUPOGAHHOIMU. €CIH HX

B3aMMHas KOPPeJIAUMOHHAA (DYIKIMA TOXKAECTBEHHO DABHA HYJIO, T.e.
Rxy (t15t2) = 0 nns mobbix t; u to. Ecom Rxy(ti:to) #0, o c.n. X(H) u
Y (t) maseisaiorcs xoppesuposarmoimu (vt COAIQHHBLMU).

Ceoficmen 636uMHOT KOPPEAAYUOHHOT PynKyUU HETOCPEICTBEHHO BHI-

TEKAIOT W3 €€ OUpereJicHyA W CBOMCTH KOppeJIALMOHHOTIO MOMCHTA (CM.

H.

1.

5.

3.7):
IIpy oprOBpEMENHOIi MepecTaHOBKE MHIICKCOB B APTYMEHTOR B3ANMHA
KOppeJIslIMOHHAsA (PYHKINS HE MPHSAETCH, T. €.

R,\’y(t] . tQ) = RYX (tg; tl).

Monysb B3anmuoil KOppesamonnoii by KIpY LBYX C. 1. He NpeBbillla-
€T NPOU3BEACHNA UX CPEHMX KBaIPaTHYECKUX OTKJIOHEHYil, T. €.

[Rxy (ti;t2)] < ox(tr) - oy (t).

Koppensmuoruan ¢pyHKINA We M3MEHWTCH, eCim K C. 11 X(t) n Y(t)
upubasure Hecsyuaiinbie byukuuy (1) u o(t) COOTBETCTBEHHO, T. €.

Rx,v,(t1;t2) = Rxy (t1;12),
e X, (t) = X(t) + f(t), Yi(t) = Y(t) + ().
H()Cﬂy‘laﬁuble MHOKHWTEJIN MOXKHO BBIHECTH 33 3HaK KOppeJIHIH/II/I, T. €.
ecim Xy (t) = f(t) - X(t), Yi(t) = o(t) - Y(¢), 1o
Rxyyi (ti5t2) = f(t1) - p(t2)Rxy (ti; b).
Ecm X (1) = X (1) + Xa(t), 10
Kx(ti5t2) = Kx, (ti; t2) + Kx,(t1;t2) + Ry, v, (b3 t2) + Rx,x, (t; o).

Ecru c. 1. X1 (t) n Xo(t) nexoppesiu OBAHBL. TO KOPpeJISIIUOHHAA (DY HK-
1 24 p pp Yy
i MX CYMMBbI DaBHa CyMMe MX KODPeJANUOHABIX (PyHKIumii:

Kx(tisty) = Kx, (t1:t2) + Kx,(t1; t2).

,[LHH OOCHKHU CTENEHW 3aBUCUMOCTHU CEYCHUI ABYX C. 1. HCOOJIL3YIOT

TAKKE HOPMUPOSAHHYIO 63aUMHYI0 KOppearyuonnyo Gyrnwyuto 7xy (t;ts),
OIMPENeJIAEeMY 0 PABEHCTBOM:

Ry (tisty) Rxy (ti;t2) _
VDx(t1) - Dy(tz)  V/Ex(ti;t1) - VEy (t2: t2)

rxy(t1;t2) =
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Oyuknma rxy (t;t2) obmamaer Temu ke CBOKCTBAMH, UTO W dbyukups
Rxy (t1;t2), HO cBO¥CTBO 2 3aMeHsieTCs Ha CIEyrOIEe: lrxy (t1;t2)] < L.
T. ¢. MOJYJib HOPMUPOBAHHON B3aMMHOH KOPPEJIAIMOHHOM (DyHKIWMK He Tpe-

- BpIIaeT eOuHUIBI.

IIpumep 6.4. Haiitn B3aumHy10 KOPpEJIANMOHHYIO JYHKIHIO OBYX C.1I.
X(t)=t-VuY(t)=(t+2)V,meV — c.b, npuiem DV =3.

Q Takxkak mx(t) = M(t-V) =1t-MV =t-my. amy(t) = M((H—Z)-V) =
= (t+2) - my-. TO

’

Rxy(ti;te) = M (tlv —tymy) (k2 +2)V — (t2 + 2)my) =
= M(tl (V - m‘)) ((tQ + 2)(V - me)) =1t - (tz + 2) - ]\/I(V - 7774-')2 =
=ty - (t2 +2)DV =3t1 - (t2 + 2),

r.e. Ryy(t1; to) = 3ty - (t2 + 2). ®

YnpaxHeHus

1. Cuyuaiineii mponecc onpeenserca (HopMyJIoi X(t) = V - sint, toe
t >0,V ~ R[2;4] — cuyuaiinaa BejmumHa, UMEIOMAA PaBHOMEPHOE
pacupenenerne. Hajitu: a) cedenne c. 1. X (t) B momenT spemern ¢ = Z’

6) peaJIM3aLMIO C. II. IPH OIHOM MCIBITAHUH, B KOTOPOM C. B. V npunana

3HAYEHUe 2.

2. Jlns caydaithoro mpomecca u3 ynpaxkHeHus 1 naitTm: a) mMareMaTH-
Jeckoe OXHJIAHUE C.1.; 6) JAMCIEPCHIO U CpejiHee KBaJPaTHiecKoe OT-
KJIOHEHHE: B) KOPPEJIANMOHHYIO (aBTOKOBApHATMOHHYIO) (DYHKIIUIO; T)
HOPMHPOBAHHYI0 KOPPEJIANMOHHY0 (DYHKIMIO C. 1. X(t).

6.4. CTauMoHapHbIiA cny4yaiHbiii NpoLecc B Y3KOM
M LLUPOKOM CMbICJ1€

BasKHBIM KJIACCOM C. I1. SIBJIAIOTC: CTAIMOHAPHBIC CJIy4Yaiiibie Ipounec-
CHl, T. €. TPONECCHL. HE N3MEHAIOIINEe CBOX xapaKTepI/ICTI/IkH C TeYeHUeM Bpe-
mern. OHE MMEROT BHJL HEIPEePHIBHBIX CJIy“alHbIX KOmeOaHnit BOKpYTr HEKO-
TOPOTO CpeAHEro 3HaveHus. TaxoBbIME FABJIAIOTCA: IABIECHUE 1asa B Taso-
MpoBOJIE, KOJIeOAaHUA caMoJIeTa IPU «aBTonosere, KoJsiebaHus HAPAKCHUA
B 3JICKTpHUYeCcKOit cetu u T. 1.
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Coryuaiinbiit nponece X (t) HA3BIBACTCH CIMAUUOHAPHBM 6 WAUPOKOM
CMYICAE, €CTTH €T0 MATEMATHYECKOe OXUNaHue my (1) MOCTOANHO, a Koppe-
Janpontasn pynkuua Ky (t1;to) 3aBHCHT TOJIBKO OT PA3HOCTH APIYMEHTOR,
T. €.

Tnx(t) = 1n = const, Kx(tl; t2) = Kx(tQ — tl).

U3 atoro onpegiesienus crenyer, 4To KOppesAnMoHHan byuxuus cra-
UOHAPHOI'O IIPONECCa eCTh (PYHKIMS OIHOTO apryMeHTa:

Kx(ti;t2) = Kx(1), tmet =1ty —t;.

ITO 0BCTOATENIBCTBO 3a9ACTYIO YIPOIAET OIEPAINN H3aJl CTANUOHAPHBIME
CIIy4afiHBIMUA TTPOTIECCAMA.

Cuaryuaitebiit nponece HaspBAIOT CMOYUOHAPHBIM 6 Y3KOM CMBICAE, CIH
BCE €r0 XAPAKTEPUCTUKHU 3ABUCAT HE OT 3HAYECHUN APLyMEHTOB, a JIHIIDb
OT UX B3aMMHOTO pacnojioxennsa. To ects mia ¢ynknuit pacnpenesnesnus
CeYeHuif 1ponecca J0JKHO BBHIIOJHATHCA PABEHCTBO:

Ft1+h,t2+h,...,tn+h($1, Z25---, »Un) = Ftl,tz,...,tn (£U1, 0/ PR wn),

npu 00X h >0, n > 1, ¢, to,...,t, € T.

OrmeTum, IT0 U3 CTAIMOHAPHOCTH C. 1. B y3KOM CMBICJIE CJIEAYET CTa-
UMOHAPHOCTD €I0 B IMPOKOM CMbIC/Ie; OOPATHOE yTBePXICHNEe HEBEPHO.

B pasbueiimem Gyjiem paccMarpuBarh TOJBKO CIALMOHAPHBIE C.TI. B
HIKPOKOM CMBICJIE.

IIpusenem ocuosrbie cBoicTBa KOppessmonHOH hyHKuM cTanmonap-
HOrO CityuaiiHoro mpornecca (c. c. 1.).
L. Jlucnepcust ¢.c.M. TOCTOSHHA W PaBHA SHAYCHUIO KOPPEJATMOHHON

dykumm B Hyne, T. e.

Dv (t) =Ky (0) = const
(r.e. B navane xoopmunar Dx (t) = Kx (t;t) = Kx(t —t) = Kx(0)).
2. KoppensauuoHnast GYHKIMSA C. C. II. SBJIAETCH YETHOM, T. €.

KX('T) = Kl\'(—'T).

3. Monynp xoppesnanuonHoii GyHKIMY C. C. 1. He IIPeBbIIACT ee SHATCHUS
mpu 7 =0, T. e.

[Kx (7)] < Kx(0).

Hopumposahnaa xoppensiumonnas GyHKIWs C. C. 1. €CTh HeCIyyaitnas
byuknua aprymenTa 7:

rx(r) = Kx(r) Kx(7)

- Kx(0) - g?{.

, p# atoM |rx(7)| < 1.
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BONBUIMHCTBO C. C. 1. 0OJIAIAI0T BaXKHBIM JIJIsi IPAKTHKU 9P200ureCckum
c601icMEOM, CYHIHOCTH KOTOPOT'O COCTOUT B TOM, 9TO HO OFHOH, JIOCTATOTHO
JUTMHHOM, OTNIEJILHOM PEAIM3aIUK MOXKHO CYJIUTh O BCEX CBORCTBAX MPOIEC-
ca TaxKe Kax 1o JIEoB0My KOJUIeCTBY peausarmii, T. €., IPYTuMu CI0BaMy,
OTHEbHBIE XAPAKTEPUCTHKH C. C. 1. {mx, K x (7)} MoryT OBITH OnpeesieHp!
KaK COOTBETCTBYIOIIUE CPeIHUE [0 BPEMEHH TS OHOH peasim3alyy JI0CTa-
TO4HO GOIIHIOH NPOgOIEKUTENbHOCTH. CBA3HL MEX LY KJIACCAMM CTAIMOHAD-
HBIX U 9PrOJIWYECKHUX C. . IPUBEeHa Ha pucynke 61.

3ProauveckKue

cTalguoOHapHLIE B
V3KOM CMBICJIC

cTagiOHapHbIe B
MUPOKOM CMBICJIE

Puc. 61

JToCTATOYHBIM YCJIOBHEM SPIOAUMYECKOro ¢. 1. X (t) OTHOCHTESHHO MaTe-
MATHYECKOro OXKUAAHNS U KOPPeJsanruoHHOM (hyHKIUK ABIAAETCH CTpeMJie-
Hue K HYJIIO €0 KOPPeIAnNOHHOoH (byHKIMU TP T — 00, T. e.Tli)rgo Kx(7)=0.

B KauecTBe OLEHOK XapaKTePUCTHK 3PTOIUYECKUX C.C. 1. MPUHUMAROT
yCpeIHeHHoe 10 BpEMeHM 3HAMeHHeE:

T

iy (t) = %/w(t) dt,
0

T

T
kx(r) = T%'F / (z(t) — mx(t)) - (z(t +7) — mx(t)) dt.
0

Urrerpasbl, B NPABBIX YACTAX PABEHCTB, BHIMMCIAIOT HA HPAKTUKE TPH-
6K EeHHO.

Cutyuaiiabie nponeccel X () u Y () HasplBaioTcs CTANMOHAPHO CBA3AH-
HBIMM, €CJIM MX B3aMMHO Koppessmuonnas dyuxmusa Kyy (t1;t2) sasucut
TOJIBKO OT T = 1] — t. B KadecTBe npumepa CTaMOHAPHOIO MPONECCa MOXK-
y0 B3aTH ¢. 1. X (t) = A- cos(wt + ) — rapmormteckoe Kosebanme. Moxto
HOKa3aTh, uto mx(t) =0, a

Kx(ti;ts) = %M(AZ) ccosw(ty — ta) = 0% - coswr.
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6.5. JlnHeiHbie n HeNnMHelHbie npeo6pa3oBaHus
CNy4yauHbIX NPOLEeCcCOoB

[Tpn UPOEKTHPOBANMY PABJIMYHBIX CHCTEM (cnerem aBTOMATHYECKOTO
YNPaBICHUS VuIM DEryJNUPOBAHUA W T.JI.) ¥ APYIUX HPaKTHYCCKHX 330
BOSHUKACT CJHCAYIOMIAsA 3a71a49a: Ha, BXOL, CHCTEMBl S MOHaeTCH «BXOIHOR
curHaT» . 1L X(f) ¢ M3BECTHRIME XaPaK TEPUCTHKAMI; CHCTEMA npecbpa-
SYET 9TOT CUriaJfl, B Pe3yJibTaTe Yero Ha BhIXOOe CHCTEMBI S HOIyYAeTcs
c.11. Y (¢). uasblpaeMurii «BbIXOAHBIM CHTHAJIOM»; TpeOyeTcs OnpeiieJnTh Xa-
pakTepucTuky . 1. Y (t) #a Boixosie cucrembr S (em. puc. 62).

X(t) R0

Puc. 62

Hpeobpasosanue c.m. X(t) B c.m. Y (t), ocymectsasemoe cucremoil
(upnbopom) S, CHMBOJIMMECKN 3aIIUCHBACTCH B BULIE Y(t) = A{X(t)}. e
A - - npeobpasosanue wam onepumnop cucmems, S.

Oueparop A Moxer umeth 11060il BUI: ONEpaTOp CJIOKEHNs HITH yMHo-
FKeHUA, oneparop nuddepennupoBays WM HHTCIPHPOBAHUA U T. JI.

Tak, manpumep, eciu 1(t) = sin2t, oneparop A ecto onepaTop MHTE-

i
rpupoBanus A = / z(7)dr, TO
0 t
t
y(t) = Afsin2t} = /sinzv dv = —% cos2V| = %(1 — cos 2t).
0
0

Bee Buupt nonobusrx mpeobpasoBanuit (01epaTopoB) MOXHO pasiesmTh Ha
JIBE PABINUHBIE IpyUmipL: JiMHeliHbie L u vesmmeitspre N. B ¢soio owepens
JIMHERHBIC TPeo0pa3oBatud JIeJIATCS Ha JIMHeHbIe OHOpOmHbe Ly u Ji-
Heitspre Heomuopogubie L.

[Tpeobpasobanuc (oneparop) Ly HA3LIBACTCS AuMeTitbMm odropodHua,
ecsm 0HO (OH) obiafaeT crolicTRAMY:
1. Oueparop cymmer byrK UMl (c. 11.) paBen cymme OTIEPATOPOB OT KAXKJIOH

$pynKIMN, BXOZAWMX B cyMMY, T. €.
Lo{X1(t) + Xa(t)} = Lo{ X1 (1)} + Lo{X2(t)}-

2. HUCTUHHHy}O BEJINIUHY MOXHO BBTHOCUTH 33 3HAK oneparopa. T. €.

Lofe- X (1)} = cLo{X(8)}.
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[peobpasoBanue Ly HA3BIBACTCA AUHETHbIM HeOOHOPOOHBIM, ECITH OHO

— cocromt w3 nuneiinoro omHOpomHOTO Npeobpasosanua Lo ¢ npubasiiennem

samanHol Hecryaisoll dynuximu f(t). T.e. Lu{X(t)} = Lo{ X (8)} + f(2).

Bce npeobpaszosanus, He ABJIAIIIMECA JIMHEHHBIMA, HASBIBAIOTCA He-
AUHETHBIMU.

[TpuMepamMu JIMHEHHBIX OJHOPOIHBIX ONEPATOPOB ABJIAKOTCA OUEPATOP

d()

macddepentmposannsi Y (f) = , oneparop uHTerpuposanus Y (t) =

/ X(7)d7. oueparop yMHOXeHUSA Ha 3aJaHHYIO dbyukmmio Y (t)

0
= f(t) - X(t). Ilpumepamn JMHEHHBIX HEOLHOPOAHBIX —

vy =20, v - / X(r)dr (0, V() = FO-XO-+6(0).
IIpumepamy mesmmeiinnx — Y (1) = X2(t), Y(t) = -C%Q + cos X (t).

6.6. AnddPepeHumpoBaHue U NHTerpuposaHne
cny4aiHbixX NpoL.eccoB

Iycts c. 1. X (1), xapaktepucTukm Koroporo my () u Ky (t1;12) 3ana-
) dX(t
He1, noaBepraeics duddepenyuposaruro Y (t) = —cﬁ(—) Tpebyerca naitTi
xapakrepuctuku my (t) n Ky (t1;12) «BbIXOMHOTO CUrHATA» — C.1I. Y (t).
IIpennosnarasi, ato c. . X (f) AB1AETCA HEUPEPHIBHEIM, IIPOUSBOTHAL OT
HEro CYIECTBYET, a M. O. IPEeeJia PABHO UPEAeJly MareMaTnieCKoro oxu-

JAHUsA, OT PABEHCTBA

X(t + At) — X (1)
At

Y(t) =k
0=

nepeiineM K CJIeAyIOmeMy

. omx{t+ A —mx(¢E dm x (t
MY (t) = mx(t) = Al%IEO x( Ai x( ), T.e. my(l) = —d\t(—)

Vtak, mamemamuseckoe oxcudarue npouseodnoli c. n. pasro npouseodnol
om ee m. 0. (koporko: m (1) = m'y (t) mu M (X'(t)) = (MX(t)").
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|#]

MOoKHO NOKa3aTh, MO KOPPEARUUOHHAA PyRKUUA NPouseoonotl om
c.n. X(t) pasna emopoti cmewannoti wacmuoti npouzeodnoti om Koppeas-
yuonnot Pynryuu c.n. X (t):

OKx (t1;t2)

Ky (ti;t2) = o, - ol

ITpumep 6.5. Vicnosnesysa pesysibrarst pentenuii mpumepos 6.1 u 6.3, naiitu

dX(t
M. 0. ¥ KOPPeJIANUOHHYI0 PYHKUMIO . 1. Y (1) = —dt(—)—

Q Mekomoe m. 0. ects M(Y(t)) = M(X'(1)) = (M(X(t)))l = (3e7t) =
= —3e L.
Haxonum koppestsnuonnyio dbyukmuo c. n. Y (¢):

OKx (t1;t2) et to 0 (.—t1- t2/
Atq: — = = = 1- 12
Ry(tite) = =5 =50~ = &1 a1, = o1, (e )u
8 (_e*tl—t2) — (_e—tl*t2)’ — e—tl—t2 —e *(t1+t2)- .

= _8t2 ts

ITycts usBectHbl XapakTepucTuku mx (t) n Kx (t1;t2) c.n. X (¢), a ym-
HeliHOe npeoOpPasoBaHMe C. Il. COCTOUT B €r0 UHMEZPUPOCAHUL:

t
Y () = /X(T) dr.
0

Tpebyerca naiiTu xapakrepucTaku c. 1. Y (1).
MoXHO [OKa3aTh, YTO MAMEMATMUNECKOE OHCUOGHUE UHMEZPAAA O
€. N. PABHO UHMEZPAAY O M. 0. IMO20 C. N., T.€.

t

my(t) = [ m(r)dr.

0

Nubmvum CJI0OBaMu, OHnepanuy HaAXOXJICHUA M. 0. U MHTEerpupoBaHUA MOXKHO
MEHATH MeCTaMMU:
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Koppenaumonnasa GbyHKIF HHTErpaja oT C. Il. PABHA, IBOMHOMY MHTETPAJTy
0T KOppeaanuoHuoil (byHKIUH C. 1L, T. €.

t 12

Ky (ti;t2) ://KX(Tl;Tz) dridry.
0

0

! Ipumep 6.6. 3nas m.0. mx(t) = 3- ¢ ' n koppessnuoHHy0 GyHKIMIO
—  Kx(t1;t2) = e 17 maiiTn M.0. 1 KOPPENAUMOHHYIO (DYHKIIUIO C. 1.

t
Y(t) = /X(T) dr.
0

t
=3— 3¢ L.
0

t
Q Hckomoe M. 0. ecth my (t) = /3 e Tdr=-3-€¢ "
0

Hanee:

t1 to t) to

Ky (t1;t2) = //GTI_TZ dridm = /e_” dTl/e_T2 dry =
00

0 0

to

) dry = (1—e™?)-(—e™") :)l: (1—e2)(1-¢e"). @

0

YnpaxHeHus

1. Kakue u3 opuBeJIcHHBIC HUXKE CJIYUARHBIX [IPONECCOB ABJIAIOTCA CTa-
IUOHAPHBLIMY (B IIMPOKOM CMBICJIE):
a) X(t) =V -sint, t >0, V ~ N[2;4] — cayuyalinas Besmanna;
6) X (t) = sin(t + ), t > 0, ¢ ~ R[0; 27} — cayvalinas BesiwdnHa;
B) X(t) = A-cos(t+g), t > 0, o = const {, A — ciyyaiinan BenuiuHa,;
r) X(t) =Y -cos3t, Y — cnyqalinas pestugnHa.

2. U3BecTHBI XapakTepPUCTUKHM JBYX HEKOPPEJIMPOBAHHBIX CIIydYaliHbIX
aponeccos X () u Y (t): mx(t) = t + 2, Kx(t1;t2) = &1 - to, my(t) =
= —t+ 3, Ky(t1;t2) = 2¢ 12 Hajitu MareMarndeckoe OXUIaHTE U
Koppenianmonnyio dbynknuo c. 1. Z(t) = X(t) + Y (¢).
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3. 3Has MareMarnveckoe UVKHIAHUE M KOPPEJIAIMOHHY IO (DYHKIIHIO C. 1.
X =V-sint,t > 0, V ~ R[2;4], mx(t) = 3-sint, Kx(t1;t2) =
= % sin ¢y sin ty, HaliTi: &) MareMaTUYECKOE OXUIAHNE U KOPPEISIVOH-

dX(t)
dt

Hy1o dyukimo c.n. Y (1) =
LM C. II.

6) M.0. M KOPPEJIALUOHHYIO (DYHK-
t.
Y(t) = / X(7)dr.
0

4. Bagan c.n. X(f) =Y -cost, tne t > 0, Y ~ N(2;1) — nopmasibHO
pacnpenesiennas c. B. fAsnaercs s c. . X (&) crammonapasmv? Haiitn

dX (¢
mz(t) 1 Kz(t;12) ciyqaiinoro mpouecca Z(t) = X(t) — 2 - ——El—t(—l

6.7. CnexTpanbHOe pa3/i0XXeHue CTauMoOHapPHOro
cny4yanHoro npouecca

Kak m3pectno, necstyqaiinyio dbyskumio z(t), yAOBIETBOPSIOULY IO OIpe-
IEJICHHBIM ycs10BUAM (ycstoBusiM JTUpUXJie), MOXKHO pa3jioXHUTh B IPOMe-
xyTke [—T;+T)] B pan @ypee.

OxaspiBaercd, 4To J1106o# c.n. X{t) Takke MOXKHO PasjoXuTth (T.e.
IPENCTABATD B BUIIE CYMMBI TAK HA3BIBAEMbBIX IAEMEHIMAPHOLT CAYOTHOLT
nPoyeccos) B pAll BUAA

X(t) = @ot) + Y Vi - gi(t),
k=1

rpe Vi, — cutydaiinbie Benunnel, ¢y (1) — Hecstyvaitnbie (pyHKIMM BpeMeHN.
MeTon passioKeHHS C.T. YOPOmMAET Pa3fIndHbIe TPeobpasoBaHud C. I
(JIMHERHBIX ¥ HEJSIMHEMHBIX), B YACTHOCTH, YIPOIACT ONpEesCHIe XapaK-
TEPUCTUK BBIXOAHOTO TPOIECCa CTAIMOHAPHON JImHelHON cucTeMbl 10 m3-
BECTHBIM XapPaKTCPUCTUKAM BXOJTHOTO CHUTHAJIA.
Paccmorpum c. 1.

X(t) = U coswt + Vsinwt, (6.5)

e U u V — HekoppesmpoBaHHbIE CJIYYalHbIE BEJIMYMHBI C M. O., PaB-
HBIMM HYJIIO U OIMHAKOBBIMM [HWCIIEPCUAMH, W — JEHCTBATEILHOE YHCIIO
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(vm KOPUTKO: W — KOHCTAHTA. My = My~ = =0, Dy =Dv =D, Kirv =
= M( U- V) = 0).

HOKa)KeM, YTO HTOT IPOLECC ABNACTCA CTAMOHAPDHDIM.

[ Haxomum m.o. c. . X(t):
M (X(t)) = mx(t) = MU - coswt + MV - sinwt = (.

Caenyer, uto X (t) = X(t) (nanomuum, 410 X(t) = X(t) —mx (1)), Te.
X (t) — nenTpupoBaHHBI CIlydalinbiii nporecc.
Haxonum Tenepb KOPpeJIAnuoHHY0 (hyHKITUIO:

Kx(tists) = M(X(t) - X(t2)) = M(X(t1) - X(£2)) =
=M (U -coswty +V -sinwty) - (U - coswte + V - sinwty) =
= M(U2) coswhy - coswly + M(V?)sinwt; - sinwty + 0 =
= D(U) coswt - coswiy + D(V) sinwty - sinwty = D - cosw(t) — t2).

Crenosaresbro, X (t)  c.c.n. (cm. 1. 6.4). |

Paccmorpum Teneps C. 1.

X)) =mx + Z Uy - coswit + Vi - sinwgt, (6.6)
k=0

rge MUk =0= MVk, DUk = DVk = Dk, M(Uk . Vk) = 0, M(Vk . ‘/l) =
= M(Uy -U;) = 0 npu k # |, w, — KOHCTAHTHL

D101 C. 1. TAKKE ABJIACTCH CTALMOHAPHBIM.

HeficTBUTEHHO,

M(X(t)) = M(mx) + M(Z Uy - coswit + Vj, - sinwkt> =mx +0=mx.
k=0

Cuenosarensho, X (t) = X(t).

Tak Kak caraemsle B C. 11. (6.6) HeKOPPeJIMPOBAHHEL, TO C yueToM (op-
MyJIbl 1JIs Koppesimonnofl dbynknmu c. 1. (6.5) u csoticrsa 6 (cm. c. 186)
KOPpeJIAIMOHHOH (DYHKIMY Oy YaeM

o<
KX (tl;tz) = Z Dk COSWET, THE T = t1 —1n. (67)
k=0

Urak, c.11. (6.6) siBJIseTCA CTAIMOHAPHBIM C. IL.
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Ormerum, wro paBeHcTBo (6.7) MOXKHO pacCMaTpUBaTh Kak pasJyioxe-
Hne Koppesannonnoi dynkumm Ky (ty;t2) na npomexytke [—T; +T] B pan

0
Dypoe no kocunycam: Kx (t1;5t2) = Kx (1) = 3 Dy, coswyT, rne
k=0

T

w = kwy = k%, Dy = % / K, (1) dr,

T (6.8)

T T
D, = % /KA(T) COS W T d1 = % Kx (1) cos w7 dr.

-7 0

Moxno nokasars, uro Dy 2> 0 pns mo6ofi KOppeJArmOHHON bysKIIIN
c.c.um. X(t).

Kanonmieckoe passioxenne (6.6) HasbiBaeTca cnexmpaishom pasao-
HCEHUEM CIMAYUOHAPHOZO CAYaiH020 Npoyecca.

Paznoxenne (6.7) Ha3BIBAETCH CNEEMPANLHBLM DAZAOHCEHUEM KOppe-
asyuonnott gynryuu c. . X (t).

O1MeTnM. 970 CIeKTPaIbHOE PA3JIOKEHEE C. C. 11. (6.6) MoxHO npeacTa-
BUTb B BUJIE CyMMBbI F&PMOHUYECKHUX KONeGaHMH CO CIIyualiHBEIMU aMILITHTY-
namvu Ay, dbasamu @ 1 yacTOTAME WY

(& (&

X(t) =my + Z Ay, - sin(wit + r),
k=0

U,
rne Ay = /UZ + V2, ¢ = arctg 7}’:

Hucnepcus c.c.11., MPEICTABJACHHOIO B BUIE (6.6), pasna cymme duc-
nepcutl 6CET 20PMOHUE €20 CNEKMPANLHOZ0 PASAOHCEHUA:

o
Dx = ZDk.
k=0

HeficrBurenbuo.,

Dx = [Kx(t;t)] = Kx(0) = ) Dycos(wg -0) = > Dy
k=0 k=0

Cosokynnocts mucniepeuii Dy, RasuBator cnexmpom c. c. n., a OPIMHATHI
Dy — cnexmpasvhomy AMuHUAMU, COOTBETCTBYIOIYMU YACTOTAMM W-
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D} D1
Dy
Dy,
Dy
D() l
0 w1 w2 ws kwy Wk
Puc. 65

CrexTp MOXHO u306pasuTh rpaduyecku (puc. 63).

CymMa BCEX OpOMHAT CriekTpa pasHa jucnepenm c.1. X (t). Cnextp
c. . (6.6) nasbiBaeTCa AuHeluaMOLM JUCKPETHBIM ¢ ODECKOHEMHBIM YMCIIOM
PaBHOOTCTOANMX CHEKTPAJIbHBIX JimHEHA. Paccrosime mexpay CocemHuMA
JIMHUSIMHA TI0 9ACTOTE PABHO W) = % = Aw.

6.8. CnekTpanbHag NJIOTHOCTHb CJZTly4aiHOr 0 Npoiecca.
Teopema BuHepa—-XuHuyuHa

CrekTpaJibHOE pasJioxkenue c.1. Ha npomexyTtke [—15T | naer upwm-
GIIVIKEeHHOe ero onmcanue. bBojiee mostHOE npencraBJieHWe O C.I. TP ero
CHEKTPAJILHOM PA3JIOKEHHH MOXKeT ObITh NOJIyYEHO P YBEJIMYCHUH BeJu-

quHb 1.
[Ipy HEOTPAHMYCHHOM YBeJIAueHIM NpOMexyTka pasnoxerus (T — co)
oo
queso caraeMbix B cymme Dy = Y Dy HEOrDaHWYEHHO yBEJIMIUBACTCH
k=0

(D), — xoadduruenT pasioKenns: KOPPEJIANMOHHON (DYHKINM, CM. (6.7)),

Kaxjioe ciiaraeMoe D), HeOrpaHHYEHHO YMEHBIIALTCH, HO CyMMa OCTACTCH
s

nocTOAHHON. MHTepBas MeX Ly COCCIHUMNI YaCcTOTaMu W = T = Aw bygieT

CTPeMHUTHCA K HYJIO. T. €. Aw — 0.

Dy
O6o3HaAUNM CPEOHIOK TUIOTHOCTH NUCLHEPCHR yepes Sy (wg), T.e.
Aw

D. Dy
Sx(wg) = — = —. 6.9
)x( k) Aw w1 ( )
Cnexmpanvnot naomuocmuvio Sy (w) emayuonapHozo cay«atlinozo npo-
yecca X (t) HASBIBAETCS! IPENEJ OTHOICHNUS! JTUCIEPCUM, NPUXONAMACS Ha

HUHTEPBAJI 9aCTOT Aw K JJIMHE 3TOr0 MHTEpBaAJIa, KOraa Iocjensnd cTpe-

MUTCsA K HYJIIO:

() = lim Pk
Sv() = fim, 28 610
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T. €. CIeKTPaJIbHAA IVIOTHOCTH C. C. 1. €CTh Tpenesl CpeliHeil MJIOTHOCTH [HC-
‘mepcun (6.9), korma Aw — 0.
Hostydum opmysisl, cBAsBIBAIOIINE CIEKTPAJIBHYIO IIOTHOCTD Sx (w)
n Koppesisimmonnyio pyukimio Ky (7) B ciyqae, korna T — 0o (Aw — 0).
Bripasnm pucnepenio Dy, u3 pasenctsa (6.9) u nopictabum ee B paBen-
ctea, (6.7) n (6.8). [lonywaem: Dy = Sy (wi) - Aw = Sx (wy) - %,

Kx(tl; tz) = K‘\'(T) = ZSX(wk) - COS WET - Aw, (6.11)
k_O
Dy, = Sx (wg %:%/K\ T) COS wy, T dT,
T. €
Sx(wg) = /KA (7) coswyT dT. (6.12)

Hepexona k npenesty npu T' — >0 (Aw — 0), u3 pasencrs (6.11) u (6.12)
MOJIyHaeM CJIENYIOIee yTBePXKICHHE. -

Teopema 6.1 (Teopema Bunepa—Xunuuna). Koppensimuonsast bysknus
U CHEKTPAJIbHASA IJIOTHOCTD C. C. II. CBA3AHBI MEXITYy CO60#l B3aUMHO OOpaTHbI-
MK KOCHHYC-IIpeoOpazoBanmnammn Pypee:

Kx(1) = /SX(w) cos wt dw, (6.13)
Sv(w) = 2/00 - .
v(w) =2 [ Kx(7)coswrdr. (6.14)
0

Juckpernpiit uHelqarsil ciekTp pasnoXeHus nepexonut, opu T —
— 00, B HETIPEPBIBHBIA CHCKTP. B KOTOPOM KaxX ol yacrore w > () cooTBeT-
CTByeT HeoTpuIaTesbHad opauaara Sy (w).

Kpusas Sy (w) u306paxkaer WIOTHOCTH PACTIPEAESICHNsA JUCIIEPCHil 10
YACTOTaM HEIPEPHIBHOIO CieKTpa (CcM. puc. 64).

Crekrpanbiasi morHocts Sy (w) cranmonapuoro .. obsagaer ciie-
JYFOHIMMHA CBOUCTBAMU:
1. ChekTpaibHasd MIOTHOCTH — HEOTPUIATEbHAA (DYHKLUHUS, T. €.

Sx(w) >0
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Sx(w)

Puc. 64

D10 cBOHCTRO BHITEKaeT us onpenesenns (6.10), rone Dy > 0, Aw > 0.
2. VurerpaJr ot crekTpaJbHO| miorHOCTH B Ipenenax or (0 no oo paben
[MCHEPCHUNA C. C. L., T. €.

/SX(w)dw = Dx.
0
D10 coficTBO BHITEKaeT U3 paseHcTsa (6.13):
o0 00
Dx = Kx(0) = /SX(w) cos(w - 0) - dw = /SX(w) dw.
0 0

OTmeTuM, ¥TO ITs1 YIPOILEHHS] MATeMATHIECKUX BBIKJIA/I0K yIo6HO uc-
HOJIb30BATH CIIEKTPAJIBHOE PA3JIOKEHHE C. C. Il. B KOMILICKCHOM dopwme. cun-
Tasi, 9T0 YACTOTHI U3MEHSIOTCA B MHTepBase (-—o00, +00) (wacrorel w < 0
(PUBMUECKOTO CMBICIIA HE MMEIOT).

Cnexmpaavrotll NAOMHOCMBIO CMAYUOHAPHOZ0 C.T. 6 KOMNAEKCHOU
Popme HazpiBaercs PyHKNUA

5 (@) = 5 Sx (1w])- (6.15)

®opmyJibl Busepa-XuHunsa B KOMILTEKCHOH (popMe UMeroT Bujl
i
[o 0]

Kx(r) = / Sk (w) - €7 - duw, (6.16)

-0
X0

Sy (w) = L / Kx(r)-e ™7 -dr. (6.17)

OHM NOJTYYAIOTCH, €CJN B CIEKTPAJIBHOM pasjioxenuu (6.7) saMeHuTh Tpu-
ronomeTpudeckre GhyHKIMN, UCIONB3YA (GOPMYJIBL Distepa

WL T —1 7 — WL T
WET | o W T WET _ o~k

COSWET = Sinwg7 = -
k 9 ’ k ) % )
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n nepeiitu x npenesty npu T — oo (Aw — 0).

OrMeTnM, 9TO CneKTpa/ibHasl IWIOTHOCTD S\ (w) — vernas ynkuus
Ha uHTepBase (—oc, +00), T.e. S (—w) = S% (w).

Ha yuactke (0; +00) umeem S% (w) = % - Sx(w) (cm. puc. 65).

Suavenns pynkunn S} (w) B 2 pasa Menbure snavenuii Sy (w) upm Tex
XK€ 3HAYCHUAX APIyMEHTa W.

S (W)}Sx (w)
Sx (w)
0 o
Puc. 65

ITpumep 6.7. Hajitu criekTpasibHyT0 IINOTHOCTD CTALMOHAPHOTO C. 11. X (t),
3HasA ero Koppesanuonnyo dbyuknuio Ky (7) = D - e~ o > 0.
Q WHcnonesyst bopmyary (6.17), nosyuaem

o0

Sx(w) = % _/ D-e Tl gmwr g

—oc
0 o
— Q(/ e . e*iwr dr + /e—a-T A e»in d’l’) —
27

" —oo 0

oo

_ Q(/ pla—iw)r d7+/
27

0

e—(a+iw)7 d’r) —

—00
:Q 1 _e(afiw)'ro o 1 .e—(oz—l-im)ToO —
2 \ a —iw —o0 O+ iw 0
:Q( 1 1 (0_1)):Q_u+iw+a—iwzg_2ha
2r \a—iw  a+iw 2 a? + w? 2 o2 4 2’
D- o 2D - «
T.e. Sy(w) = —=—— wm Sy (w) = —2=2& ®
x(©) m(a? + w?) x(w) m(0? 4+ w?)

I ITpumep 6.8. Halitu KOppessiuoHHy10 DYHKINIO C. 11 €O CHEKTPAJTHHOM
— IJIOTHOCTBIO

* _ S(), |w| g wo,
Sx(w) = {0. |w| > wo.
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Q Ucnonwsys dbopmyty (6.16), nosyyaem

-0
—wo
—wo

wo
KX(T): / So.eiw'rdw:SO..L iwr |90

SO Piwo'r _ efiwo'r

. SinwoT
- .__27:_._.2_2.50.w0._on
Bun Ky (7) nsobpaxen Ha puc. 66. [ J
Kx (7’)
2500.)0

A e A
\/

Puc. 66

6.9. CTaunoHapHbI Genbin LWyMm

OrHUM 73 KOHKPETHBIX TUIOB CTAUMOHAPHOTO C.IL. SBJIACTCA TaK Ha-
BLIBACMBIH CTAlMOHAPHLIA OeJbIil nrym.

Crmayuonaprovm Geavim wyMom Ha3HIBACTCS CTAIMOHAPHBIH C. 11 X (),
— CIeKTPAJIbHAA IWIOTHOCTH KOTOPOTrO HOCTOAHHA!

5% (w) = Sp = const mna w € (—o0; +00).
Haitiem koppensiuonayo (GhyHKIo 6esioro myma, UCHob3yd ¢bop-
o0
myny (6.16) u yuntbIBas, 90 / et . dw = 2r - §(t), tne 6(t) — nmesbTa-
—00

dbyuknua (cM. 3amevanue):

o0

Kx(’r)z /S()-eiw’rdw:So/eiw’rdeS()-Q’}T-(S(T),

—0
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T. €.

Kx(7) =2nSy - 6(7).

Kak Buppo, koppensimmonnas byHKims CTAMOHAPHOTO 0eJIoro Iiyma mpo-
MOPUMOHAJIBHA NEbTa-PyHKuui; KoadphuimenT 2.5y HASbIBACTCS UHTNEH-
CUBHOCTNBLIO BEN020 WIYMA.

3amenanue 1. Nenpra-bynxmms Hupaka 0(z) ecTp npepen nocsienosa-

1
. — <
TenbHoCT pyHKImit O (r): 6(z) = lim & (), tne 6.(z) =< 2-¢’ Izl < e,
e—0 0, |z] > e.
X0
Yenosro sanuceiBaioT Tak: §(r) = {g; jfg’, npuaem / (z)dxr = 1.
b * b oo

o0
Henvra-dbynknusa npencraBuma unterpaiom Oypbe: o(x) = % / e dg.

o0

Harnappo rpaduk dynkumm Jupaka noxox Ha rpacduk, n300paxKeHHbI
Ha pucyHke 67.

6{(z)

0l z

Puc. 67

Hespra~-byrknua MoxeT GBITH NPENCTABIIEHA KAK TUIOTHOCTD pacipe-
HeJIeHUs MacC, IIPA KOTOpo# B Todke ¥ = () COCPEIOTOYEHA eqMHUYIHAS
Macca, a Macca B OCTAJIbHBIX TOYKAX PABHA HYJIIO.

Sameanue 2. Paserictso Kx (1) = So-27-6(7) osmauaer mekoppesmpo-
BAHHOCTD JTIOOBIX NBYX pasimanbix ceuennii X (t) u X (t) (semp 6(z) = 0
npu Beex sHavenusx « # 0). B cuny storo ocymectsuts 6ebiii mryM Hepos-
MOXHO, T. €. GeJiblil IilyM — noJiesHas MmareMaTudeckas abcrpaxmnus. Besbii
UIyM MCHOJIb3YETCH B CJIyqasX, KOTIJA CIEKTPATIbHAA MJIOTHOCTD C. II. [IPH-
MEPHO I0CTOAHHA B ONPENEJICHHOM [Uanasone (MHTepecyiomeM Hac) dac-
TOT.
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YnpaxHeHus

1. 3ajanHa KOPpeJIANMOHHAS (DYHKIHMA HEKOTOPOrO CJIydafiHOro nponec-

2 <T. .
ca X(t): Kx(7) = { Oj }:{ ;T. BBIACHUTD, ABJIAETCHA JIU 33JaHHbIN

c.. X(t) cramuoHapHBIM B IIMPOKOM CMbic1e?

2
2. Tlokazarp. uro dbyrkims Kx (7) = 3¢’ 7" Moxer ObITh KOPPeNAIMOHHON
dbynkmei crarmonaproro c. 1. X (t).

3. Haiitu koppessauuonHyio (bYHKIMIO CTAIMORAPHOTO C. 1. X (t), 3uas,

aro iy (t) = 1, a cexTpasbHas mWIoTHOCTb Sh (W) = ————-.
(1 +w?)

4. Ul3BecTHO. YTO CHEKTPAIbHAS IJIOTHOCTH CTAIMOHAPHOrO C.M. X (t)

uMeeT Bunm Sy (w) = ————=.
(w) = — 1+ o)
Halitu mucriepcuio Ciiy9aitHoro upomecca X(t).

6.10. NMoHATUEe MapKOBCKOro ciy4alHoro npotecca

Cpemy cyvaiHbIX mponeccos 0coboe MecTo 3aHMMAaIOT MapKOBCKUE
CIIyJailHBe IIPOIEeCChI.

PaccMOTpYM HEKOTOPYIO (PU3BHYECKYIO CHCTEMY S, B KOTOPO#i IPOMCXO-
muT cayuainsii nporecc. C TedyeHreM BpeMeHN OHA MOXET I0f, BJIMAHNEM
cny4aiinbix (HhaKTOPOB MEPEXOMUTD U3 OJHOI0 COCTOAHMA B IPyTO€ COCTO-
HUE.

CuoryyaliHbI#l pOIECC HA3BIBACTCH NPOUECCOM € JUCKPEMHBIMU COCTNO-
AHUAMU, €CIA MHOXECTBO €I'0 BO3MOXHBIX COCTOAHUR S1, $2;, $35.. 5 Siy: -+
KOHEYHO WU CYeTHO (MOXKHO 3apaHee MEPeYnCIUTD), & IEPEXOL U3 OTHO-

O COCTOSTHUA B JIPYIO€ OCYIECTBJIACTCA CKAIKOM, MEPEXOIbl BO3MOXHBI
TOJIBKO B ONpENESIeHHBE MOMEHTH Bpemenw i1, g, 13, . ...

Ecsiu mepexofisl BOSMOXKHBL B JIIO0O# MOMEHT BPEMEHM, T. €. MOMCHTDI
[IEPEXOLOB W3 ONHOrO COCTOAHMA B APYyroe CJrydaiHbl, TO MPOUECC HA3hIBa-
eTCs NPOYECCOM C HENPEPLIGHDLM BPEMEHEM.

CnyyaliHBIR mporiece ¢ JUCKPETHBIME COCTOAHUAMY HA3HIBACTCA MAp-

KOGCKUM, €CNHU IJif JII000r0 MOMEHTa BPeMEHU iy YCIOBHas BEPOATHOCTD
Kas10ro U3 cocrosumit cuctemnt S B Gymymem (1.e. npu ¢ > to) 3aBUCHT
TOJTPKO OT €€ COCTOSIHMSI B HactosimeM (T.e. mpu ¢ = {p) W He 3aBUCUT OT
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TOro, KOIJia ¥ KaK CHCTEeMa NPUNLIA B 3TO COCTOAHUE (T. €. KAKOBBI GbiH
COCTOAHUA CHCTEMBI S B TPOILIOM, 1pu ¢ < tg).

MapKOBCKHiT IPONECC HA3BIBAIOT TAKKE npoyeccom 6e3 nocaedemeusn:
Oyaymee B HeM 3aBHCHMT OT IIPOULIOFO TOABKO Yepes HacToALIee, T. €. Be-
POATHOCTL CHCTEMbl S [ONACTD B COCTOSHME S; B MOMEHT BPEMEHU
(S(tk) = s;) saBucur ML OT CoOCTOAHMA S;, B KOTOPOM CHCTEMa HaXO-
AWIIACH B NPEbIIy it MOMeRT Bpemend ty_q (S(tp_|) = s;):

P (S5(tk) = 5; | S(t1) = 1, S(tz) = m9,...,5(tp_1) = 5;) =
=P (S(ty) =s; | S(tr—) = s:),

TAC 1, Z2... — €CTb BOSMOXKHBIC COCTOAHUS CHCTEMBI {81, S9,....S;, ...
- 384y ySn}e

MapkoBckuii Iporece CryXuT MOZesbio 115t MEOIHX 1IpoLeccoB B Guo-
Jioruy (pacnpesesienue sIuueMmii. pocT nonyJsismyn), B ¢dbusuke (pacnas
PaMOAKTHBHUIO BEWIECTBA), B TCOPUH MACCOBOTO OBCTyxUBaHUA. OTMe-
M, 970 B CMO MHOXeCTBO COCTOSIHMI CHCTEMBI ONPENENSeTCA THCIIOM
KaHaJ/I0B, T. €. JIMHKUH CBA3H, BLIMMCJIMTESILHBIE MALIMHBL, TIPOIABLGL U T. J1.;
HEPEXOBI MEXK Y COCTOAHMAME CUCTEMbI S TIPOMCXOMAT 10K BO3IeHCTBIEM
noToka coObITuit (1. €. OTOKa 3asBOK, TpeboBaHui, OTKA3OB U T. 1.}, KoTo-
phI€ SIBJIAIOTCA TPOCTEHINUMMY. TyaCCOHOBCKIMMU.

Cryyaiiibie Iponeccsl ¢ IUCKpeTHBIMH COCTOAHMSIMY YEOOHO MJLITIO-
CTPUPOBATH € MOMOIIBIO TAK HA3KBAEMOTO zpada cocmosnuii. B Hem co-
CTOAHMA §1, S2,... CUCTEMEI -S M300PAKAIOTCH IPAMOYTOILHUKAMY (M
KPYXKaMK), & BO3MOXHBIE HENOCPE/ICTBEHHBIE IIEPEXOIbl M3 COCTOSIHUA B
COCTOSIHME — CTpeJIKaMmu (WMJid OpUEHTHPOBAHHBIMU JIyTaMu), COEMUHSIIO-
WHUMH COCTOAHUA.

IIpumep 6.9. Iloctpouts rpad coctosamit CJICYIONEro C. I.: yCTPOHCTBO S
B CJIyJYalHLIE MOMEHT BPEMEHM MOXKET BLIATH 13 CTPOs, OHO OCMAaTPUBACTCH
B OLPEICJICHHLIC MOMEHThl BDEMCHHU, HAIIPUMED 4Yepe3 Kaxible 3 4aca, U B

ciIydae HeOOXOMUMOCTH — PEMOHTUPYCTCH.

Q BosmoxubIe coCTOstHUS encTeMbr (ycrpoiictBa) S: s, — ycTpolicTso
UCIIPABHO; S - — yCTPOUCTBO HEUCHPABHO, TPeOYeTCA PEMOHT, S3 — yCTpO#-
CTBO HEHCIIPABHO, PEMOHTY HE IIOOJICKUT, CIUCAHO.

Ipadcucrembr umeer purn, u30bpaxkeHnbIii Ha, puc. 68.

Iponecc mpencrabnsier coboit cayuaiinoe Guyxnenne cucreMsr S 1o
COCTOAHMAM, BpeMs# (3 uaca) — war mporecca.

Peanusaums c. n. Gy nenus cucreMbr MoxeT MMETDb, B YaCTHOCTH, Ta-
KOit BUI: »

Sgl), S?), SgS), 854)7 855)’ S§6), S:(g?)a
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51 S2

53

Puc. 68

410 os3Hadaer: npu l-m., 2-m, 3-M 0CMOTpax yCTPOMCTBO HCIPABHO; IpH
4-M OCMOTpe — HEHCIPaBHO, PEMOHTUPYETCH; IIPU 5mM, 6-m — wumcnpas-
HO; IpH 7-M — YCTPOHCTBO NPU3HAHO HETOMAHBIM, CINCAHO. IIponece 3akoH-
IUJICH. o

Jlnst OnMCAHMA C. . C JMCKPETHBIMU COCTOAHUAMY HOJBIYIOTCA GEPO-
smocmAMY cocmosnul cucmemy S, 1o ecth suadenmamnu pr(t), pa(t), - -
., pn(t), toe pi(t) = P{S(t) = s;} — BEpOATHOCTH TOTO, YTO B MOMEHT
BpeMenn t CUCTeMa HAaXONUTCA B COCTOAHUM Si; S(t) — corywalinoe coCTOA-
HPe CHCcTeMbl S B MOMENT I.
OueBmwIHO, 9TO I JIIOOOro MOMEHTa 1 cymMa BEpOATHOCTEH BCEX CO-
crosirmii paBHA eOUHMTE (KAK CyMMa BePOATHOCTEH TOJTHOM rpyINIbl HECOB:

MeCTHBIX COOBITHR):
n
> pilt) =1,
=1

6.11. [JuckKpeTHblii MapKOBCKMiA npoLiecc. LUenb
Mapkosa

[lycrh B HEKOTOPOi cHCTEME S TIPOMCXOIUT C. . C AUCKPETHLIMM COCTO-
AHUAME S1, 52, - - - » Sy W JMCKPETHBIM BPEMEHEM. T. €. HMEpexXofi CUCTEMBL U3
OIIHOTO COCTOSIHUA B JIPYTO€ MPOUCXOIUT TONBKO B ONPEAEICHHBIC MOMEHTBL
Bpement to, iy, ta, . . .. DTH MOMEHTBI HASHIBAIOT 1A20MU TTPOTIECCA (06braHO
PABHOCTH CMEXHBIX MOMEHTOB HAOJHONCHUs b — ; -1 PABHBI NOCTOTHHOMY
qpCIy — JJTHHE IIara, IPAHUMAeMOro B KaueCTBe EAVHIUIIL! BpeMmeHn); tg —
HAYaJI0 IIPOIECCa.

DTOT C. 1. MOXHO PACCMATPHUBATH KAK MOCIEIOBATEILHOCTD (uenn) co-

6orruii S(0), S(1), S(2),... (S(0) — HavANLHOE COCTOSHUE CUCTCMBL, T. €.
nepen 1-m marom; S(1) — cocrosmue cucTeMbl nocie 1-ro mara. S(2) mo-
e 2-ro mara ¥ 1. 1.), T e. coborrnit buna {S(k) = si}, et =1,2,3,...,m;

k=0,1.2,....
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!

Mapkosckuii cayuainbrii npoiecc ¢ AVICKPETHBIMY COCTOSTHUSAIMU U ITNC-

“KPETHDLIM BPCMEHEM HA3BIBAIOT MAPKOSCKOl yenvro (uens Mapkosa).

Ormernm. 9TO memb, B KOTOPOR yCJIOBHBIC BePOATHOCTH COCTOSHYIN
B Oymymiem 3aBUCAT TONBKO OT COCTOSIHHS HA OAHHOM, TIOCJICIHEM Ila-
re (M He 3aBUCAT OT MPEIBULYIINX), HAZBIBAIOT npocmoti yenvio Mapxosa.
(A. A.Mapkos (1856 1922) — pycckuti MaTEMATHK ).

Bynem pacemarpusars Tonbko npocteie nenu MapKoBa.: BBIMUCIIATE Be-
POATHOCTH COCTOSTHUM CUCTEMBI

pi(k) = P{S(k) = s;}, i=1,2,3,...,n: k=0.1.2,..

Bmecy P{S(k) = s;} — GesycsioBhas BEPOATHOCTL TOTO, 9TO Ha k-M TATE
cucTema OyneT HAXOOUTHLCA B COCTOSTHUM S, .

His saxox nenns 6e3yCaI0BHON BEPOSTHOCTH HYXKHO 3HATH HAYAILHOE
pacnpesiesienue pepostaocteit p(0), p2(0),...,p,(0), . e. BepoaTHOCTH CO-
crosirmit p;(0) B MomenT Bpemenu ty = () (Havaio NpOILIECCa) ¥ TAK HAZHIBA-
GMBIC NEPETOTHBIE GEPOATIVHOCIIU Pij(k) MapkoBCKOil menu na k-m mare.

Hepezodnot eeposammocmoro pij(K) HABBIBAIOT YCJIOBHYIO BEpOSITHOCTD
epexofia CUCTeMbI S Ha k-M [IATe B COCTOSIHUE $;, €CJIM U3BECTHO, IT0 HA
uperpaymem (k — 1)-m mare ova 6bu1a B COCTOSTHWN §;, T. €.

pi]’(k) = P{S(k) = 84 l S(k — l) = Si}, 7,,_7 = 1,2,3,... ,

(TIepBbiit MHOEKC ykaspiBaeT HOMep HPEINIeCTBYIOWETO. 8 BTOPpuil — HOMep
TOCTIETY FOMIErO COCTOSTHNUSA).

Lem» MapkoBa naseisaerca 0dnopoduoti. ecm pij (k) = pij, T e. ycnos-
HbIC BEPOATHOCTH P;j(k) He 3aBUCAT OT HOMEpa UCIBITAHWI.

Hasiee Gynem paccMaTpuBath TONBKO OLHOPOHBIE Hemu, KOTOPhIe MO-
TyT OBITH 3a/1aHBI C MOMOWBIO BeKTOpa (p1(0), pa (0),....pn{0)) — Beposr-
HOCTH COCTOAHMI B MOMEHT BpeMern ty = () u MaTpuib

P P12 --. Pin
P — P21 p22 .. P2n_
Pnl Pn2 Pnn

Ha3BIBAEMON Mmampuyet] nepexoda eucrnemot.
DJIeMeHTH MaTpUIpl P 0071803107 CJICIYIOWKUME CBOCTBAMI:

a) pi; = 0.
n

6) Xopy; =1 (i =1,23,....,n), T.e. cymma BCPOSITHOCTEH KaXKIIOMH
i=1

CTPOKY MaTPUIIBI [ICPEXOLa PaBHa eIuHUIE (KAX BEPOATHOCTH COOLITHI —
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[epexofia U3 OfHOTO COCTOSHUA §; B JI00ve BO3MOXKHOE COCTOSHMC Sy ——
00pa3yIonx NOJHYO TPYIIIy).

Crupaseympa dopmyiia P(n) = P", T. €. MaTpuia Iepexosos 3a 7 1ia-
[OB €CTD 7-51 CTENEHb MATPUIIBI [EPEXON0B 38 O[MH IIar.

0,2 0,3 0,5
IIpumep 6.10. 3amana marpulia Hepexona P=103 02 0,5].Haittm
0,5 0,3 0,2
MaTpully BEPOATHOCTEH NEPEXO[os 3a IBa [ara.
Q Mo dopmyne P(2) = P? naxomum
0,2 0,3 05 0,2 03 05 0.38 0,27 0,35
P2)=103 02 05]-103 02 05] = 0,37 0,28 0,35). @
0,5 0,3 0,2 0,5 0,3 0.2 0,29 0,27 0,44

BaMeTrM, 1T0 Henb MapkoBa npelcTaBigeT coboit masnpHediniee 0006-
nieHue cxeMpl BepHysum yKe Ha CJydail 3aBHCUMbIX UCTILITANU; He3aBH-
CHMbIe MCIBITAHNA ABJSIOTCH UACTHBIM CJIydYaeM MapKOBCKOH HenH. Iloxm
«COBBITHEM TOHIMAETCST COCTOSTHIE CUCTEMBI, a TOJL «UCUBITAHUCM» — N3~
MeHEHHE ee COCTOAHUA.

FEcym «ucnsitanms» (ONbITH) HE3ABMCHUMBL, TO IOSIBJICHNE ONPENCIICH-
HOIO CODBITHS B JTIODOM OHBITE HE 33aBUCHUT OT Pe3yJIbTaTOB paHee [pou3Be-
MEHHBIX WCOBITAaHMA.

6.12. NoHsTHe 0 HENPEepPbIBHOM MapKOBCKOM npotiiecce.
YpasHeHus Konmoroposa

Ilycth B HEKOTOPOH cucteme S NPOUCXOIUT MapKOBCKHH C. JI. C QMC-
KPETHBIMY COCTOSHMAMU S, 82, - -« 5 Sn-

Ecyin mepexofipl CHCTEMbI U3 COCTOAHUA B COCTOAHME IIPOUCXOLAT HE B
JukcupoBanisie MOMEHTHI to, t1,t2,..., a B cayJaliHpIle MOMEHTHI BPEeMEHH
(aro yame BCTpevaeTcs Ha NIPaKTHKe), TO TAKOH NPOLECC HABBIBAIOT Map-
KOGCKUM TPOYECCOM € QUCKPEMHBLMU COCTMOSHUAMU U HENPEPHIGHBIM 6PC-
MEHEM.

MapKOBCKHE C. . YKA3AHHOTO THIIA UCHOJb3YIOTCH, B TacTHOCTH, I
MICCIEOBARMS PEAJILHBIX CUCTEM MACCOBOTO 0OCITyKUMBaHMHA (CMO); npo-
HECCHL B HUX [POTEKAIOT B HEIIPEPBIBHOM BPDEMEHM. Iloxg cocTosiuem cucre-
Mbl HOHEMAETCA 9HCJI0 Tpebopanmii (3asBoK) Ha OOCIyXUBAaHWME, HAXOMA-
HAXCH B CHCTEME.
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Bypem cumTats, 970 HEpeXompl CHCTEMBI U3 COCTOAHUA §; B COCTOSIHYE
§j OCYMWICCTBIIAIOTCS TIOJl, BOJICUCTBIEM 1TyacCOROBCKOTO HOTOKA COBBITHI
(cm. 1. 1.21) ¢ unRTeRCUBHOCTBIO )\ ij = const.

I'pacp cocrommmit CHCTEMEL ¢ IPOCTABICHHBIME Y CTPEJTIOK MHTEHCHBHO-
CTAMU HABBIBAIOT pazmesennotm (CM. puc. 69).

Ais
S; Y Sj

Puc. 69

[lepexon, crcTeMbl U3 COCTOAHUS $1 B S9 MPOUCXOOUT B MOMEHT, KOTIIA
HacTyIlaeT nepBoe COOBITHE IOTOKA.

BepoaTtrocts cobuiTra, coctosimero B TOM, 9TO B MOMEHT BpeMeHH t Cui-
cTeMa S Oyner HAXOIUTHCH B COCTOSHMI S1, KaK yxXe 3HaeM. 0003Ha9aeTCs

4gepes p;(t):
n
pi(t) = P{S(t) = s;}, npuuem Zpi(t) =1.
i=1
Mg HaxoxpeHus sTux BepOsiTHOCTEH, T. €. p;(t) — BeposiTHOCTEH COCTOS-
HUI CHCTEMBI S, 89, ..., Sy, HYXHO PCHINTH cucreMy audpdpepenuaabHbIX
YpaBHECHHT

dpz t ~ . .
() Z)"L] p](t p’L(t)Z)‘Z] (7’:172,'37"'an)
i=1

¢ HauanbHbiMu yeaopusivu py(0),p2(0), ... . pr(0); pi(0) > 0, Z pi(0) =1mn

n
ycnoBueMm HOpMUpoBKU Y p;(t) = 1.
=1
Lipn cocrabnennu cuctemsr ypasseruit Kosmoroposa YII0OHO TIOJIB30-
BaThCH PA3MEYCHHBIM TpahOM COCTOAHUN CHCTEMBI.
Hpasuno cocrasienns ypasaennit Koamoroposa Takoso: B JIeBOH qa-

CTU KaX10T0 U3 yPaBHEHUN CTOUT IPOU3BOIHAA BEPOATHOCTH §; COCTOSHUA,
T. €. dpéft); B IIPABOY YacTu -— cymma IpowsBeneHmit BepoATHOCTeH p;(t)
BCEX COCTOAHME (KOIIa CTPEJIKA BENET 6 JAHHOC COCTOSIHVE) HA MHTCHCHB-
HOCTH COOTBETCTBYIOIIMX HOTOKOB MUHYC CYMMAPHAA NHTEHCUBHOCTD BCEX
MOTOKOB (KOL[IA CTPEJIKA BENeT 43 JAHHOIO COCTOAIHMs1), YMHOXCHHASI Ha,

BEPOATHOCTL JAHHOTO S$; COCTOSAHUSI.
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A1z
s 82
A21

53

Puc. 70

Hamnpumep. g CucTeMbl S, pasMede bl rpac cocrosHuil KOTOPOH
nokazan Ha puc. 70, cucrema mudepeHaIbHbIX ypapHeHnil Oymer:

PL(t) = da1 - pa(t) — (M2 + Aiz) - (d),
Ph(t) = Mz - p1(t) — (Aa1 + Aas) - pa(t),
Pha(t) = Mz - pr(t) + Aoz - pa(t).

Hopmuposounoe ycrosue py(t) + p2(t) + ps(t) = 1.

[lpy MATErpupoOBAHUY TAKOW CHCTEMBI CIICAYeT yUeCTb COCTOAMUE Ci-
CcTeMbl B HAaua IbHBIH MOMeHT, T. €. ipu £ = 0. Tak, ecJin B 9TOT MOMEHT OHA
GhUTA B COCTOSTHUM Sg, To momaraior pr(0) =1, pi(0) = 0 npn @ # k.

Bamenanue. CIlygaiHbiil TPOICCC, YCTAHABIMBAIOWMUCH B CHCTEMC ITPU
t — oc (1. npedeavrorl CTNOYUOHAPHBLT PESICUM), XApAKTEPU3y10T TaK
HAZLIBACMDIE NPEJENLHDIE GEPOATNHOCTNAL COCTNOSHU, T. €. BEPOATHOCTH pi(t)
apu t — 0.

[IpenesibHbIE BEPOATHOCTH CYMIECTBYIOT, €CJIN TUCIIO COCTOSTHUI KOHEeY-
HO, «COCTOsiHUME €3 BbIXOIa» (M3 HUMX HEBO3MOXEH NEepexol HU B KaKoe
JIPyroe COCTOHKE) HeT, TOTOKH COOBITHIE CTAlOHAPHBI (Xij = const).

[IpegesibHas BEPOATHOCTD COCTOAHNA §; MOKA3LIBACT cpeduee OMHOCU-
MEALHOE 6PEMA NPEOBIEAHUA CUCTNEMDL 6 FTMOM COCTNOAHUU.

Jlnisl HAXOXKICHWA MPENesTHHBIX peposTHOCTel B ypasrerusx Kosnmo-

dp;(t
rOpOBa IOJATAIOT BCE IIPOM3BOMIHbIC pzhs ) paBHbIME ( M PELTAUOT CUCTEMY
’ n
anrebpantecKux ypasHeHnii (C yueToM HOPMUPOBKH > pi(t) = 1).

=1

Ipumep 6.11. Haiitn npenesibibie BEPOITHOCTH JijiAd CUCTEMBI S. rpad
KOTOpOi M300paxeH Ha puc. 71.

1 2
S1 82 83

4 3

Puc. 71
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Q Cocrabnsiem mucdepermmatpube ypasHenus: Konmoroposas:
/
= 4P2 - P1,
Py =p1+3ps — (2+4) - po.
Py =2-py—3-ps.
Torma cucrema anrebpanyeckux ypaprenuii, omucsBaoumx CTAIMOHAPHEIH
PEXUM CHCTCMBI S, NTPURNMAET BUIL

dps —p1 =0,

P1+ 3p3 — 6py =0,
2p2 — 3p3 = 0,

Pt prt+ps=1

Pewas a1y cucremy, naxomum p, = i—?, po = %, p3 = 12—7, T. €. cuctema S B

cpempem 70,6 % Gyner HAXOMUTHCS B COCTOSHIN 815 17,6 % — B cocrosrnn
$2; 11,8 % — B cocrosimm ss. o

YnpaxHeHus

1. Uens Mapkosa ynpasnaetca MaTpUIeli mepexona

P =

COl = NS [ =
COIND N | =

Onpenesute marpuiy BEPOATHOCTEN MEPEXONoB 3a TpU 1IATA.

2. Tlenr MapkoBa ¢ IByMst COCTOAHUSAMI $1 U S2 3aJaHa MaTpuUIleit Bepo-
ATHOCTEH Tepexonos

P =

DN = SO N
[SSIESRIVITES

B kxawectBe HauasbHOro cocrostHus npomecca HEKOTOPOE yCTPORCTBO
BBIOMPAET $) ¢ BEPOSITHOCTDHIO 21[ M S — C BEPOATHOCTHIO 1 IocTpo-
uThb rpac, coorBercrBytommit marpune. Hafitn BEPOATHOCTD TOTO, YTO
TOCJIE TIePBOro Wara NPonece Hepeiiet B cocToAnne S .

3. Marpuna sepositHocTed Iepexonos 3a onuH mwar menm Mapkosa Mmeer

' BULO
02 0,3 05
P=104 02 04
0,5 0,2 0,3

Haiditu npenensubie BEPOATHOCTH.
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BbIGOPKIU U UX XapaKTepuUCTUKu

7.1. NpeamMmeT MaTeMaTUYECKOIM CTATUCTUKM

Mamemamureckan cmamucmura — pasnes MareMaTvki. B KOTOPOM
U3YHaloTCs MeTompl c60pa, cucreMarusanyuu u obpaborku PE3YJIbTATOB Ha-
GuioneHnii MaCCOBBIX CIIyYaHHBIX ABJIeHUi J1J151 BBIABJICHUS CYIIECTBYFOLIMX
3aKOHOMEPHOCTEM.

Maremarnueckas crarucTika TeCHO CBS3aHA C Teopueil BepoaTHOCTEH.
Obe 3T MareMaTHyeCKye IMCIHTLIIHBL H3Y4aioT MACCOBBIE CJTyYalHBIe
ABJ1eEnst. CBA3YIOUMM 3BEHOM MEXKY HUMU SABJISIOTCS npesIesIbHbIE Teope-
MBI Teopum BepoaTHocTel. [Ipu arom teopus BeposithOCTEH BBIBOJIMT U3 Ma-
TEMATHIECKON MOJIe/I CBOHCTBA, PEAIbHOTO NPOLIecca, a MATeMATHICCKAs
CTATUCTUKA yCTAHABIIMBACT CBOHCTBA MATEMATHMECKOH MOMIEN, UCXOMTs 13
JAHHBIX HAOTIONEeHUH (TOBOPAT «M3 CTATHCTHYECK X JIAHHBIX ).

IIpedmemom MateMaTUIECKOH CTATHCTHK I SIBIISIOTCS W3yYCHUE CIIyYaii-
HBIX BOJMYHMH (MM CIIyYaiiHbiX coGbITui, NPONECCOB) MO Pe3yJIbTaTaM Ha-
6mronenuit. [Tostywennnie B pesysprare Habumonenus (OnbITA, SKCIEPUMEH-
Ta) JAHHbIC CHAYMAJIA HAI0 KAKIM-THG0 0b6paszom o6paBoTATE: ynopsidoyumso,
HPENCTABUTD B YJI00HOM 117151 0G03pEHUS U AHAIU3a BHOE. D10 nepsas 3a,1a-
qa. 3areM, 9TO yXKe BIOpasd 3aaua. OyeHUMDb, X0TA OB NPUOIMIUTEIILHO,
unmepecyrowue nac raparmepucmury Habiomaemolt ciygalitoll Besman-
Hbl. Harpumep, narb onesky memssectwoit BEPOATHOCTH COOBLITUSA, ONEHKY
HeM3BecTHOH (byHKIIH PacupeneieHusd, OLeHKY MaTeMaTHIeCKOTO OXKUA-
s, OUCHKY NUCHEpCUN Cay4aifHOl BEJMYMHBI, OLECHKY HADAMETpOB pac-
Hpenesienust, BII KOTOPOro HEM3BECTEeH, U T. I1.

Crenyromeit, Basosem ee ycioBHO TpeTheii, 3ajiaueil apigerca npocep-
K@ CMAMUCTUNECKUL 2unomes, T.e. PeleHre BOIPOca COTIACOBAHUSA pe-
SYJILTATOB OLEHNMBAHUA C ONBITHBIMU JaHubiMu. Hanpumep, Bouiuraercs
THIIOTESA, YTO: a) HABGJIOmAEMAst C. B. MONIMHICTCH HOPMAJILHOMY 3aKOHY;
6) M.0. HabsonaeMoli ¢. B. paBHO HYJTIO; B) Cilyuaiinoe coburtue obJiaiaet
JAHHOU BEPOATHOCTLIO W T. II. :

Ognoli U3 BaxkHelnmx 3a/1a9 MaTeMaTU4IeCKON CTATUCTHKM ABJISETCS
paspaboTKa METOnoB, MO3BOJISHIONIMX IO pesyibTataM 00CNEIOBAHVA BH-
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7.2.

G6opku (T. €. yacT¥ uccjenyemMoil COBOKyIHOCTH 06bEKTOB) nesiaTh 060CHO-
BAHHBIC BEIBOIB O pacupesesenny npussaka (c. B. X) usydaeMbix 06HEKTOB
110 BCEl COBOKYIHOCTH.

Ils 06pabOTKM CTATHCTHHECKMX JAHHBIX CO3AHBL CHEIHUATILHBIC PO
rpammubie nakersl (STADIA, Crardkcuepr, 9spucta, SYSTAT, STAT-
GRAPHICS u 1p.), KOTOphIE€ BLIIOJIHSIOT TPYIOEMKYIO paboTy mo pacue-
Ty pA3/IIIHBIX CTATUCTMK, MOCTPOEHMIO Tab/mr 1 rpaduros. [Ipocteiinme
crarncTuueckue (yHKIMHM UMEIOTCH B UPOrPAMMUDPYEMbBIX KAJIPKYIATOPDAX
¥ TONYJISPHBIX OPUCHBIX MPOrpaMMax (EXCEL).

PesyJ/ibTaThl MCCIIENOBAHNSA CTATUCTMYECKUX JAHHBIX METONAMU MATe-
MATHIECKOHl CTATHCTHKY UCTOAL3YI0OMCs 0Af Npunsmus pewenus (B 3ana-
yax TJIAHUPOBAHMS, YITPABJIEHNS, HPOTHO3NPOBAHUA ¥ OPTaHM3AIMI TIPON3-
BONCTBA, IPU KOHTPOJIE KadeCTBa LPOIYKIINK, NPU BHIGODE ONTHMAJILIIOTO
BpEMEHI HACTPOHKN MJIM 3aMCHBI NEHCTBYIOUIEH annaparyphl U T. n.), T.e.
i1l HAYIHBIX U MPAKTUYIECKUX BBIBONIOB.

T'OBOPST, UTO «MATEMATHYECKAA CTATMCTHKA — TO TE€OPUA UPUHATHH
pelIeHUH B YCJIOBMAX HEONPEAENCHHOCTH.

Maremarnieckas cratuctika posnukisa B XVIIL Beke B paborax
1. Beprysum, I1. Jlannaca, K. [Tupcora. B ee coBpeMeHHOM pasBUTHH OIIpe-
NeJIAIOLLY0 poslb chirpain Tpynbt I Kpamepa, P. ®muepa, K). Heitvana
u np. BosbLoil BKJIa1 B MATEMATHYIECK Y0 CTATUCTUKY BHECTIUM PYCCKUE yHe-
ape T1 J1. YeGonues, A. M. Jlsmynos, A. H. Koumvoropos, B. B. I'nenernko
v Ipyrye.

FeHepasnbHasi u BbLIGOPOYHas COBOKYNHOCTH

[Iycts Tpebyercss M3yduTh TAHHYIO COBOKYIHOCTDH 06BHEKTOB OTHOCH-
TeJIbHO HEKOTOpPOro NpusHaka. Hanpumep, paccmarpubas paboTy IUCHET-
qepa (NpOLABIA, APUKMAXEDA.. . . ), MOKHO MCCJICNOBATD: €0 3arpyKet:-
HOCTH, THII KJIHEHTOB, CKOPOCTH OBCITyXKMBAHMS, MOMEHTB! NOCTYIJICHAA
sasBOK ¥ T. 1. Kaxnplii Taxoit npustak (1 nx komMObuHaimmn) o6pasyer Cy-
yaliHyI0 BeJIMIUHY, HAOIIONEHAA HA KOTOPOH Mbl U IIPOM3BOIMM.

COBOKYIHOCTD BCEX HMOJJIEKAMIX U3y 1EHNIO 06'HeKTOB M/ BOSMOKHbIX
PE3YJIBTATOB BCEX MBICJMMBIX HAGIONEHNI, IPOUSBOIUMMBIX B HEMSMEHHBIX
YCJIOBUAX HAJL OIHUM 06HEKTOM, HA3hIBACTCH 2eHePaNbHOT COBOKYNHOCTNDIO.

Bostee cTporo: renepaJibHas COBOKYIHOCTh — 9TO C. B. X (w), 3anannas
Ha NPOCTPAHCTBE HJIEMEHTAPHBIX COGbITHii {1 ¢ BLIIETEHHBIM B HEM KJ1ACCOM
S HOIMHOXKECTB COOBITHIA, NJ1S KOTOPBIX yKa3aHbl HX BEPOATHOCTH.
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3a4acTyio npoBomETh cnaouinoe obcaedosarue. KOTTIa M3YYalTCH BCe
OObEKTH! (HAIpUMED — Tepenucs HACEJICHUS), TPYIHO UJIM NOPOTO, FKOHO-
MMYECKM Heleslecoo0pasHo (HanpuMep — He BCKPHIBATDL ke KaX/1yI0 KOH-
CepBHYIO BaHKy IS IPOBEPKHU KAYecTBa HPOIYKIHN), & MHOLIA HEBO3MOK-
HO. B 3Tux ciyuasx mammywumm criocoGom 006CIIeIOBAHUA ABNACTCH Gbi-
bopouroe nabaodenue: BHIGUPAIOT U3 TeHepaJIbHOM COBOKYUHOCTH Y9acTh ee
06BEKTOB («BBHIGOPKY») M MOIBEPraioT MX H3YYEHUIO.

Buvibopounoti cosoxynmocmvio (6vib0proti) HazpBACTCH COBOKYNHOCTh
O6bEKTOB, 0TOGPAHHBIX CJTyYaiiHbIM 00pasoM M3 TeHEepAJIbHOM COBOKYIIHO-
CTH.

Boustee CTPOro: 6b60pKa — HTO NOCIIENOBATEIHHOCTH X1, X5,...,X,
HESABMCUMBIX OIMHAKOBO DACHDENESICHHBIX C.B., PACHPEIEJICHue Kaxoi
13 KOTOPBIX COBIAJIACT C pacHpenesieHieM reHepaJIbHOR Cityuaiiioil Besiu-
YHHBL.

Hucsio 06beKTOB (Habsonenuit) B coBoKymHOCTH, re€HEPaJIbHON HJIN BbI-
BopoUHOl, HA3BIBAETCA ee 065eMOM; 0BOZHAYACTCS COOTBETCTBEHHO Yepes N
o 7.

Korkperubie sHauenus seibopky, HOJTy9€HHBIC B De3yJIbTare HabITione-
Huit (ucubrtanuit), HA3BIBAIOT peasusayuell 6uibopru U 0603HAMAIOT CTPO-
HBIMU OYKBaMU L1, T2, . . . , Ly,

Meron, crarucTuaeckoro HMCCJIENOBAHUSA, COCTOAIME B TOM. YTO HA, OCHO-
BE U3y"eHN#A BHIOOPOYHOH COBOKYIHOCTH [EJIACTCH 3aKJII0UCHIE O BCCH Te-
HEPAJIbHOM COBOKYIHOCTH, HAZBIBACTCH 6660POUHbIM.

s nonyyenus xopoumx onenok XapakKTEPUCTUK I'eHEePaJIbHOl COBO-
KYNHOCTH HeobxonuMo, 4Tobbl BHIGOPKa GbLia, penpesenmamuenott (nnm
npedcmasumenvhoti), T.e. HOCTATOYHO [OJIHO UPEACTABIIATh W3y4acMble
TPUSHAKY [CHEPAJILHON COBOKYHHOCTH. YCJIOBHEM O0eCTIeueHis Pelpesen-
TATUBHOCTH BHIGOPKY ABJIAETCS, COMIACHO 3aKOHY GOJTBIIMX YHCENT. COBITIO-
AeHue cJy4aiHocT 0T6opa, T. €. Bce 06beKTH FeHepabHOM COBOKYITHOCTH
JOJBKHBL MMETh DABHBIC BEPOATHOCTH NONACTh B BEIGOPKY.

Pasmmyator BeiGopku ¢ cosepaweruem (nosmoprwe) u bes cosepause-
nus (6ecnoemopnuie). B nepsom cJ1ydae 0T06paHHbIil 06BEKT BO3BPAIASTCS
B I'eHEpaJ/IbHyIO0 COBOKYHHOCTH Neper M3BJICYEHHEeM CJIELYIONEr0; BO BTO-
pom ~— e posppalliaercs. Ha npaxTuke yamie ucnosnpsyercs 6ecrioBTOpHAaA
BBIGOPKA.

Bamerum, ecimu 06beM BHIGOPKHM 3HAMHTEIHHO MEHDIIE obbeMa rene-
PaJIbHOM COBOKYNHOCTH. Pa3/IMdue MeX1y MOBTOPHOH u 6eCOBTOPHON BBI-
BOpKaMK OYEHB MAJIO, €10 MOXKHO HE YYHTBIBATD.

B saBucumocty ot KoHKpeTHBIX yesosuti muis ofecrieqers penpesenTa-
TUBHOCTH ITPUMEHAIOT pasiudHble CloCobbt ot6opa: npocmodi, mpu KOTopom
13 TEHEPAJIbHON COBOKYIIHOCTH W3BJICKAIOT TIO OILHOMY OO'BEKTY; munuye-
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cxudi, TP KOTOPOM TEHEPAJIbHY0 COBOKYIMHOCTD JIEJAT Ha «TUIMYECKUES
YACTH U OT60p OCYMIECTBJIAETCH W3 KaxXIol uacTd (Hanpumep, MHEHME O
pedbepeHIyMe CIPOCUTD Y Cllygaiiio 0TOGpaHHbIX JTIONCH, Pasie IeHITbIX 10
UpU3HAKY TIOJIa, BO3PACTA,. . . ); METAHUECKUTl. TIPU KOTOPOM 0T60p [pon3-
BONUTCA Uepe3 onpenesieHHbill uHrepBaJl (HampuMep, MHEHHE CHPOCUTE Y
KAKIOTO MECTUAECTTON0. . . ); cepulimbill, TPy KOTOPOM OOBEKTHI W3 reHe-
PAJIbHOI COBOKYITHOCTH OTOMPAIOTCA «CEPHAMU», KOTOPbIC NOJDKHE! MCCIIE-
NIOBATHCS TP TIOMOLIM CILJIOLTHOTO 00C/ICIOBAHNIA.

Ha mpakTHKe NoJib3yI0TCA COMeTaHeM BRIIEyNOMAHY ThIX €110cobUB OT-
Gopa.

IIpumep 7.1. [lecars abuTypueHTOB HPOXOAAT TECTHPOBAHUE 10 MATEMA-
ruke. Kax et n3 Hux Moxer Habpars oT 0 10 5 6aJLIOB BKJIIOUNATEILHO.

[lycte X} — KosmdectBo 6108, HabpaHHbIX k-m (k= 1,2,...,10) abu-
TYpPHUEHTOM.

Torna smagerns 0, 1, 2, 3, 4, 5 — BCe BO3MOXHBIC KOJIMHECTBA Gaur-
7108, HAGPAHHBLIX OHUM abuTypHeHToM, — 00pasyloT reHepaJjibHylo cOBo-
KYITHOCTb.

Bmibopka X, X2, X3,..., X10 - - pe3ysbTaT TeCTUpOBAHUA 10 abutypu-
CHTOB.

PeasmmsaimaMu BHIGOPKE MoryT ObITH cllemyiomue HaGOpHI 4uces: {5,
30,1, 4,2 5. 4. 1.5} um {4,4,5,3,3, 1,5,5,2,5} wur {3,4,5.0. 1. 2.
3,4,5 4} ut a.

7.3. CtaTMcTMuYeckoe pacnpeaerneHue BbiGOpKU.
3mnupuueckas pyHkuUusa pacnpeaeneHus

IlycTs w3yuaercs Hekoropad C.B. X. C 970t HiesbIo HajL €. B. X IIPO-
M3BOOMTCH Psifi HE3ABUCUMBIX ONBITOB (mabsropenuit). B xaxaom w3 3THX
OnbITOB BeymuuHA X NPUHUMAET TO WM UHOE 3HaYeHUe.

I[TycTh OHa HpHHSJIA 71} Pa3 3HAYEHUE L1, N2 pa3 — 3HAUCHME T2, ...,
ny pa3 — suaveHue . [Ipustom ny+ng+...+np =1 — 06'beM BBIOOPKH.
BHAYEHAA L1, L2, - - - , L) HABBIBAIOTCH 64PUGHMAMU C. B. X.

Besi COBOKYITHOCTD 3HAYEHUH C.B. X [PENCTABIIACT coboii nepBUYHbL]
CTATHCTIIECKTH MATEepUaJl, KOTOpbIi MOIUIeXUT naJsbHeiimei obpaboTke,
npeX e BCero — yNOPAIOYEHHIO.

Onepariusi pactoJIOKeHusa 3HaueHull CoryJaifHol BesMIuHbI (upusHa-
Ka) 1o HeyOBIBAHWIO HA3BIBACTCH POHHCUPOGAHUEM CTATUCTIYECKUX JAH-
ubix. [TosiyueRHasi TAKUM 0Opa30oM MOCIEAOBATESILHOCTD L(1); L(2)s -+ L(n)
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sHadenuii . B. X (rne ;) < T(2) < .ov S L) U T(p) = 1212121 Xiy ooy Ty =

= max X;) HA3BIBAETCH 6UPUGYUOHNHBIM PAdOM.
1<i<n .

Hucna n;, nokKaspIBaIOIMe, CKOJILKO pa3 BCTpEeYaIOTCA BAPDMAHTHL Z; B
pAne vabiomeHuil, Ha3bIBAIOTCS “acmomamu, a OTHOUIEHHE UX K 0GbeMy
BBIGODKY —— “%ACMOCTAMU WIIH OMHOCUIMENbH LML wacmomamy, (p), T e.

* U

k
e n — E ;.
i=1

Ilepeuens BapuanTOB U COOTBETCTBYIONWX UM YACTOT WM YACTOCTO!
HaSbIBACTCHA cmamucmuueckum pacnpedeseruem 6ubopKy VI CIMUIMUCITIU-
weckuM padom.

3amuCHIBACTCA CTATHCTHYECKOE PACTIPEIIEICHIE B Bupe Tabsuipt. [lep-
Bad CTpOKa COMEPXKUT BAPUAHTBI, & BTOPAsA — WX YACTOTHI 7; (MJIH YACTO-
cTH py).

IIpumep 7.2. B pesynbrare TecTupoBanus (cM. npumep 7.1) rpynna abu-
TYPUEHTOB Habpauia Oaswbr: 5. 3.0, 1,4, 2, 5, 4, 1, 5. 3anucars TOJIy YEHHYIO
BEIOODKY B BUIE: &) BADUAIIMOHHOTO PHAJIA; 6) crarmcTHYeCKOro psana.

Q  a) [TpopaHKUpOBAB CTATHCTHECKHE TAHHbE (. e. mcxonHbIH psiy), mO-
JIyYUM BapHALMOHHBIN pan, (:1:(1),:1:(2), o Z0))

(0. L, 1, 2.3, 4, 4,5 5, 5).

6) IloncuuTas HaCTOTy ¥ HaCTOCTh BApHaHToB 71 = 0, 9 = 1, 73 = 2,
4 =3, x5 = 4, £6 = 5, HONMYUYUM CTATHCTHYCCKOE pacnpenesieHre BHIGOPKH
(TaK Ha3bIBAEMBII TUCKPETHBIH CTATHCTIYICCKU psm)

6
;01112131415 o
n [1]2]1]1]2(3 (Z"Z‘m)

=1

NI

0]1]2]3714
112 ]|1)|1]2
P 1101010 10 | 10

Elc.o 5

Cmamucmurecroe pacnpedenenue ewbopru Acasemcs oyenkoll neus-
secmioeo pacnpedenenus. B cooTBeTcTBII ¢ TeopeMoit Bepnysumu (n. 5.3)
OTHOCHTEJILHBIE 1ACTOTHL P; CXOUATCHA NPU 72— 0O K COOTBETCTBYIOIIUM
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BEPOATHOCTAM Pj, T. €. P} n——) p;. [MospTomMy npu GOJTbIIMX 3HAYEHUAX 71
CTATHCTHYECKOE PACIpeneieHne MaJo OTNMYACTCH OT MCTHHHOIO PaCHpe-
OENECHU.

B cnyuae, Korga 4ucIo 3HAYCHUI MPU3HAKA (c.B. X)) BeJIMKO unu Hpw-
AHAK ABJIAETCA HENpepLIBHBIM (T.€. Korga ¢.B. X MOXeT NPUHATH Jroboe
3HAYEHHE B HEKOTOPOM WHTEPBAJIE), COCTABIIAIOT UNMEPEAAbHbLG CINamu-
cmuneckutl pad. B nepsyio CTpoKy TabJIMibl CTATUCTUHECKOTO PACHPCAETC-
Husi BHHCHIBAIOT YACTHYHBIC MPOMEXKYTKY [0, T1), [€1.22), .- -, [Tk - L ZE),
KOTOpBIE GepyT OOBYHO ONUMHAKOBBIMY 1O NJIAHE: h=x1—x9g=o22 — 21 =
= .... Jlna onpenejieHUs BeJMYUHBI MHTEPBAJIA (h) MOXKHO MCHOJIL30BATD
dopmysry Crepaxeca:

b = Tmax — Lmin
1+logyn ’
e Tmax — Cmin — PASHOCTH MKy HAUOOJIBIINM ¥ HAMMEHbIIMM 3HATCHM-
AMM mpusHaka, m = 1 + logy n — YUCTI0 HHTEPBAJIOB (logy n = 3,3221g n).
3a HAUAJIO [IEPBOTO UHTEPBaJa PEKOMeHIyeTcsa 6paTh BEIMIMHY Lnay =

= Zpin — % Bo sropoii cTpouke CTATUCTHYECKOrO pslia BIUCHIBAIOT KOJIU-

gecTBO Habmomenuii n; (¢ = 1, k), nonaBuIuX B KAXKbIi THTEPBAJL.

Ilpumep 7.3. Usmepuim poct (C TOYHOCTBIO 10 cm) 30 maynauy orobpan-
HBIX CTYICHTOB. Pe3ysbTaTnl M3MEpeHuH TaKOBbI:

178; 160, 154, 183, 155, 153, 167. 186, 163, 155,

157, 175, 170, 166, 159, 173, 182, 167, 171, 169,

179, 165, 156, 179, 158, 171, 175. 173, 164, 172.

[TocTporTh MHTEPBAJIBHbIH CTATUCTUYECKU DAL,

Q [Ins ynobeTsa nmpopamkupyeM NOJIyHeHHbIe TaHHble:
153, 154, 155, 155, 156, 157, 158, 159, 160, 163, 164, 165, 166, 167, 167. 169,
170, 171, 171, 172, 173, 173, 175, 175. 178, 179. 179, 182, 183, 186.
OTMPTI/IM yro X — pocT cTymenTta — HenpepsiBHaa C.B. IIpu Gosree
TOYHOM M3MEPEHHU POCTa 3HAYEHHHA C. B. X OOBIYHO He NOBTOPAIOTCH (Bepo-
STHOCTL HAJIMYUA Ha 3eMJie [NBYX YeJIOBEK, POCT KOTOPBIX DaBeH, CKAXKCM
V3 = 1,732050808 . .. MeTpoB, paBHa HyJTio!).
Kak BUOMM. Tmin = 153, Tmax = 186; mo ¢opmyse Crepmxeca, npu
n = 30, Haxon¥UM AJIHY YaCTUIHOTO MHTEPBAJIA

_ 186 —153 33 py 33 ~ 5 59.
1+1logy30 ~ 1+3,3221g30  5.907

[Ipumem h = 6. Torna Zuaa = 153 — g = 150. VicxogHbie nAaHHLIE

pas6usaem Ha 6 (m = 1+ logy30 = 5,907 =~ 6) mHTepsasos: [150.156),
[156,162), [162,168), [168,174), [L74, 180), [180, 186).
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(]

Honcumras 4ucso crynenTos (ni), momaBmIX B KaxKbIH U3 HOJIy Y€H-
HBIX MIPOMEX Y TKOB. MOJIyIUM MHTEPBATBLHBIA CTaTucTHYecKuil pay;

Poct 150 156)[[156 162)[[162 168)][168 174)[[174 180)|[180- 186)
YacroTa 4 5 6 7 5 3 °
Yacrocrs| 013 | 0,07 | 020 | 023 | 017 | 010

Ongim 113 cioco6oB 06paBOTKI BAPUAIIHOHHOTO PsifIA ABJIAETCH HOCTDO-
€HMEe YMITUPUIECKOi (DYHKIMU paclipenescHus.

Imnupuneckot (cmamucmuneckoti) Gynryuets pacnpedesenus BasbiBa-
ercst pynknua F (), oupenensiomas s KaxK10r0 3HANCHHS £ YACTOCTD
cobbrrus {X < x}:

F () = p™{X < z}. (7.2)

Hoa Haxoxnenms 3Hadenuii sMuupraecKoit byHKInY yno6mHo F}(z) za-

IMCaTh B BUIE
TNy

1:’17): ("E) =
rje n — ob'beM BHIGOPKHY, 11, — GHCIIO HabJIIONe i, MeHbIINX I (z € R).

Oucsunno, uto I (x) ynoBneTsopaeT teM xe ycJIOBUAM, 9TO ¥ MCTHH-
nas Gynkuus pacnpenenenus F(x) (cm. n. 2.3).

Hpu yBesmyernu wucna n nabmopenuii (OIIbITOB) OTHOCHTE/bHAS Ya-
crora cobbitna {X < 1} npubmmkaeTcs K BEPOATHOCTH STOTO COBBITH
(reopema Bepuysum. n. 5.3). Dmumpuueckas byHKIUMSs pacupeneseHus
F; () swnsercss oyenxot sepoaTHocTH cobbitusa {X < I}, T.e. OlEHKOR
TeopeTueckoil gpynkmum pacnpenenenus F(x) c.B. X. Umeer mecto

Teopema 7.1. Ilycts F(z) — teopernyeckas byHKRIUA pacupenesieHus C. B.
X, a F}(x) — smnupuyveckass. Torma mis jio6oro £ > ()

lim P{|F}(x) — F(z)| <e} =1.
n—oo

IIpumep 7.4. ITocrpours ¢yHKImIIO F}(z), ucnomnpsys ycnosue u pesysis-
TaThl IpUMeEpa, 7.2.

0 _
10
we 0 ner); Fiy(x) = % npu 0 < = < 1 (3mech ny = 1) u . 1. OKOHUATETBHO

Q 3Bueck n = 10. Nmeem Fjy(z) = 0 npu 2 < 0 (Habmopenuit MmeHb-
1
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oJly4aeM

(0, mpn = < 0,
0,1, mpul <z
03, mpul <z

7 04, mpu2 <<z

~

Ffo(flf)

0.5, mpud <=z
0,7, mpud <=z

INCINCINCINN

[oa}

L1, upu b < .

[paduk sMuMpudecKoii pyHKIIKM pACIpENCTICHUA NPUBEIEH Ha PUC. 72. @

Fl*O(x)l._ ___________________________________ r———
0,74---==--m=======mmmsmmmsms ;-———i
5 D —— —
-------------- — : :
03f---mmp— 1 1
0 3 3§ 1 5 =
Puc. 72

7.4. padpmueckoe nsobpaxxeHne CTaTMCTUECKOro
pacnpenenexHvs

CraTuCcTUYeCcKoe paclpenesieHne n300paxaeTca rpadgpuaecku (Iuia Ha-
IISAAHOCTH) B BUJEC TAK HASBIBACMbIX TOJIMIOHA ¥ FUCTOTPAMMBI. IoJsuron,
KaK IPABUIIO, CITYXKUT JJTs U300PaXKEHUsT JIUCK PETHOrO (T. e. BApMAHTEL OT-
JIMMAIOTCA HA TOCTOSHHYIO BEJIMYMHY) CTATHCTUYECKOTO PAA.

Iosuzorom “acmom HA3BIBAIOT JIOMAHYIO, OTPESKH KOTOpO# coenuHs-
JOT TOYKY € KOOPIMHATAMU (z1,m1), (T2,M2), - - -, (k> TE); NOAULOHOM G-
cmocmeti — ¢ xoopmusatamu (1,p}), (€2,03), - - - - Tk, P3)-

BapuanTsl (€;) OTKJIAIBIBAIOTCA Ha OCH abCIHCC, & YACTOTEL M, COUT-
BETCTBEHHO, 9aCTOCTU — HA OCH OPIMHAT.
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i
1. |

CUHrmmm -
&

Puc. 78

Ilpumep 7.5. IIna npumepa 7.2 (n. 7.3) nosmron gactocteli mmeer BU/I,
u300pakeHHbIll Ha, puc. 73.

Bamernwm, uto p} +pj +... +pf = 1.

Kax suiHo, 0/mron yactocteit SBASIETCH CTATHCTIHNMECK UM AHAJIONOM
MHOTOYTOJIbHUKA pacnpenesesuns (cum. m. 2.2).

H1a HenpepbIBHO pacHpenesieHHoro TpusHaxa (T.e. BAPUAHTDI MOT'YT
OTIMIATECH O[WMH OT JIDYTOrO Ha CKOJb YTOIHO MAJIYI0 BEJIMHNHY) MOMXKHO
HOCTPOUTDH NOJIUTOH YaCTOT, B3AB CEPEIUHBI MHTEPBAJIOB B KAYECTBE 3HAYEC-
Huil T1, 29, - .., k. Bostee ynorpeburernbHa TaK HASHBAEMAN THCTOIPAMMA.

T'ucmozpamamoti wacmom (wacmocmeti) naspisaioT CTYNEHYATYIO (bury-
Py, COCTOAILYIO U3 NPAMOYTOJILHUKOB, OCHOBAHUAMM KOTOPBIX CIIYKAT Ya-
CIVYHBIE MHTEPBAJIBI JUIMHBL hi. 8 BRICOTHI pABHBI OTHONICHHIO % — rUTOT-

h

E 3
P; 7
HOCTB "LACTOTHI (= MJIH

h n-h

OueBuamo, nuomaab rucrorpaMMbl 9acToT paBHa 0b6beMy BHOOpKH, a
WIOWAAbL I'MCTOIPAMMDI YacTOCTel paBHA enuHUIE.

— IJIOTHOCTH 4acTOCTH).

Ilpumep 7.6. Vicnosbsys ycJioBHC M pesysibTarei npumepa 7.3 u3 1. 7.3
HOCTPOMTDL THCTOIPAMMY "1aCTOCTEH.

Q B nanmom ciyuae niuna, untepsajia pasHa h = 6. HaxoguMm BeicoTH

1 ‘l 92
h; mpaAMoyrosibHEKOB: h) = 0’—3 ~ 0,022, hy = —0167 =~ 0.028, hg = 0’60 ~
1 1
~ 0,033, ha = 0’6?3 ~ 0,038, hy ~ U0 = 0,098, hy ~ 0{; = 0017.

I'ucrorpamma wacrocreit maobpaxkena na puc. 74.
I'ucrorpaMma 4acToT ABIASTCS CTATUCTH HECCKMM AHAIOOM nudbepen-
muaJia (PYHKIUY pacipencseHmnst (nnorroctn) f(x) c.s. X. Cymma mioma-

I
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v
X
X1 A— \ / f@)
0,033
0,028}~~~ 7z
0.022}--- N
0,017 \
N
O 150 156 162 168 174 180 186 ¢

Puc. 74

zieil IpAMOYTOJIbHUKOB DaBHA €IMHUIE
X X
(h-]—ohi—k...—kh-%:p‘{+...+pg:1>,

4TO COOTBETCTBYET yCJIOBHIO

70f(a:)da::1

[uist IToTHOCTY BepoaTHoctel f(z) (cm. 1. 2.4). Ha puc. 74 mokasana u
IWIOTHOCTH BeposTHOCcTeR f ().

Ecjiv COEOVHUTD CepeIrHbl BEDXHUX OCHOBAHMI MPAMOYTOJIEHUKOB OT-
pesKaMu OpsAMOif, TO MOJIy UMM IOJITOH TONO K€ PaCIpe/Ie/ICHNA. ®

7.5. Yncnosble XapakTepucTukm ctatucTtuieckoro
pacnpeaneneHus

JLnst BHIGOPKY MOXKHO OIIPEHEJINTD DAL IHCTIOBBIX XaPAKTCPUCTUK, aHA-
JIOTU4YHBIM TEM, YTO B TEOPHUMU B. l)UﬂTHOCTeﬁ OHpeJleJIﬂ.HI/ICb OJIs1 CﬂyqaﬁIILIX
pesmgmH (cM. m. 2.5).

[lycTh CTATHCTHIECKOE PACIIpesiesiene BhIOOPKY obbema 1 MeeT BUJL:

T |l X1 | X2 | X3 | .--- | Tk
: (7.3)
n; |ny|ne{nal|. ... | ng
Buibopounvim cpedrum Ty HA3BIBACTCA CPEAHEE apndMeTHIECKUE BCEX

3HauYCeHUH BHIOODKHU:

Ty = %Zmz 7. (7.4)
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Beibopounoe cpentee MoxHO 3anucaTh u Tax:

k
Ty = Z Ty - p:7 (75)
i=1

e p; o= % — HacrocTh. Jlna obosnaucHus BHIGOPOYHOTO CpemHero wc-
NOJIBE3YIOT CHCAYIOINe CUMBOJILE Z, M™* (X)), m?.

OrmMernm, 910 B CJIy4Yae MHTEPBAJILHONO CTATHCTHYCCKOLO pAma B pa-
BeHCTBe (7.4) B KavecTBe T; 6EPYyT CEPCIMHBI €ro UHTEPBAJIOB, a N; co-

OTBETCTBYIOUIME UM YACTOTHI.

1O}

} Buibopounoti ducnepcuets D, naswisaercs cpentee apudgMernyeckoe
KBa/IpaTOB OTKJIOHEHWH 3HadYeHnii BLIGOPKU 0T BBHIGOpOYHOH cpemmeli T,
T. €.

k
D, = %Z(ml — EB)Q -1 (7.6)

i=1

nJjii, 970 TO 2Ke caMoe.

k

Dy = (2 —TW)? - p}. (7.7)

=1
Mox o uokaszars. 4ro Dy Moxer GbITh MOICYHTAHA TAKIKE 110 dopmye:

&
1 2 = 2
DB:ﬁ E zi -ny — (Zp)~, Te.
i=1

D, = 22 — (T)?, (7.8)

30ECh T = Tp.
Buibopounoe cpeduee weadpamuveckoe omuxaonenue BBEIOOpDKHU onpene-

nserca dopmynoii
o = /D, (7.9)

OcobetiHocTh BHIGOPOTHOTO C. K. 0. (03) COCTOUT B TOM, 9TO OHO HU3MC-
PAETCA B Tex XKe eIUHNIAX, ITO U M3y4aceMblil MPU3HAK.
Ipu peurcnnu npaxTIYecKnX 33149 MCTOAB3YETCs U BEJTHTNHA

k -
2_ 1 =2
5= —— D (@i —T)% (7.10)
=1
, T. €
S?=_1"_p. (7.11)

n—1
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KOTOpasa Ha3bIBAETCHA ucnpasaennoli 6vbopouHol ducnepcuett (cMm. pagee
n. 8.1).
Besmrauna

§=Vs2 (7.12)

HABLIBACTCH UCTIPAGAEHHDBIM GUOOPONHOIM CPEOHUM KEAOPAMUNECKUM 01T~
KAOHEHUEM.

JJis HempephiBHO paclpelesieHHOI0 NpUsHaKa dopmyns s BeIOO-
POUHBLIX CDEIHUX OyIyT TAKUMM K€, HO 33 3HAUEHUH T1,Ty,...,Tk HA-

no 6paTb HE KOHIBI IPOMEXKYTKOB [0, 71), [21,%2), ... & MX CepeIuHbI
z0+x1 71+ T2

5 g

B kagecTBe ONMUCATESbHBIX XaPAKTEPUCTHK BAPUAIMOHHOIO pANA Z(1),

T()s-- - T(n) (MM IOJTYICHHOTO U3 HETO CTATUCTUIECKOrO PaCHpenesieHUst
BHIGOPKH (7.3)) MCHOJIB3yeTCA MEIUAHa, MOJR, PasMaxX BapUaLH (BBIGOD-
K¥) 4 T. [I. .

Pasmazom sapuayuy HaspBaeTcda meyio R = T(,) — Ty, A€ T() =

= min Tk, T(y) = Mmax Ty WM R = Zmax—Zmin- TA€ Tma — HanbospLINit
1<k<n (n) 1<k<n max mi max ’

Tin — HAMMEHbUINH BAapUAHT pALA.

Modoti M} BapuanmoOHHOIO Psiia HA3BIBAETCs BAPUAHT, UMEIOi Hau-
OCOJILIIYI0 9ACTOTY.

Meduanoti M} BapuanmOHHOTO Psila HA3BIBACTCA 3HAYEHME IPUSHAKA
(c.B. X), npuxonAneecs Ha CepefuHy PAIA.

Eciu n = 2k (T. €. PAI E(1), T(2)s - - - » T(k)s T(k-+1)s - - - > T(2k) NMECT qeTHoe
T(k) + T(k+1)

* __
GUCJI0 WIEHOoB), TO MJ = 5 ;

eci n = 2k + 1, To M = T(g41)-

IIpumep 7.7. Ilo ycsioBuio npumepa 7.2 us 1. 7.3 HailTu XapakTepUuCTuKu
BBHIGOPKY — pesyJIbTarsl Tectupobanus 10 abuTypUeHTOB.

Q Wicnosmsya dbopmysst (7.4)- (7.12) u onpenesienns us i. 7.5, HAXOOUM:
Tu= s (014 1-24...+5:3) =3,

DB=ﬁﬂm—3ﬁ4441—$?2+”.+w—&23):&z

os = V3,2 = 1.79.

S2=%l&2z&%,

S = /356 ~ 1,87,
R=5-0=5,
M; =5,

My =225 =35, ’ °
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YnpaxHeHus

1. Haiitu u noctponts IMIUPHIECKYI0 (DYHKIUIO PACIIPENE/ICHVS IS BEI-

2.

GOPKM, MPEICTABJICHHON CTATHCTHICCKIM panoMm.

T; 1 3 6
n; 108112

Ha resiecbornoit crannun nponssomumcs HaOJTIOIEeHM 38 YUCITIOM He-
NPAaBUJIBHBIX COCIMHEHNH B MUHyTy. Pesynbrarn Habmonenuii B Teve-
HUE 9aCa IIPECTABIICHbl B BUE CTATUCTHYCCKOrO pacrpenesieHus.

z; (0] 112 73]4([5]6
n; [8117 1610621

Haiitu BeiGopounsie cpennee u nucnepenio. CpaBHUTE pacpenesieHue
—-a

qacTocTelt ¢ pacnpenesenuem Ilyaccona ( py, = '

m:

Usyuaercsi c. B. X — umcI10 BBIMABIIIX OYKOB npu OPOCAHUY UTPaTHHOM
xocru. Kocte nonGpocym 60 pas. Ionyuens: CJIENYIONME Pe3YJILTATHL:
3,2,5,6,6,1,4,6,4,6,3,6,4,2,1,5,3, 1, 6. 4,
5,4,2,2,4,2,6,3,1,5,6,1,6,6,4,2,5, 4, 3,6,
4,1,5,6,3,2,4,4,5,2,5,6,2,3,5 4,1, 2, 5, 3.

1. Y10 B maHHOM OnbITe-HAGITIONCHUT NPeACTaBIAeT TeHEPATILHYIO CO-
BOKynHOCTL? 2. Tlepeuncnure semeHTH 5TOM coBokynsoctu. 3. Yto
npencrasiser coboli seibopka? 4. [Ipusenure 1-2 peamusanuu BBIOOD-
ku. 5. Odopmure ee B Bugie: a) BapUALMOHHOTO psaaa; 6) CTATHCTUYECKO-
ro pana. 6. Halimure smmmpuaeckyio dbyukumio pactipenesieans BoIOOD-
ku. 7. [locrpoiite uaTepBanbHLIl CTaTUCTIYECK WML pan. 8. lloctpoiite
LIOJIUIOH ¥ACTOT W ructorpammy wactocreit. 9. Haiimure: a) shibopou-
HYIO CpeHio; 6) BeI6OpoUHyI0 nuctepcuio: B) HUCIPABJICHHY ) BEIOO-
POYHYIO NUCIEPCHIO M MCHPABJICHHOE CPENHEEe KBA/IPATHUECKOE OTKJIO-
HEHHE; T) Pa3sMaX BAPUALUY. MO ¥ MEIUAHY.
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8.1. OueHkKa Hen3BeCTHbIX NapamMeTpoB

NMoHsiTMe oueHKu NnapamMeTpos

IMycrs usyyaerca ciaydaiinas peuanHaa X € 3aKOHOM paclpenesieHud,
3aBHCAIIUM OT OIHOTO WM HECKOJIbKUX NapaMmerpos. Hanpumep, 5T0 mapa-
o e
MeTp a B pacupepesiennn Ilyaccona | P{X =m} = =——
ml!
MeTPbl @ ¥ 0 [JIA HOPMAJBHOTO 33KOHA DAaCIPeleSICHUA.

WM 1apa-

Tpebyerca no suibopke Xy, Xo,....Xp, NOJy4YeHHOR B pesysbrare 7
HabJIoneHuit (ONBITOB), OMEHUTH HEM3BECTHBII apameTp 6.

Hanomuum, uro X1, Xo,..., X, — ciyuaiiable Beauuuubl: X; — pe-
3yJIBTAT HepBoro Habmopewud, X — BIOPOro M T. 1., TpudeM C.B. X,
i=1,2,...,n, AMEIOT TaKoe XKe PaclpenesieHne, 9To U C. B. X ; KOHKPETHA
BBIGOPKA Z1, T2, ..,Tn — 9T0 3HAYEHUA (peanus3anus) He3aBUCHMBIX C.B.
X1,X9,..., Xn- _ ' _

Cmamucmuseckoti ouenxoti 0, (nanee mpocro  oyenxoll ¢) napame-
Tpa 6 TeOPEeTUYECKOro PACHpPEHesIeHNs HA3hIBAIOT €ro MPUOJIMKEHHOe 3Ha-
ueHHe, 3aBUCAIIeE OT TAHHBIX BBIOODA.

OyeBuaHO, ITO OIEHKA 6 ectb 3HAUCHUE HEKOTOPO# (byHKIMH pe3ysib-
TaToB HAOJIIOEHUN HaJ1 CITydaifHoll BeJIMIUHOM. T. e.

0 =0(X1,Xa,...,Xn) (8.1)

QyuKMIO pesysbTaToB Habmonernit (1. e. (GDYHKINIO BHIOOPKH) HA3HE-
BAIOT CMAMUCTUKOU.

MoOXKHO CKa3aTh, YT0 OUEHKA ] napamerpa  ecTh CTATUCTHKA, KOTOpas
B OIIPEIEJICHHOM CMBICJIE OJIM3Ka K MCTUHHOMY 3HAYEHUIO 0.

Tak, F*(z) ects onenka Fy (), rucrorpamma — miotaoctu f(z). |
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Ouerxa f aBisieTcs CJly4aiiHO#l BeJTMUMHON, TAK Kak ABJIACTCA PYHK-
nueil He3aBUCUMBIX C. B. X1, X9, ..., X},; €CJIH IPOU3BECTH JIPYTYIO BLIGOPKY,
TO (DYHKIMSA IPUMET, BOOGIE TOBOPH, APYroe 3HaYeHue.

Ecsm qucsio onbrros (Habmofenuit) HeBEJIMKO, T0 3aMeHa HEU3BECTHOIO
napameTpa 6 ero oneskoit 0, nHanpumep MATEMATUIECKOTO OXUIAHUA CPEl-
HuM apudMeTUIeCKuM, IPUBOIUT K ONMOKe. JTO OmMOKa B CpeiHeM TeM
6oJIblIle, YEM MEHBINE YUCJIO OIBITOB.

K onenxke sob6oro napamerpa npenbsaBifeTcs: psmd Tpebosanuii. KOTo-
PbIM OHA& JOJDKHA yJIOBJIETBOPATH, YTOOBI ObITH «BJIM3KON» K MCTUHHOMY
3HAYCHMIO TAPAMETPA, T. €. OBITH B KAKOM-TO CMBICJIE «T0OPOKAIECTBEHHONY
OILIEHKOIA.

CeoiicTBa CTaTUCTUYECKMX OUEeHOK

KadecTtBo oneskm onpenensior, nposepss, obiagaeT Jin OHa CBOHCTBa-
M# HECMENIEHHOCTH, COCTOATEIbHOCTH, 3(Phex THBHOCTH.

Ouenka, 9 napamerpa 6 HasbBaeTca necmewennol, ecmu M 6=0.

Ecu M6 # 0, 10 onenka 6 naswbBacTCa cMmeu,enHol.

Y10068! O1IeHKa 6 He paBana CucTeMaTuieCcKol omubxu ( omﬂgKn OIHOTO
3maka) B cTopony saseunenus (M6 > 6) v sammxenus (MO < ), na-
JI0 OTpeboBaTh, YTOObl «MATEMATHYIECKOE OXUIAHUE OLEHKHU ObLIO PaBHO
OLEHUBAEMOMY LIAPAMETDY>.

Ecom M6, — 0, 1o ouenka 0 HABKIBACTCA ACUMNIMOMUYECKU HeCMe-
weHHOot.

TpebGoBanne HeCMEMEHHOCTH OCODEHHO BAXKHO IPH MaJIOM “IUCJIE Ha-
Oronenwit (OEbITOB).

Onenka 6, napamerpa 0 Ha3BIBAaETCA COCIMOAMENLHOT, €CITU OHA CXO-
JUTCA 110 BEPOATHOCTU K OLEHNBAEMOMY MapaMeTpy:

n p
b, —— 0,
n—00

T. e. OJidA Jiroboro € > 0 BLINOJIHEHO

lim P{[f, — 6] <e} =1.
n—oo

D10 O3HAUAET, 970 ¢ yBesimuenueM obbema BHIOOPKHM Mbl BCe OJinxe
npubyKaemMCcsl K UCTUHHOMY 3HAYEHUIO NapaMerpa @, T.e. NpakTHYecK:
OocToBEpHO 6, ~ 0.

CBo#CTBO COCTOATENHLHOCTH 00A3ATEITHHO IS JTIIO60r0 IPaBIIIa, ONeHH-
BaHUA (HECOCTOATEJIbHBIE OLICHKYU HE UCHOIb3YIOTCHA).
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CocTosITeIbHOCTD OIeHKH O, 9acTo MOXeT ObITh YCTAHOBJICHA C IOMO-
mbIO CJenyomeil TeopeMsl.

Teopema 8.1. Ecimu ouenka 6, napamerpa € ABiIAeTCa HECMELIEHHON u
D6, — 0 npu n — 00, 170 O — COCTOATEJILHASA OLIEHKA.

[T}

[ 3anmmem repasenctso Yebbimesa 4 c. B. O, o juoboro € > 0:
Do,

g2

P(l0,— 6] <e)>1-

Takx kak 1o ycaosuio lim D6, = 0, To lim P(l6, — 6] < E) > 1. Ho
n—oo n—oo
BEPOATHOCTL JIIOO0T0 CcOOBITHA He mpeBbIIaet | U, CenoBaTeJIbHO,

lim P(|6, — 6] < e) =1,

1. e. 0, — cocrosTesbHAS OllEHKA napaMerpa 6. |

Hecmemmennas onenka 0, napamerpa 6 HaswiBaercsa agdexmucHol,
eCJTU OHA WMEeT HAMMEHBIIYIO NUCTIEPCUIO CPeli BCEX BO3MOXKHBIX HeCMe-
[IEHHBIX OLEHOK napamerpa 0, T.e. ouenka 6, adbdexTuBHa, eciu ee auc-
epcus MUHUMAJTBHA.

ObPEeKTUBHYIO OLIEHKY B psifie CJIytuaeB MOXHO HailTh, MCIOJIB3YHA He-

pasercmeo Pao—-Kpamepa:
1

n-I’
roe I = 1(#) — madopmanusa Puiepa, onpenesiseMas B AUCKPETHOM CJTy-
qae dhopmysioit

Do, >

I=M [%hlp(X,@)]Q -y

= [pfg(ﬂfzi, 6)
i=1

roe p(z,0) = p{X = z}, a B venpepuBHOM — POpPMyJIOii

I:M[%lnf(X,O)]zz / [L;;((j—:g)lr-f(x,e)da:,

o0

rie f(x,0) — WIoTHOCTHL pacupenesenus H.c.B. X.
OPPEeKTUBHOCTH OIEHKY OINPEIeSifAeTCa OTHOIEHNEM

D62

effgn = —,
Dé,,
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e 5737 — addekTuBHAS OLECHKA (Dgfl = ﬁ) Yem Omnxke eff (7n K 1,
TeM addbekTuBHee OICHKA 57,. Ecu eff 5,” — 1 opu n — 20. TO OUEHKA
Ha3BIBAETCH ACUMNIMOMUNECKU 3P Pexmuenod.

OrmMeTuM, 9TO HA NPAKTUKE HE BCCIIA YIACTCH YJIOBJIETBOPUTH BCEM
NEPEYNC/ICHHBIM BbIIe TPeOOBAHUAM (HECMEIEHHOCTh, COCTOATEbHOCTb,
b pexTHBHOCTD), U 1H09TOMY IIPHXOINTCS IOBOJILCTBOBATHCS OLEHKAMY, HE
0bJIaIAIOIMMY CPa3y BCeMH TpeMsi cBoiicTBamu. Bee xe Tpu cBoiicTsa, Kak

HPaBUJIO, BBLOCJIAT ONEHKY OMTHO3HAYHO.

TouyeyHble OleHKN MaTeMaTU4eCcKoro oXmnpgaHusa n ancnepcum

Ilycts usydaercs c.B. X ¢ maremarnueckum oxumanneM ¢ = MX u
mucnepcueit D X; oba napaMerpa Hen3BeCTIIbI.

CrarucTuka, UCTIONIb3yeMast B KAYeCTBe MPUOIMKEHHOTO 3HAMEHUsT He-
U3BECTHOIO NapaMeTpa NeHepaIbHON COBOKYIHOCTY, HA3HIBACTCS €€ Mmoyey-
HOTi oyenxod. To eCTh TOYeYHASI OIIEHKA XAPaKTEePUCTHKHN I'CHEPATLHOR CO-
BOKYIIHOCTH — 3T0 UHCJIO, OUpENesIsieMoe 0 BEIOOPKE.

ITycteb x1,x2,...,%, — BHOOPKA, LIOJYYEHHASA B pe3yJILTATE MIPOBCIE-
HUA 71 HE3ABUCUMBIX Habsroziennit 3a ¢. B. X. YToOb HOMYEPKHYTH CJTyvaii-
HbI{l XapaxTep BEJIMYUH T1,T2,....Ly, HeperumeM ux B suge Xq, Xo, ...

-, Xp, T.e. non X; 6yneM noHumarb 3HaucHHE C.B. X B 4-M OIIBITE.
Catyqaiinbre Besimuuaer X, Xo, ..., X, MOXHO pacCMaTpuBaTh KaK 11 He-
3ABUCUMbBIX «9K3eMILIAPOB» BesmuuHbl X. llostomy MX; = MXo = ...
. =MX,=MX=a,DX1=DXy=...=DX, =DX.

Teopema 8.2. Ilycts X1, Xy, ..., X, — BoibopKa U3 reHepaJibHoil COBOKYTI-

Hoctu u M X; = MX = a, DX; = DX (i = 1.n). Torma Beibopounoe cpenee
I

X, = %L E X; — HECMeLeHHas! ¥ COCTOATEJIbHAA OLEHKA MATCMATHYECKOIO
i=1

oxumanua M X.

] ~Haiipem m. 0. onenku Xy

\

MX, :M(%iXi) = %M(ix) = %iMX —Lla=a
i=1 g=1 =1

Otcroza 1o onpeneseHuo nonydaem, 9To X , — HecMeleHHas onenka M X .
JHauee, cornacuo reopeme Yebbmiesa (1. 5.2), mia Jymoboro € > 0 umeer
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MeCTO PaBEHCTBO

lim P{ < E} =1,
n—o0

KOTOpoUe, COIJIACHO YCJIOBUIO T€OPEMBI. MOXKXKHO nepenucaTs Tak:

n n
SR SR
=1

=1

Jim P{[Xo - MX|<e}=1

WM, 9T0 TO X)e camoe, lim P {|§ —0| < 5} = 1. CoryiacHO OINpPELEJIEHUIO .
n—ec

nosaydaem, 910 X — COCTOATENbHAS oLeHKa M X. |

MOXHO TOKa3aTh, 49TO LIPU HOPMAJBHOM paclpeneseHuu c.B. X 37Ta
oneHKa, T.e. X5, 6ymer u addextusroit. Ha npakTtuke BO BCEX Ciyua-
AX B KAUECTBE OICHKH MATEMATUYECKOIO OXUIAHNS UCIOJb3yeTCa CpeaHee
apudMeTIHIecKoe, T. €. Xp.

B crarucTuke OIEHKY MATeMaTHYeCKOro OXWIAHHUA IPUHATO 0bosHa-
qarb uepes X uim Xy, a He X.

Iokaxkem, 91O
n—1
)

MD, = DX. (8.2)

JHeificTBuTesibHO,

n

n n 2
MD, = M(%Z(Xi —7)2) = M(%ZXf = (%sz) > =
i=1 i=1

=1

n n 2
L 1 1
:HM(E Xf)—;gM(E:Xz) =+ MX7+X5+...+X2)—
=1 ’ =1

L MO+ Xe b X)) = L MXE MG+ MXD)-
Vo)
——%-M(Xf+X§+. A X242(X X + X1 X3 + Xo X3 + ..t Xin 1Xn)) -
n ~ -~ o

c3
- ”n_?l C(MX? 4+ MX2+ ...+ MX2)-

— 2 (MX,-MXz+ MX;MX5 + MXoMXs + ...+ MXy 1 MX,) =
n

==l x4 M+ MXY)-
n N

n

~ Z(MX-MX+MX-MX +...+ MX-MX) =
n

n—1

_ ooayx2_2 -1
=3 n-MX 3 5

(mx)2 ="t px2 -t xy? =

n
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=2 Loyx?—(mx)?)="-1.px.

n

W3 pasencrsa (8.2) cyienyer, uto M Dy # DX, t.e. enbopounasn duc-
nepcus aeasemcs cmewennoti oyenkot ducnepcuu DX . Tlostomy BEIGOPOY-
HYI JOUCHEPCHIO UCHPABJIAKT, YMHOXHB €¢ Ha, - n [+ moJysas dopmyay

2_ _n
S5 = — 1DB (em. (7.11)).

Teopema 8.3. Ilycry X, Xo. ..., X, — BbiGOpKa U3 reHepabHO COBOKYII-
woctn 1 MX; = MX = a, DX; = DX (i = 1,n). Torma wucnpasiennas
n

n
n—1

BBIGOpOUHAA nucnepcus S2 = ﬁ Z(Xi -X)? = - Dy — HecMenieH-
i=1

Has COCTOATEJIbHAA OneHKa muctiepcuu DX.

[ Tpumem Ges poxasaTesbCTBA COCTOATENIBHOCTD OlenKH S2. JIoKaxkeMm
€e HECMENEHHOCTD.
Mmeem

2 n __n _.n n-—=1 _
MS? =M (="-D,) = =2 . MD, = -"_. "= 1px - px,
‘re. MS? = DX. Orciona no onpeneesuo nosiygaem, uro S?2 — HecMe-
mieHHadA onenka DX. |

OtmeruM, 4TO npu GOSIBIINX 3HAYEHUAX 1 pasHuna Mexay D, u §?
OYeHb MAJIa ¥ OHM IPAKTUYECKU PABHBL, MOITOMY OLEHKY S? UCIoJb3yroT
IJ1sl OLIEHK W IUCTIEPCUH TIPK MAJIBIX BBIOOpKax, obObrauo upu n < 30.

Nwmeror Mecto crremyronmue TeopeMbl.

£

Teopema 8.4. OTHOCUTESILHAA YACTOTA - HOABJICHUA cubbITHA A B N He-
33aBUCHMBIX WCHBITAHNAX ABJISAETCH HECMENEHHOU cocroaTenbHOi u adbdek-
THBHOI OLEHKOI Hems3BeCTHOM BepositHOCTH p = P(A) 91010 cobbiTus (p —
BEPOATHOCTH HACTYNJIEHUA COOBITUA A B KAXKIOM UCIBITAHWH).

A
n

O1MeTUM, 94TO COCTOATEILHOCTD OLEHKN ) =
TekaeT u3 Teopembl bepaysum (cm. 1. 5.3).

HEnoCpeaCTBEHHU BHI-

Teopema 8.5. Imnupudeckaa byHKuus pacupenesienus Bribopku F*(z)
ABJIFAETCH HECMENIEHHOI COCTOATEJIbHOM OreHKol «byHKIMM pacnpenesicHus
F(z) cayuaitnoii Besmaunst X .
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IIpumep 8.1. Monery nonGpachBaioT 1 pa3. BeposiTHOCTE BbIIAIEHUS Tep-
6a npM KaxJoM oA0paceiBaHusa pasHa p. B xone ollbiTa MOHETA BbHIAJIA
repboM na pas. [lokasarbh HECMELIEHHOCTb ONleHKu 6 = %‘i BEpOATHOCTH
6 = p BB IEeHNs Tepba B KaxXIOM OIBITE.

Q Yuncuno yenexos (n4) umeet pacnpenenenne Bepuymm. Torna M(n A) =
= np, D(na) = npg = np(l — p). Caenoparesmno, MO = M(Eiq—) =

D
~ n
:%—-M(nA) = %-n-pzpz@, T. €. oneHka f = —nﬁ — necMmenternasn. @

8.2. MeToapl HaXOM(neHMﬂ TOYE€4YHbIX OLLeHOK

Paccmorpum HamGoJiee pacipoCTPaHeHHbie METOIBI IOIY 1CHUS TO€ -
HBIX OIIEHOK MapaMeTpOB PacHpe/ie/leHus: MeTOI MOMEHTOB U METOI MAKCH-

MaJbHOTO Tpaspononobus (kparko: MMIT) i MeTon HaMMEHBIIMX KBAAPa-
toB (kparko MHK).

MeToa MOMEHTOB

MeTon MOMEHTOB IJisi HAXOXKIEHWH TOYEYHBIX ONCHOK HEU3BECTHDBIX
HAPaMeTPOB 3aIHHOTO PACIPEIETIEHAs COCTOUT 6 NPUPAEHUCIHUL TNEOPE-
MUNECKUT MOMEHIMOG PACRPEIENEHUA COOMEEMCNEGYOULUM IMNUPUHECKUM
MOMEHMAM, HAUJIEHHBIX 110 BBIGOPKE.

Tax. ecili pacnpeiesieHne 3aBUCHT OT OJIHOTO napameTpa 6 (Hanpumep,
3ajaH BUJ IUIOTHOCTH pacnpenesenus f(z,6)), To njd HAXOKAECHUA €ro
ONEHKY HaJI0 PelluTh OTHOCUTEJIFHO 6 OTHO ypaBHEeHue:

MX =X,

(MX = / z - f(z,0) dz = p(0) ectb byukuus ot 6).

ECJm pacnpenesieRne 3aBUCHT OT TIBYX Hapa.MeTpOB (nanpuMmep. BUI
woTHOCTH pacnpenesienus f(z,60;,62)) — Hamo pewuTs OTHOCUTEILHO 6,
u 0y cucreMy ypaBHeHHii:

MX =X,
DX = D,.
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£

Y, nakomen, ecim naio oneHuTs 1 napameTpos 6y, 6s, . . . .0, — nano
PELIATH OJHY M3 CHCTCM BIIIA:

4 [ 1 n
MX =752 X MX =X,
n r
Mx? =1y x2 DX =
< i= WJn
n M(X — MX)k = Z(X — Xu)k.
Mx* =15 xk n;

MeTton momenTos siBnstercs: Haubosee HPOCTHIM METOIOM OLICHKH napa-
mMerpos. On 6ew1 upemnoxen B 1894 t. ITupcouom. Ouenky MeTona MoMel-
TOB OOBIYHO COCTOSITEJIBHBL, OITHAKO MX 3((DEKTUBHOCTE 4ACTO SHAYUTEITHIO
MEeHbIIE €IIMHBIIEL.

IIpumep 8.2. Haiitu oueHkM napaMerpoR HOPMAJILHOIO pa(‘npeﬂeneﬂnﬂ
c.B. X METOIOM MOMEHTOB.

Q Tpebyercs no BLGOpKe = 1,%2,...,Ly HAUTH TOYCHHBIC OMEHKU HEU3-
BECTHbIX NapaMeTpoB a = M X =60, uo =vDX =

o MeTony MOMEHTOB IPHPABHUBAEM MX. COOTBETCTBEHHO, K BbIGOPOH-
HOMY CpefiHeMy ¥ BBIOOpOYHOM Iucnepeun (o = MX — savaiuHbLUE MO-
MeHT I nopsanka, pe = DX — nentpanbubtit Moment [1 oopsaaka). [Tosy-
qaeMm

MX =7,
DX = D,
T. €.
= Ty,
= D,.

I/Il‘a.K I/ICKOMBIe OL€EHKN MNapaMCTpOB HOPMAaJIbLHOTO pacnipeaCaeHus:

01 =T, U 02 = v/Dhs. ®

MeToa makcumanbHOro npasponopo6us

Ilycres z1.29,. .., 2, — BHOOPKA, TOJTy4eHHAH B PE3YJILTATE NPOBEIE-

1 ) ybn ) .
HUs 7 HesaBuCMMBbIX Habmonenwii 3a c.B. X. U1 nycts sun sakoma pac-
UpEIEeSIeHUsT BCTIMYUHBL X, Haupumep, BUj, WIoTHoCTH f(x, 0), nssecTen, Ho



[mapa 8. DrieMeHTH TEoPUM OLEHOK 1 NPoBepku runotes * 233

HEM3BECTCH mapaMeTp #, KOTOPBbIM ONPEIEJIsieTCs 3TOT 3aKOH. Tpebyercs
10 BBIGOPKE OneHuTh Hapamerp 6.
B ocHOBe Merona Makcumasibioro mpasuononobus (MMII), mpento-
xenuoro P. QuuiepoM, Jiexnt nonstie (pyHKIEE IPaBIononotust.
Dynxyueli npasdonodobus. NOCTPOEHHOI 1O BLIGOpKE L1, X2, ..., Ly, Ha-
sbipacrca (pyHKIUMA aprymenTa ¢ suna

L(51,Z9,- .., &0;0) = f(21,0) - f(x2,0) ... f(zn.0)

L(z.0) = [ f(=i,0),
=1

rne f(z,0) — maoTHOCTL pacipenesienns C.B. X B CJly4dae, eciu X — ne-
npepoiBras. Ecoiu X — MCKpeTHad ¢. B., TO PyHKIusA npaBaononodud uMe-
CT BUJL

L{z.0) = p(z1,0) - p(w2,0) - ... - pln, 0) = [ [ (i, 6),
=1

roe p(x;,0) = P{X = «;,6}.

U3 onpenesieHust CRELYCT, 9T0 1eM OoJiblie 3HaYenve dbysxuun L(z, 0),
tem Bosice BeposiTHO (1papmononobuee) nosisienne (Mpu (GUKCHPOBAHHOM
) B pesyJibraTe HAOONCUUH YUCEST L1, T2, -« -5 Tn-

Ba mouennyro oueHKy napamempa 0, coeaacno MMII, bepym maxoe
e20 anauenue 6, npu xomopom dyrwyus npacdonodobus docnuzaem MaK-
CuUMyMa. .

DTa ONEHKa, HA3BIBAEMAs OUEHKOU MaKCUMAALHOZO npasdonodobus,
SABJIACTCA PEllCHUEM yPaBHEHUSA

dL{z,0) 0
a0 le=g

Tak xak yukrmu Lz, 0) u In L(z, §) nocturaior MakcuMyMma p1 Oi-
HOM W TOM e 3HadeHmy 0, TO BMECTO OTHICKaHUs MaXCUMyma (hyHKIHUH
L(z,6) miyT (4ro upome) MaxcumyM dyrkimy In L(z,6).

Taxum 06pa3oM, IJTs HAXOXKICHMSA ONCHKH MAKCHMAJIBHOTO MPABHOIO-
nobusi HATO:

1. pemuTh ypapHeHVEe HPaBIONONOOUs

d(In L(x,8)) B
dé 0=0
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2. otobpath TO pemenne, KoTopoe obpamaet dbyuknuo In L(z,0) B Max-
cuMyM (yIO6HO HCIIONB30BATE BTOPYIO IPOM3BOIHYIO: €CJId

d*In L(z, 6)
T e © 0

70 6 = 6 — TOUKA MaKCHMYyMa). ..

Ecsn onenke nopgiexar Heckosibko napamerpos 6,6, ... 0, pacipe-
IeJIEHNs], TO OUEeHKH Oy, . . . O OUPENEJIAITCH PEIIEHNEM CUCTEMBI yPaBHe-
HUU 0paBaononoous:

d(nL) 0
06, ’

ey

O(In L) ~0
a0, )

IIpumep 8.3. Halitu onerky napamerpa a pacrpenenenus Ilyaccora me-
TOHOM MaKCHMAJIBHOIO TPaBIonono0Hs.

£

—a

am-e
Q B namnom ciyqae P{X =m} =% &

— ITooromy

T ., 0
p(2i,0) = P{X = u;,0} = 07 ¢ ”

li!

upu z; € N. CocraBnsem bysknmo npapmononobus (i AUCKpeTHO

c.B. X):
xy! 9! Tp! LI |
Torna
lnL(:c,H):—n-0+2:ci-ln9——ln(:c1!-1'2!-...-:cn!)
=1

%3

dln L(x,0) 1 —

——de———n“i‘a;lz

YpasHeHue npasnononobus UMeeT BUIL:

(b 50

=1

=0
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Orcrona HAXOIUM

1 7
6= n E T; = Tp-
=1

A tax Kak
d?1n L(z,0) 1 —
_——d02 \0:‘,9,: —‘ﬁle < 0,
i=1
TO ONECHKA 6 = T, ABIAETCA OIEHKOI MAKCUMAJBHOIO IPaBIONONOOHSL.
Htak. 0 = a = T5. o

MeToa HaMMeHbLLUX KBaapaToB

£

Meron, Haxoxk IeHusT OIeHKH 6 HEU3BECTHOTO NAPAMETPa f, OCHOBAHHBIH
HA, MUHUMUZAUUL CYMMBL K6GOPANMOE 0MKAOHEHUT 6DlO0POUHDIL daHHuT OT
onpenensemMoil (MCKOMoil) OIeHKH ), HASHIBAETCA MEMOJOM HOUMEHDULUT
xsadpamos (kopotko: MHK). B

Hpyrumu ciosamu, 8 MHK TpebyeTca naiiTu Takoe 3HaUeHue 6, KOTO-
poe MUHUMH3UPOBAJIO OBl CyMMy

n
F(0) =) (X; —6)> — min.
i=1
Ormerum, uro MHK siBsisierca HauboJiee IPOCTBIM METONOM HAXOXKICHUSA
OnEeHOK napameTpa 6.

IIpumep 8.4. Haiitu onesky napameTpa a pactpeniesienust Ilyaccona me-
TOIOM HAUMEHBIINX KBaIpPaTOB.

n
Q Haiigem Touxky murumyma gynxuuu F(6) = Z(Xi — )%
=1

F'(6) = (F = (Xi— 0)2)0 =3 2(X; - 60) - (-1);
i=1 =1

n
u3 ypasuenusa F'(6) = 0 HaxomuM KpETHYECKYIO TOUKy: —2 Z(Xi —6) =0,
i=1

n n n n
T. €. ZXi - Z()z 0, Te ZXi =nl, Ogp = %ZXZ A Taxk kak
=1 =1 =1

=1

F"(0p) = (—2 3 - 0))0 = 2) (- =2n>0
. 7—=1 =1
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n
1
mpu Jiobom sHadenuu 0, To Oy, = 7 E X; TOYKa MUHUMYyMa (HYHK-
i=1

muu F(0). Takum o6pasom, oneHKoit napaMeTpa a B pacupenenennu lyac-

a™ el
cona P(m;a) = o = 0,1.2.... cornacho MHK, sasnserca
" !
~ 1 »
0=5> X
=1
MoxHo fokasarb, 4TO:
M@)=6=a, D@ =29 o

yhpa)KHeHml

1. Haiitu onenky napamerpa pacnpenenienus Ilyaccora Meroiom Momen-
TOB.

2. llonbzysice MMII, OlEHUTH BEPOSITHOCTD NOSABJICHMS repba. ecsu npn
10 6pocanusax MoHeThl repb nosBUIICA 6 pas.

3. Haiiti onesKy HEM3BeCTHON BEpOATHOCTH ycunexa B cxeme bepHyJum
MeTOIIOM MOMeHTOB u MMIT.

4. [Hawo: c.s. X ~ Rla,b]. Tlo BuiGopke 1, T, . . , £y ONEHUTD BEJAYHHDI
a v b MeTooM MOMEHTOB.

5. HaiiTn oneHky napamMeTpos HOPMAJBLHOIO PACIPENESICHUs C. B. X Me-
TOJIOM MaKCHMAJIEHOIO LPaBIONOIobus.

8.3. MoHaTHe NHTEepBanbHOro OLLEHUBAHNS NapaMeTPOB

Toueunble oneHKu HeM3BECTHOTO MapaMeTpa @ XOpOUIK B KAYECTBE nep-
BOHaYAJIbHBIX Pe3ybTaTos 0OpaboTky Habmonenuii. Ix HenocTaTok B oM,
ITO HEM3BECTHO, C KAKOH TOYHOCTBIO OHM JAIOT OLUECHUBAEMBIA napameTp.
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&

Hns BIGOpoK HEGOJIBIIOrO 06BEMA BOIPOC O TOYHOCTH OIEHOK OHYEHb Cy-
HEeCTBEHEH, Tak Kak mexmay 6 u 6 Moxer ObTe 60JbIIOe PACXOXKICHUC B
5TOM CtyTae. Kpome Toro, npu pelieHny NpakTHHeCKuX 33,4a4 9acto Tpe-
Gyercsi OUPENESIUTh M HaJIEKHOCTh STUX ONEHOK. Torga u BOSHUKAET 3313~
ya 0 NpUOIVZKEHUN TapaMeTpa ¢ He OUHMM YMCJIOM. & LEJIBIM HHTEPBAJIOM

(61,62).

OHGHKa. HEN3BECTHOrO IapamMeTpa Ha3blBaeYCH UHmepG’a./L’bHO’a, ecJim
OHa onpeneyiAeTCA JByMA qucJiaMu — KOHIIAMH HHTepBaJIa.

Bajiady MHTEPBAJILHOTO ONCHIBAHKA MOKHO C(HOPMYIMpPOBaTL, Tak: IO
JIAHHBIM BHIOOPKM TIOCTPOMTHL HMCJIOBOI MHTEPBaJI (61, 602), orHOCHTEIHHO
KOTOPOTO C 3apaHee BLIOPAHHON BEPOATHOCTBIO Y MOKHO CKa3arh, UTO BHYy-
TPU HTOT0 MHTEPBAJIA HAXOMMTCS TOYNOE 3HAYEHIE OTIeHUBAEMOr0 HapaMeT-
pa (cMm. puc. 75).

Puc. 75

Narepsa (61, 602), HaxppiBaonyii ¢ BEPOATHOCTBIO Y MCTHHHOE 3Ha-
qenye rapametpa . HaspBaeTcs JosepumentHuLM UHMEPEAAOM, 3 BEPOAT-
HOCTb 7y — HGJEHCHOCTNDIO QUeHKU W dosepumenvroli 6CPOAMHOCMBIO.

Owenp uacto (HO He BCETZA) JUBEPUTESIbHBIM MHTEPBAJI BLIOHpAaETCA
CHMMETPUHHBIM OTHOCHTESIBHO HECMENICHHO TOYeHOM ONECHKN 6, 1. e. BbI-
Gupaercs naTeppaJ suna (0 —€,0 + €) TaKoil. 94To

P{06(5—5,5+8)}:P{|0—§|<E}:7.

Yucsto € > 0 xapakrepdsyeT TOYHOCTH OLEHKHM: YeM MEHbIIE pasHOCTh
Y ’
|6 — 6], Tem TOUHEE OIEHKA.

BesinHa 4y BHIOMpaeTCs 3apanee, €€ BBIOOP 3aBUCHT OT KOHKDETHO
pelaeMoif 3a1aqu. Tak, CreneHb JIOBEPUs ABUATIACCAKIPa K HANEKHOCTH
CAMOJIETa. OYEeBIIIHO, JOJDKHA ObITh BbIIE CTENCHN J0Bepusi MOKyIaTe/id K
HAJICKHOCTH TCIIEBH30DA, JIAMIOUKY, UTPYIIKA. . . HajexHoCTs 7y NpUHATO
shibupars pasaoit 0.9: 0.95; 0,99 wmm 0,999. Toraa NpaKTU4eCKH JOCTOBEPHO
HAXOX eHne nmapamerpa § B JJOBepUTETBHOM MHTEPBAJIE (6 —e,0+¢).
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8.4. [loBepuTtenbHblie HTEpPBanbl 4NN napamMeTpos
HOpPManbHOro pacnpeaesneHvus

ITocTpoum moBepuTesIbHBIE MHTEPBAJIBL 1A napaMeTpoB HOPMAJIBHOTO
PACIDENCJIEHNS, T. €. KOTNa BHIOOPKA MPOU3BOIAUTCH U3 FeHEPAIbHOM COBO-
KYIHOCTH, MMEIlel HopMaJIbHOEe pacupelesiCHue ¢ NapaMeTpaMy a U o.

AoBepuTentHblii UHTEPBaN AN MaTEMaTUYECKOrO OXUAAHUS npm
M3BECTHOW gucnepcumn

Hycrs ¢.B. X ~ N(a,0); 0 — usBecTHa, noBepuTe/bHAS BEPOATHOCTD
(ranexuoCcTh) ¥ — 3aM2HA.

Iycty 1, 23,...,2, — BHIGOpPKA, MOJIyYeHHAA B pes3ysbraTe npoBene-
HUA 72 HE3ABUCUMBIX HabJrofieHnit 3a ¢. B. X. Yro6bl OMYepKHY Th CJTy 9aii-
HBI XapakTep BeNWYUH L1, T2, ...,L,, HEPEIHIeM UX B Buge X, Xo,...

; Xn, T€e. mox X; OyneM NOHUMATB 3HaueHue C.B. X B i-M OIbITe.
Coyuqaitabie Besmmaunnt X, Xo,..., X, — He3aBUCHMbL 3aKOH pacnpeme-
JieHUA 000 M3 HUX COBIANAET € 3aKOHOM PACHPELENEHUs C. B, X (T-e.
X ~ N(a,0)). A 570 sHaunt, uto MX) = MXy = ... = MX, = MX = a,
DXy =DXy=...= DX, = DX.

Buibopotisoe cpemnee

Xo=X=13x,

TaKxKe Oyner pacnpesesieno mo HOpMAaJIBHOMY 3aKOHy (IpumeM 6es JIoKa-
satenbcrsa). lapaverpsr pacupenesenns X raxoss: M(X) = a. D(X) =

.
= . HeiictBurensuo.

M(Y):M( ZX) ZMXF%-_ MX=1.n Mx=aq

5d 2
D(X):D( ZX) 2X:DXZ-:L2 DX:%-n-DX:%.

i=1 =1

Takum 06paBOM, X~N (a, %)

Caienosarensno, nonbaysach ¢hopmyioi

p{|X —a| <1} =28, (g) :2@(%) —1
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. Q Haxonum cHayana Tp: T =

(dbopmyna (2.47)), MOKHO 3aIUCATH

3= P ol <} =200 (23 ) = 2000,

e t = £ (;/ﬁ . 13 nocneqaero paBeHCTBA HAXOIMM
t-o
£E=—, 8.3
2 (5.3
HNO9TOMY Y = P{D(-—- al < t-_cr} = 2Qq(t) nm
NG
p Y—t-i<a<f+t-—"-}=2q> t) =7. 8.4
{ Nz Jn olt) =~ (8.4)

B cooTBeTCTBUM € OoIpefesieHreM JOBEPUTEJIBHOTO HHTEPBAJIa Oy Y-
€M, 9TO JIOBEPHTEJIbHBI MHTEPBAJ IJId 4 = MX ectb

X—t T X+t L}, 8.5
( NG ﬁ) (8:5)
rae { onpenesigercd U3 paBeHCTBa (8.4), T. e. m3 ypaBHeHUs

o (t) = 3 (8.6)

(nma O(t) = 1__;1); upy 3agarHoM y 1o 1absmwne dyrknuu Jlamiaca Ha-
XOOUM apryMenT £.

3aMeTuM, 9TO U3 pasencTsa (8.3) cuemyer: ¢ BO3pacTanueMm obbeMa
BBIGOPKH 70 YUCNO £ YObIBACT M., 3HAYUT, TOYHOCTH OUCHKU yBEJIMIMBACTCH;

yBeJidiene HaaeXKHOCTH 7Y BJle4eT yMeHbIIeHUe TOTHOCTU OICHKH.

IIpumep 8.5. [IpowmsseneHo 5 HezaBUCUMbIX HabmoneHuii HaT C. B. X ~

~ N{a,20). Pesynbrarsl nabmonenuii Takosel: 1 = —25, 22 = 34. 73 =

_ = —20, x4 = 10, x5 = 21. Haiitu onenky s a = M X, a Tak:xe 0OCTPOUTH

s Hero 95%-it noBepuTEIIbHBI UHTEPBAJL.

- (~25 434 — 20 + 10 + 21) = 4. e

O —

7 = 4. Yunrpsag, aro v = 0,95 u Pp(t) = %, noygaem Po(t) = 0.475.

[To rabmmue (cm. [Ipunoxenue) ppisicuseM, ato t = t, = 1.96. Torma € =

1,96 - 2
= 96 - 20 =~ 17,5 (dbopmysna (8.3)). HoBepuTesbHBLf MHTEPBAT AJA 4 =
=

5
= MX (coriacko (8.5)) taxos: (4 —17,5;4 + 17,5), T.e. (—13,5:21,5). @
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AoBepuTensHbili UHTEPBanN AN MaTEeMaTUYECKOro OXXUAAHUS npu
HEen3BeCTHOM gucnepcumn

ITyctb c.B. X ~ N(a.0), 0 — HemspecTHa, 7 — 3anana. Halimem takoe
TUCTIO €, ITOOBL BBINOJIHANOCH cootHomenne P{X —¢ <a < X + e} =4
nnm

P{X —al < e} =1. (8.7)

Bsenem coyuaitunyio senuuuny

rjie S — HUCIIPpaBJIEHHOE CPhETHEeE KBAAPATnueCcKoe OTKJIOHCHUE C. B. X , Bbl-
YUCJIEHHOE 110 BbI60pKeZ

n

S Lo S -

n :
=1

HoxkasbiBaerca. 4to ¢.B. T mmeer pacnpencienne CTblofenra (cm.
. 4.3) ¢ n— 1 crenennio cpoboael. ILnoTHOCTD 91010 pacnpenesieHns1 uMeer

BUI:
_ B F(g) ( 2 -5
frt,n—1) = -1+ .
) )

,ﬂ_(n_l)l—w<7l;l n—1

e}

rme T'(p) = / uP™l . eTUdy — ramma-byHrmus; fp(t,n — 1) — uetnas

0
byHR 1M

[epeitnem B nepoii yacru pasernctsa (8.7) or ¢.B. X K c.B. 1*

X —q e \ _
Py <=
v v
VD
i P4 |T| < 5 = uwm P{|T| < t,} =+, tne

:—E.\/FL

ty IS

(8.8)
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Benmynna t, HaXOMUTCA U3 yCJIOBUA

£y ty
P{T| < ty} = / fr(ton—1)dt =2- /_fT(t,n — 1) dt =1,
—t’y 0
T. €. U3 PapeucTsa
t’Y

2. /fT(t,n _1)ydi=1.
0

Honpsysich Tabauieii KBaHTHIEH pacrpene/enus CrpiofienTa (CM. NpUIIo-
sxenne 4 Ha c. 287), HAXOIUM 3HaYeHHE 1, B 3aBUCUMOCTH OT [IOBEPUTEJIHHON
BEPOATHOCTH Y M UMCHa crerneneil ceobompt 1 ~ 1 (ty — KBAHTWJIb ypoUb-
a1 —y).

Onpenenus 3padedue t,, 13 paBeHCTBA (8.8), HAXOOUM BHAYCHHE E:

S
v \/’ﬁ ( )
CienosaTebHO, paBeHCTBO (8.7) TpUHMMAET BHL
' S ¥ S
PiX —1t,- <a< X+t == =7-
{ LV " \/ﬁ} !
A 5T0 3HAYUT, YITO UHTEPBAJT
' S ¥ S
X =t ==X +1ty- ——)
( T n BN
nokpbBaer ¢ = MX ¢ BEPOSTHOCTBIO 7, T.€. ABJIACTCH JOBCPUTCIIBHLIM

UHTepBaJIOM [J1d HEU3BECTHOTO MATCMaTUYeCKOro OXuJiaHuns c.B. X.

Ipumep 8.6. Ilo ycnosuio npumepa 8.5, cautas, 910 C. B. X ~ N(a,0),
nocTpouts s HeussectHoro MX = a noBepyuTCIbHbIR nHTeppast. CanTarn
.= 0,95.

Q Onenky T jua MX yxe sHae: 7 = 4. Haxonum sHaucHme S:
52 =L (o5 -0 14 (319 £ (-20- 97+ (10~ )2 4 (21 — 4)?) =

= 660,5; S =~ 25,7. [To tabanue pos y = U,95 1 n—1 = 4 naxoum t, = 2,78.

25,7
CrienoBaTenblo, € = 2,78 - ﬁ ~ 31,9. HoBepurenbHblil HHTCPBAJ TAKOB:
7

(—27,9;35,9). ®



242 = Paspgen BTopoii. OCHOBbI MareMaTrnyeckom CTaTUCTUKU

AosepurensHblit UHTepBan ans cpegHero KBazpaTuyeckoro
OTKNIOHeHUsi HOPManbHOro pacnpeaeneHus

[#]

Hycrs ¢.8. X ~ N(a,0), 0 — neussecrno, v — 3agano. MoxHo 1o-
Kasate. 910 ecau MX = a useecmmo, T0 NOBepUTENBHBI MHTEpBAJ 11
CPEIIHETO KBAIPATHIECKOrO OTKJIOHEHUA 0 HMEET BHIL:

(5555),

X2 7 X1

n
rie n — obbem BoIGOPKH, S2 = % Z:I(Xi —a)?, a
=

Xi=xi1, 5 xB=x3_,
T2 2 "
ABJOTCA KBAHTUIIAME X °-DACIPENEIIeHUS C 1 CTENeHAMY CBOGOMIbI (cm.
1. 4.3), onpenensiemMble no tabymue KsaHTwICH X&,n Pacupenesenus x2 (cm.
npuioxenwue 3 Ha c. 286).
Ecmn a = MX neuseecmmno, 1o nosepurenbupiii UHTEPBAJI /1A HEH3-
BECTHOTO 0 HUMOCT BHJL:

(\/TTLS m-s>,

X2 ’ X1

1
n—1

n

- E (X — X)? — ucnpasisiennoe
i=1 '

Cpe/lHee KBaIpaTHIecKoe OTKJIOHEHHE, KBAHTILIN

rme n — obbeM BbbOpKH, S =

2 2
XT=xit, > xXB=xi_,
T;n—l 5 n—1
1 1-
OIPENICIATCA 1O Taburne Xz.k nppk=n—-1na= —? o= —2—7

COOTBETCTBEHHO.

IIpumep 8.7. ILia onenknu HapaMeTpa HOPMaJIbHO PACHpPENeSIeHHON Cy-
Jalinoil BesuvyHBl ObLIA CHeIaHa BBIOOPKa 00beMa B 30 equHuI] U BHIYU-
citero S = 1.5. Hailtu nopepurensubiit VHTEPpBaJI, IOKPLIBAIOIIMY ¢ ¢ Be-
poarrOCTBIO v = (,90.

Q Unmeem n = 30, v = 0,9. Tlo Tabune ch,k HAXO[IUM

Xi =x3 rog = x"(0,95,29) =177,
2 [
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i=x% 00 =x’(0,05;29) = 42,6.
—2—‘:30;1

JlopepuTesibHBIA MHTEPBAJ HMEET BULL

(\/30 —1-1,5 V30—1- 1,5)
NZOX SRV Y Y

wm 1.238 < o < 1,920. o

CxaxeM HECKOJBKO CJIOB O JOBEPUTESHHOM HHTCPBAJIC JIU1A ONCHKH Be-
POATHOCTH ycuexa npu GOJIBITOM TuCIIe nenbitannii Bepuynom.

JloBepuTesibHBI WHTEPBAL, KOTOPHIH € HAIEXKHOCTDIO Y HOKPHIBALT
oneHuBaeMbii mapamerp p Mpu OOMBUIMX SHAICHAAX 70 (nopsAnKa COTeH),
umeet Burn, (p1,p2), TIe

p*(1—p*) p*(1 —p*)
x« _ DA
e p* = <5 — OTHOCHTEJIbHAA qactoTa cobertua A;  onpenenseTca us

pasenctsa 2®¢(t) = 7.
JTnis oneHkn MpUOMKEHHOTO PaBEHCTBa P =~ p* MOXHO MCTIOJIE30BATH

e-/n
pasencteo P{|p* —p| <ep = 20 (————
{l | <e} o\ Tpg

) (em. w. 1.21, sameganme).

YnpaxHeHus

1. Iny6usa Mopsa usMepaeTCd npubOPOM, CUCTEMATHICCKAs oumbka Ko-
TOPOrO paBHA HYJIIO, & CJlyIaiHbie oubkn pacnpeneseHbl HOpMaJIbHO
¢ o = 15 M. CKOJIBKO HAOO CHEJIaTh HE3aBUCHMbIX usMepennii, 4To0bI
ompeaesuTh riyouHy Mops € ommbOKoit He 6oJiee H M IIPU HAAEKHOCTH
v = 0,97

2. Tlo ycnoputo npuMepa 7.3 HaiiTh TOUETHYIO ONCHKY 1 foBepuTebHbIN
UHTEpBAJ JIJI CPEIHEro pocTa CTY/ICHTOB, CHUTATD 7y = 0,95.

3. IlpousBomATCs HE3ABMCHMBIC HCIBITAHUA C OIIMHAKOBOl, HO ¢ HEU3BECT-
HOH BEPOATHOCTBIO P NOABJICHU: COOBITHA A B KaxIOM MCOBITAHWM.
Haiitu noBepuTebHBI MHTEPBAJT 1A ONEHKH p C pagexxHocTIo 0,95,
ecom B 400 membitausax cobprus A nossuiioch 80 pas.
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8.5. NpoBepka ctaTucTHYECKNX runoTes

3an,atm CTaTNCTU4YeCKon NnpoBepKu rmnores

Onma 13 1acto BeTpeyaomuxcs Ha UPAKTUKE 33/1a4, CBA3AHHBIX ¢ IPU-
MEHEHMCM CTATHCTUICCKIX METOJIOB, COCTOMT B PEIICHUY BOIIPOCA O TOM,
AOJIKHO JIM HA OCHOBAHMU JIAHHOW BLIGOPKYW ObITH LPUHATO HJIM, HAPO-
THB, OTBEPrayTO HEKOTOPOE NPEANoJioKeHne (IMIoTesa) OTHOCHTEIbHO Te-
HepaJIbHOH CoBOKymHoOcTH (CIryualinoii BEJINIMHBI ).

Hanpumep. nosoe jiekapctBo mcnbitano na OIPEICSIEHHOM YKWCJIC JTIO-
neit. Moxuo v ciienats 1o naHabM pesysbTaTaM Jiedenus 000CHOBAHHBI
BBIBOIL O TOM, ITO HOBOE JiIeKapcTBO 6otee ahpekTnBHO, Yem TIPIMEHsIBIIIMe-
C# panee MeTolbl JieieHus? AHanoraHbIi BOIpOC JIOrmaHo 3a4aTb, FOBOPs
O HOBOM IIPABMJIE IOCTYIJIEHUA B BY3, O HOBOM METOIE 0By aenus, o noJsis3e
GbicTpoii X0mbOBL, O NpenMyIeCTBAX HOBOI MOAEJIT ABTOMODUIISL MJTH TeX-
HOJIOTWYICCKOrO TTPOLECCa U T. [.

Ipouenypa conocrapsienns BLICKA3aAHHEOIO IPEATIONIOKEHUS (TUIIOTE3Hh)
€ BBIOOPOIHBIMM JAHHBIMYU HA3HIBACTCST nposeprol 2unomes.

3adavwu cmamucmuseckori NPOSEPKU 2unomes CTaBATCA B CJIILYIOMeM
BUAE: OTHOCUTENIBHO HEKOTOPOH IEeHepPAIbHON COBOKYLHOCTH BBHICKA3BIBA-
€rcs Ta unu wHas runoresa H. U3 atoii renepasisnoii COBOKYITHOCTH M3-
Brickaerca Betbopka. Tpebyercs: ykasars npasuo. UpU IOMOIM KOTOPOro
MOXHO ObLIO GBI 110 BHIGOPKE permmTh BOHPOC O TOM, CJIE/IYET JIN OTKJIOHUTE
mnoresy H wnu npueATh ee.

Crieniyer orMeTuTs. 9T0 CTATHCTHIECK MU MeTONAMM TUHOTE3Y MOHCHO
MOADKO ONPOGEPEHYMb UAU HE ONPOGEPZHYMB, HO HE JIOKAZATD. Hanpumep,
A1 HPOBEPKM yTBepkaenus (runoreza H) asropa, 4to «p pyKomicu Her
OIMGOK», PeneHsenT mpoues ( M3YIHJT) HECKOJIBKO CTPAHHL, PYKOITHCH.

Ecym on obnapyxwur xors 651 OmHy OumOKy, 10 runoresa H orsepra-
€TCil, B OPOTHBHOM CJIy4ae - HE OTBEPraeTCsi, IOBOPST, IT0 «PE3YJILTAT
IPOBEPKY C IMUNOTE30H COracyeTcas.

BoimBunytas runoresa moxer 6niTo OPABANBHOR WJIM HETPaABMIIBHOMH,
TO3TOMY BOSHUKAET HEOOXOOUMOCTH €€ TIPOBEPKH.

CraTuctuyeckas runoresa. CratucTnueckmii KpuTepuii

Hon emamucmuweckots zunomesori (v opocto 2unome3oi) nouuMa-
0T BCAKOE BBICKA3HIBAHKE (IPEAIOJIOKEHUE) O reHepaJsIbHOl COBOKYTIHOCTH,
TpoBepseMoe 0 BLIGOPKE.




Maga 8. AnemeHTb TEOPUM OLEHOK U NPOBEPKU runoTes * 245

(C'TarucrryecKue THHOTE3Hl JIEIATCH Ha THIOTESBI O lapameTpax pac-
[TPCLESIEHTsT M3BECTIONO BUNA (3TO TAK HABHIBACMBIC NAPAMETNPUNFCHIE TU-
MOTE361) M PMIIOTE3H! O BUJIE HEU3BECTHOTO PACIpEAC/ICHU (nenapamempu-
weckue THIOTESLI).

Ojiy 43 UIOTE3 BBIICJIAIOT B Ka4eCTBe ocnosnot, (Mnu nyareoli) n
obosnadaT Hy, a Apyrylo, fBJAIONLYIOCH JIOIMYECKUM OTpUIIAHNEM Hy,
7. e. poTEBONONIOKIYI0 Hp — B KatiecTse konkypupyrowed (WIm aaemep-
namueHot) runoTesbl u obosuagaoT H.

I'mnoTesy, OIHO3HAYHO (PUKCUPYIOULYIO PACHPENEsICHUe HabJI0IeHN
HasmBAIOT npocmot (B weil uger peds 00 OOIOM 3HAYEHHH napaMerpa), B
MPOTUBHOM CJIyHae CAOHCHOT.

Hanpmmep. rurmoresa Ho, cOCTOfIIAA B TOM UTO MATEMATHICCKOC O2KH-
nanue ¢.B. X paBHO ug, T.e. MX = ag, ABNACTCA npocroii. B kagectre
AILTEPHATHBHON TATIOTE3BI MOXKHO PACCMATPHBATD OIHY U3 CICYTOLAX i-
nores: Hy: MX > ag (cnoxuas runotesa), Hy: MX <ao (cnoxmnas), Hi:
MX # ag (cnoxkuas) wm Hy: MX = ay (mpocTas runoresa).

Vmes nee runoresw Hy u Hi, HaANO HA OCHOBE BHIOOpKH X1.-..,Xp
MPUHATH JIOO OCHOBHYIO IHIIOTE3Y Hy, nu6o xoukypupyougyio Hi.

[IpaBuno, MO KOTOPOMy TPHHUMAETCH PEICHHe IPUHATE Ui OTKAO-
b runotesy Ho (COOTBOTCTBOHHO, OTKJIOHWTH MJI OPUHATH Hy), sasb-
BACTCH CIMAMUCTNUYECKUM Kpumepuem (AITH IPOCTO Kpumepuem) IPOBCPKU
runoressl Hy.

IIpoBepKy THIOTE3 OCYIICCTBIIAKT HA OCHOBAIINY pesyJIbTaToB BBHIOOP-
kn X1, Xo,...,Xpn, 13 KOTOPBIX (pOpMUDYIOT dynkmuo Beibopku T, =
= T(X1, X2, - ... Xy), HaspiBaeMol CMaMUCMuKot, Kpumepus.

Ocrno6HoT NPUHYUN NPOGEPKY 2uNome3d COCTOMT B CIIENYIOIIEM. Muo-
JKECTBO BOBMOXKHBIX 3HAYEHMH crarucTuku xputepus 1), pasbupaetcs Ha
7B HEDEPECEKAIOUIMXCH TIOAMHOXKECTBA:  KPUTIUECK/I0 obaacmy S, T.e.
obacTb oTKJoneHns runoTesb Hy u obaacmo S npunsamus 10 TUNOTE-
3p1. Ecom axtraecku HaOIIIOAaeMoe sHadeHre CTaTUCTUKE KpuTepra (T e.
SHAUCHYE KPUTEPH, BEIMHCJICHHOE TI0 BHIOOPKe: Thagn = T(x1,%2,---+%n))
HOTIAAAET B KPUTHHYECKYI0 0071acTh S, TO OCHOBHAs! runoTesa Hy oTkJjionaeT-
¢sl 1 DPUHUMAETCH JIbTEPHATUBHASA I'MIIOTE3A Hy; ecom ke Tiap, TONAIACT
B S, T0 npuaumaercsa Hy, a Hy OTKJIOHAETCSL.

[Ipu npoBepke rMuoTessl MOXKET ObITh MPUHATO HENPABUIILHOE pere-
HUe, T. €. MOTYT OBITH OIYINEHB] OMMOKH JBYX POINOB:

Owubka nepeozo poda COCTOMT B TOM, ITO OTBEPraeTcd HyJieBad MU0
tesa Hy, KOrja Ha caMOM [ieJie OHa BepHa.

Owwbra 6mopoeo poda COCTIOUT B TOM, YTO OTBEPraeTCa aJIbTEPHATHB-
Has runortesa Hi, Korna OHa Ha CaMOM JieJle BepHa.
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Pacemarpusaembie ciyuan Harmsmo HJUTIOCTPUpYeT CJIeNyomas Tab-

Jmpa.
I'unoresa Hy OrBepraerca Ilpuaumaercsa
BEPHA omubka 1-ro pona MPABUJIPHOE PELICHIE
HEBEpHA TIPABUJIBHOE PEDICHIe oummmOka 2-ro pona

Bepositnocts ommbku 1-ro pona (obo3Hauaerca wepes Q') HasBIBAETCH
YPOBHEM 3HAUUMOCTIU KPUINEPUS.

Odgesunno. o = P(H,|Hg). Yem menbme o, TeM Menblie BEPOATHOCTD
OTKJIOHUTH BEPHYIO runoTesy. lomycrumyro omubky 1-ro poma o640 3a-
JaI0T 3apanee.

B onmux ciiyqasx cuuTaercs BOZMOXHBIM npenebpeys COOBITUAMM, Be-
POATHOCTH KOTOPbIX Menbile 0,05 (o = 0,05 osnauaer, uro B cpenHeM B 5
ciydaax w3 100 ucnsrranuii BepHas runoresa Oyner oTBepruyTa), B IPyrux
GIyHasax, KOrpa pedb uuetT, HanpuMep, O PaspylUICHUM COOpYyKeHuH, rube-
JM CyIHa U T.I., HeJTb3d nperedpetdh 06CTOATENbCTBAME, KOTOPBIE MOLYT
MOABUTHCS C BEPOATHOCTHIO, pasroit (0,001,

ObbrHO 711 @ MCTONB3YIOTCS CTanpaprHele sHadenua: o = (,05;
a = 0,01; 0,005; 0,001.

Bepositnocts ommbku 2-ro poma obosHAaYaeTCH yepes [, re. B =
= P(Ho|H,). .

Besmunny 1 — 8, T e. BepositHOCTD HEZIONyUIeHUs OmuOKu 2-T0 pona
(oTBeprEYTH HeBepHYIO runoresy Ho, npurars sepuyo Hi), nasbmaetca
MOUHOCTNDIO KPUINEPUA.

Ouepnnro, 1 — § = P(Hy|H,) = P((.’El,l'g, ceeay) € SlHl).

Hem 6osTbIIe MOITHOCTL KPUTEpUs, TeMm BEPOATHOCTH OUIMOKM 2-T0 porna
MEHBIE, <10, KOHETHO, XKeJIATE/bHO (KaK ¥ yMEeHbUICHHE ().

Hocsencreusa ommbok 1-ro, 2-ro pona MOUYT OBITb COBEPIIEHHO pas-
JIAHBIMU: B ONHHX CJIyYaAX HaJ0 MUHUMM3MPOBATh (v, B ApPyroM — f.
Tax, MPUMEHUTESTHHO K PAIHOIIOKAIMY TOBOPAT, 9TO & — BEPOATHOCTH
[pONyCKa CHTHAJA, 3 — BEPOATHOCTH JIOXKHOH TPEBOTY; NPUMEHUTEJIbHO
K NPOM3BOACTBY, K TOPrOBJI€ MOXKHO CKa3aTb, YTO ¢t — PHCK IIOCTABIIMKA,
(1.e. sabpakoBka nmo BHIGOPKe BCeit DapTUKM WSAENNH, YIIOBIIETBOPAIOIINX
cranpapry), § — puck norpeburesis (T e. mpuem no BEIGOpKe BCeit napTuu
uspesuit, He ynoBJeTBOpAIOme CTaHIAPTY); TPHMEHUTENBHO K cyneOHoiA
cucreme, ommbKa 1-ro popa NPUBONUT K ONPABIAHMIO BHHOBHOTO, OUIMOKA
2-r0 posa — OCYXKJICHUIO HEBUHOBHOTO.

OtmernM, uto odnoepementioe ymenvuwenue owubor 1-20 4 £-zo poda
BOSMOAHCHO MUWD NPU yeeaunenuy obsema 6vibopok. Tlosromy obbrano mpu
Sa[AHHOM yPOBHE 3HAYMMOCTH (¢ OTBHICKHBAETCH Kpurepuil ¢ HauGoJblned
MOIITHOCTHIO.
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MGTO,III/IK& IpOBEPKH [UOOTe3 CBOOUTCA K CIENyHIEMY:

Pacnonaras seiGopkoii X1, X2, ..., Xn, GOPMUPYIOT HyJIEBYIO MUNOTESY
Hy u anprepuarusayio Hi.

B Ka3k10M KOHKPETHOM CJydae HonOMpatoT CTaTUCTHKY KpUTepnd T, =
=T (X1, X2,....Xy), 00bI"MHO 13 TEPEIMCIICHHDIX HIXE: U — nopMauib-
HOE pacnpeleliCHre, x? — pacrupeliesienne Xu-KBaipat (Tupcona), t —
pacnpenenienne Creonenta, F' — pacnpenenenue Ounepa- CHenexKopa.

[lo crarucTHke Kpwrepusi 1, W yPOBHIO BHAYHMOCTH (¢ OHPENEJIAIOT
kpuTndeckyto obnacts S (1 S). [yisa ee orpICKaHns JOCTATOUHO HailTi
KPUTHIECKYIO TOUKY tgp, T. €. PPaHUIlY (i KBAHTHIIB), OTHEJIAIONIYIO
obmacts S ot S.

I'pasunpl o6nacteil OnpenenaIcs. COOTBETCTBEHHO, M3 COOTHOMICHMIH:
P(T, > typ) = a. o0 [pPaBOCTOPOHHEH KPHTHIECKOM obnactu S
(puc. 76); P(T, < typ) = o, nia JIEBOCTOPOHHEH KpHTHUICCKOH 0bna-

e .
ctu S (puc. 77); P(T;, < typ) = P(Tn > tip) = o AU JycToponneii

KpuTUIecKoit obsactu S (puc. 78).

Ir.

KP,C

Puc. 76

JTj1a Kaxkaoro KpuTepusl MMeloTesa COOTBETCTBY IOIIUE TabnuIpl, 0o KO-
TOPBHIM ¥ HAXOOAT KPUTHICCKYIO TOUKY, yJIOBJIETBOPAIONIYI0 MPUBEIICH-
HBIM BBIIIIE COOTHOUIEHUAM.

st moJty9eHHOl peasiusalyin BoIGOPKY T = (T1,T2,- .- \ Ty TOICYH-
THIBAIOT 3HAMCHUE KpUTEpHd. T. €. Tiaen = T(z1,%2,---,%n) =t

Ecom t € S (mampumep, ¢ > lyp I/ TPABOCTOPOHHEH obnactu S), TO
HyJieByto Tunotesy Ho oTpepraior; ecim xe t € S (t < tgp), TO HET
ocroBanui, 4To6s oTBeprayTh runoresy Ho.
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fr,
(8]
.
0 tﬂp,a t
Pue. 77
fr,

8.6. MNpoBepka rMnoTes o 3aKkoHe pacnpeneneHvs

Bo muorux ciyuasx sakoun pacnpenesnenns u3yJaeMoit ciyvuaiino pesn-
“TUHBI HEMBBECTEH, HO €CTh OCHOBAHMUSA MPEINOJIOXITD, 9YTO OH UMEET BIIOJIHE
ONpelle/ICHHBIH BU)I, HOPMAJIBHBIH, OMHOMUAJIBHBIH WM KAKOH-J1HG0 Apy-
roii.

Ilycte Heobxomumo mposeputs runoresy Hy o TOM, 4T0 C.B. X nop-
IMHACTCH OMPENEeJICHHOMY 3aKOHY PacHpenesieHnsl, 3alannoMy (byHKyeil
pacnpepenerus Fo(x), T e. Ho: Fx(z) = Fy(z). Ton anbrepratuprol rumo-
Tesoit Hy Oynem momumars B JAHHOM CJlydae 10, 910 MPOCTO HE BBIIOJIHEHA
ocuoBHad (r.e. Hy: Fx(z) # Fy(z)).

kS
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JIns npoBepKH TUIOTE3BI O PACHpPEeNeHnn cotyuaiinofl Benuauipr X
nposeneM BBIOOPKY, KOTOPYTO obopMHUM B BHIIEC CTATUCTHHCCKOrO pAna:

Tyl L2 |- | Tm

(8.11)

n; (N |ng ... | m

m
rue E n; = n — 06beM BLIOOPKH.

=1
Tpebyercs cuenarh 3aKJI0YeHIe: COMTIACYIOTCA JIM pesyIbTaTh] Habumo-

feruil ¢ BBICKA3AHHBIM TPEIIoIoKenreM. [ljis 9T0ro ucrosipsyem Chent-
AJBHO HOMOOPAHAYIO BCJMUMHY — KpHTEpHil COornacusi.

Kpumepuem coz2Aacus HABIBAIOT CTATHCTHICCK i KpUTepuil [IPOBCPKN
FUTIOTE3Bl O IPEATOJIAraéMOM 3aKOHE HEM3BECTHOrO pacUpenc/iCHmst. (On
MCTIOJIB3YCTCS Il IIPOBEPKM COIJIACUS NPEIIOJIaraeMoro BUIA pacTpeac-
JICHEA C ONBITHHIME JAHHBIMY HA OCHOBAHUW BBIOCOPKR.)

CylecTBy 0T pa3iuIHble KpUTEPHH COTJIACHSL: ITupcona. Kosmoroposa,
Omuepa, CMupHOBa M OP.

Kpurepuii corstacus [lupcona — naubosiee 1acto ynorpebiifeMblil Kpu-
Tepuil AUIs DPOBEPKX MPOCTOM THIUTESBI O 3aKOHE PACTIPEICCHUSL.

Kputepmii x? MupcoHa

s mposepKn runoTesbl Ho 11OCTYHAIOT CIIEAYIOMEM o0pa3oM.

PasGusator BCiO 0bnacTh sHadenwil ¢.B. X Ha 1 MHTEPBAJIOB Ay,
Ag, ...\, U MONCYATHIBAIOT BEPOATHOCTU Pj (¢ = 1,2,...,m) nona-
panng c.B. X (. e. nabmonenus) B UATEPBAJI A\;, ucionb3ya popMyry
P{o < X < B} = Fo(B) — Fo(a). Torna reoperuieckoe Tucyio sHaueHUM
c.B. X, nonasmmx B nHTEpPBaJ A, MOXHO PACCINTATH 1O dopmyse n - p;.
Takum 06pasoM, UMeeM CTATUCTHICCKHI PALl PACIPENESICHU C. B. X (8.11)
1 TeopeTnuecKril ALl pacipenesiCHnsl:

A A, T A
— — o (8.12)
o =npy | nh=np2 | .- | Ny = NPm

Ecyii sMIMpPHIECKHE H9acTOTH (1) CUIIBHO OTNHYAIOTCA OT TCOPeTHHe-
ckux (np; = n}), TO NpoBepsEMYIO TUNOTE3Y Hy cnenyer oTBeprayThb; B
MTPOTUBHOM CJIyuae — UPUHAT.

KakuMm KpuTepueM, XapaKTepusyomyM CTeneHb paCXoX ICHHs MEXILY
SMIMPIHYECKHMI U TEOPETHIECKUMU UaCTOTAMH, CJIEAYeT BOCIOJIbIOBATE-
ca? B kadecTBe Mepbl PACXOXKAECHHUS MEXJY 1 U Np; [JA i=1,2,...,m
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K. Tlupcon (1857-1936; anrr. mateMarvk, ctatuk, bmosor, ¢punocod) npes-
JIOKUJT BEJINIUHY («KpuTepui HHpCOHa»)

_ 2 m
X?-Z(”’ "pi) anz n. (8.13)

=1

CorsnacHo Teopeme IMupcona, npu n — o crarucruka (8.13) umeer y?-
pacnpegesienye ¢ k = m—r —1 creneHsiMu cBOBOIBL, TIE 171, — YUCIIO rpyrm
(MHTEPBAJIOB) BLIGOPKM, 7' — YMCIIO apaMeTpoB NPEATIOJIAraeMOro pacipe-
nestenusi. B wactHOCTH, eciin npenmonaraeMoe pacipenesienye HOPMAJIBHO,
TO OLCHUBAIT B NapaMerpa (a u ), HO3TOMY YHCJIO CTeneHel CBOBOMBI
k=m-3.

Ipasuno npuMenennst kpurepus x2 comuTes K CJIEAYIOTIEMY:

1. Tlo ¢opmyne (8.13) poraucisior X?{aﬁ.n — BBIOOPOYHOE 3HAMCHHE CTATU-

CTHKM KpuUTepusl.

2. Bwubpas ypoBeHDb 3HAYHMOCTH (v KpHTEepusi, 1o Ta6JII/Iue x2-pacnperne-

JICHWsA HaXO,III/IM KpnTquCKyfo TOUKy (KBANTHIB) X2 K
3. Ecm Xﬂaﬁ.n Xa > To runoresa Hy He npoTtuBOpeMuT OUBITHBIM HAH-

HBIM; €CJIR XHaﬁ > Xa > TO runoresa Hy oTBepraercs.

Heobxomumbiv ycroBueM npumMenenus kputepus llupcona spnsercs
Hamiue B KaxXA0M U3 MHTePBAJIOB He Menee 5 Habnoennii (1. e. n; > 5).
Ecsm B oTnenbubIx mHTEpBaTax MX MeHBILIE, TO YHCIIO HHTEPBAJIOB HA00
YMEHPUIUTE TyTeM o0benuuenus (YKpPYIHEHU) COCENHNK UHTEPBAJIOB.

Ilpumep 8.8. smepennt 100 o6pabotannbx netaJieil; OTKIJIIOHeHUS OT 3a-

JAHHOTrO pas3Mepa IIPYBCIECHBL B Ta,6JII/IIle

[z, 2i44) | 23, =2) | [-2,—1) [[-1,0) [[0, 1) [[1,2) [[2.3) [ 3,4) | [4,5)
n; 3 10 15 24 25 [13] 7 | 3

Ilposepute mpu yposue swaammoct o = 0,01 runotresy Hg o Tom. urto
OTKJIOHCHUA OT IPOEKTHOTO pasMepa MONYUHAAIOTCH HOPMAJILHOMY 3aKOHY
pacnpeneieHus.

Q Hucno mabmopiennii B KpailHNX UHTEPBAJAX MEHDbIIE 5, MO3TOMy 00b-
CIVMHUM nx ¢ cocenumut. Tlomyaum cnenyroumii psig pacnpenesenus (n =
= 100):

[$i1 $i+1) [_3’ —1) [*17 0) [0’ 1) [la 2) [2’ 3) [37 5)
4 13 15 24 25 13 10

Cnyualinyo BeJIMHIHHY — OTKJIOHEHNE — 0BO3HAMHUM gepe3 X. Ilna Beran-
CJICHUA BEPOATHOCTEH p; HEOOXOMMMO BBIMHCJIATH MApAMETPHL. OTpeneJis-
10lpe HOpMasIbHbII 3aKOH pacnpenenenus (a u o). VIx oneHku Beraucsmm
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110 BEIGOPKE: T = T(l)ﬁ (=213 4 (—05) - 15+ ... + 4-10) = 0,885 ~ 0,9,

D, = ﬁ(4-13+0,25-15+. . +16-10) — (0,885)2 ~ 2,809, 0 = 1,676 ~ 1,7.

Haxomnm p; (i = 1,6). Tax kak c¢.B. X ~ N(a.0) onpenesnena ma
(—00, 00), TO KpaliHie MHTEPBAJILI B PAJIe PACIPEESICHII 3aMenseM, COOT-
sercreerno, na (—oo,—1) m (3,+0c). Torma p1 = P{—oc0 < X < -1} =

11—
= &y —T7—0’—9 — Bg(—o0) = % — ®¢(1,12) = 0,1314. AHAJIOrHIHO MO~
ayuaem: po = 0,1667, ps = 0,2258, pq = 0.2183. p5 = 0,1503, ps =
3—-09
— pf3 < X < oo} = By(o0) — @0( - ) — 0.5 — o(1,24) = 0,1075.
TlosyIeHHBIE PE3yJTHTATHI IPUBELEM B CIICIYIOIeH Tabsmiie:

[‘Tia'll"i+1) (-007 _1) [—1,0) [Oa 1) [172) [273) [3700)
7 13 15 24 25 13 10
n' = np; 13,14 16.67 | 22,58 | 21,83 | 15,03 | 10,75

Burauncnsiem XﬁaG =

6
2 n; o
Xuabn — np; n =
i=1

_ [ 132 152 102 ) a0 — B
= (13’14 + 1667 T T 10.75 100 = 101,045 — 100,

T. €. X12-xa,6n =~ 1,045.

HaxonuMm UmcJIo creneneii cBoGompl; 110 BHIOOPKE pacCuuTaHbl Ba Ha-
pamerpa, 3HaunT, 7 = 2. KOJTIeCTBO HHTEPBAJIOB 6, T.e. m = 6. Curenio-
BaresibHO, k = 6 — 2 — 1 = 3. 3nag, yr0 @ = 0,01 u k = 3, no Tabsmue
X2-pacnpeiesieHnsT HaXOIM Xa p = L1.3. Wrax, X?ia6n < X{i,k, CJIe0Ba-
TEJIBHO, HET OCHOBAHUM OTBepI‘H’yTb pOBEPAEMY IO TUIIOTE3Y. o

Kpurepuit Konmoroposa

Kputepuit Kosmoropopa juist IpOCTOM THIIOTE3bI ABJIACTCH HauboJsiee
IPOCTBIM KpUTEpHEM IIPOBEPKU THIOTE3bl O BUIE 3aKOHA pacupeneyieHus.
OH CBA3HIBACT SMIMPUIECKYI0 (DYHKIMIO pacnpenesenns Fy (z) ¢ bysxum-
eit pacupenesierus F () HenpepHIBHOM CJIy YAHHOM BEJTTHHBL X.
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Hycts x1,2,. ... 2, — koukpersas BoGOPKa 13 PACTIPENESICHUS ¢ He-
U3BECTHOW HeupepwuiBHO# dbyHKuMel pacupenenerus F (z) u F}(z) — smum-
putieckas (byHKIUs pacnpeneserns. Beiapuraetes nmpoctas runotesa Hy:
F(z) = Fy(x) (asnmrepuarusnas Hy: F(z) # Fy(z), z € R).

Cymmocts kputepusi Kosimoroposa cocront B TOM, 49T0 BBOIAT B pac-
CMOTpeHue (hyHKIUIO

Do=_max |F(z) - Fola)), (8.14)
Ha3bIBAEMOM crmarnucmukom Ko./LM,oeopoea, HPEOCTABIAIOMER coboii Mak-
CHMAJILHOE OTKJIOHEHNE 9MIMprecKolt yHKImn pacupenenenus F*(z) or
TUIIOTeTUYECKOH (T. €. COOTBeTCTBY Io1eit TeopeTnueckoii) byunkuum pacnpe-
nenennst Fo(x).

Konmoropos mokazas, wro npu n — oo 3akon pacnpeneneHus Ciy-
daitHoll BesTuumEbLL /1 - D), He3aBUCHMO OT BHIA pacupenesicHus C.B. X
CTPEMMTCA K 3aK0HYy pacnpedenerus Koamozoposa:

P{V/n-Dy, <z} - K(z),

re K(z) — dbynkuus pacnpenesenus Kommoroposa, nis koropoli cocra-
BJIeHa TabJIui@, ee MOXKHO MCIIOJIBL30BAT U1 PACIeTOB yxe nipu 1 > 20:

o] 01 0,05 [0,02] 0,00 0,001
zo | 1,224 [1.358 [ 1,520 | 1,627 | 1,950

Haiinem Dy takoe, uro P(D,, > Dy) = a.

Paccmorpum ypasnenne K (z) = 1—w. C nomonsio dbynkuym Kosmoro-
POBa HalIeM KopeHb To 3Toro ypasHenus. Torma o Teopemve Konmoroposa,
P{yn-D, <x¢} =1-a, P{\/n-D, > xo} = «, orkyma Dy = x—\/o_.

n

Ecou D,, < Dy, To runoresy Hy ver ocnopanuii OTBEPrarb; B MPOTUB-

HOM CJIyd9ae — €€ OTBePraior.

ITpumep 8.9. Mouety 6pocasm 4040 pas (Brobpon). Homyamnm ny = 2048
Bbianenuii repba u ny = 1992 pemajenwuit peuku. [Iposepurs, NCTIOJIb3Ys
a) kpurepnii Komvoroposa: 6) kpurepuii [upcona, cornacylorcs ym stm
AanHpie ¢ runoresoii Hy o cummerpuarocTn Morersr (o = 0.05).

Crnyyalinag Beruunna X o UHAMaeT JiBa 3HAYEHUHA: I —1 (pemka
y 1

u x3 = 1 (rep6). T'unoresa Hy: P{X=-1}=P{X =1} = %

a) Io rabsune pacnpenesienus Kosmoropua Haxomum kopens ypas-

nenus K(z) = 1—a npu a0 = 0,05. Crenyer zg = 1,358. Torpa Dy = 2L —

NG
1,358

- ~ 0,021.
V4040
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Jlns waxoxnenus 0o seibopke Dy crponm by Fo(z) u Fi(x) n
soraucsgem pesanty Dy, = max |Fy (2) — Fo(z)|-
X

pemka | repb 0, mpnsz<—L,
@ |3y =—1|2zo=1|— Fy(z) =405, mpn —1<z<1,
Di 0,5 0,5 1, npu 1 < z.
pelka repb 0, npu = < —1,
i |m=—1}z2=1 5 F*(z) = 40493, mpu —1<x<1
n; | 1992 2048 AT B T
pr | ~ 0,493 | ~ 0,507 1, mpu 1 < z.

Maxcmmanbroe orkromerne Fy(z) or Fi(z) pasno 0,007, r.e. Dy =
= 0,007. ockoasky D, < Dg, TO HeT ocHOBaHUIl OTBeprarb IUIOTE3Y
Hy; OIBITHBIC JAHHBIE COLNACYIOTCH ¢ THINOTE30H Hy o cuMMeTpU4HOCTI
MOHETHL.

6) BorducsisieM CTaTuCTHKY X2

2 9 .

) n; 19922 2048 -

nabs — — — N = + — 4040 0’776
Xnaby ; nP; % . 1040 % - 4040

Mo Tabiuie X -paclpeliesleHus HAXOAUM KPUTHYECKYIO TOUKY X?x PRES

= X2 051 = 3,8. Tax Kax Xoatn < X2 05:1- TO OTLITHBIE JAHHBIE COLNACY IOTCH
C TUMOTE30# O CHMMETPUYHOCTH MOHETBIL. ®

YnpaxHeHus

1. Pacnpenenenue npusnaka X (coryuaitnoit BeJIM9MHBL X) B BoIOOpKE 3a-
JIAHO CJIenyoed TabuIc..

i —a] 0-01 101-02[02-03]03-04]04-05
n: 105 95 100 100 102

7 1—7; 105-06]06—07[07-08][08-09109—-10
n; 98 104 96 105 95

[Ipwu yposre suagumocty o = 0,01 nposepuTs runoresy Hy, cocToAanyio
B TOM, 9TO C.B. X MMeeT paBHOMEpHOe PacIpeieJIeHue Ha OTPe3Ke [0,1]
(BEPOATHOCTH P; ONPENENIAIOTCH dbopmynamu p; = h; (1 = 1,2,... k),

k
rne h; — JIJIAHA, i-TO OTpeskKa [Ti—i; ;) (Z h, = 1) ).
i=1
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B BUIE CTATUCTUYECCKOro paga:

2. Pesynprarbl Habionenuit va c. 5. X (POCT My2KYMHBI) TIPEICTABIIEHDI

X(pocr) [ [150 — 155) [ [155 — 160) | [160 — 165) | [165 — 170)
n;(gacrora) 6 22 36 46

X(pocr) | {170 —175) | [175 — 180) | [180 — 185) | [185 — 190)
n;(yacrora) 56 24 8 2

poseputs npu yposre suadumocts o = 0,05 runotesy Hy o ToM, 910
C. B. X HOMYMHAETCH HOPMAJIBHOMY 3aKOHY PacHpe/iesIeHus], ACHOJTb3yst
Kkpurepnit cornacus [lupcona.

Ho panubiv ynpasxksenuss 2 npoBepuTh TUIIOTE3y O HOPMAJIHLHOM pac-
1penenennu ¢. . X, ucnonwsys kpurepuit Kosmoroposa.



OTBeTbI K YNPpaXHEeHUsaIM

Pa3nen nepBbi

Maea 1

1.3

1. ) B=B-Q=BA+4 =A-B+A-B;2 (A+C)-(B+C) =
= AB+AC+BC+C = AB+AC+C = A-B+C; 3)_HyCwa€A+B:iw¢
¢A+B=>w¢A,w¢B:>'wEZ,wEF:>w€A-P,T._e.A+B_A-§.

Anasornuno yoexnaemcs, uto A-BC A+ B = A+ B = A-B.

2. a) ABC;6) A-B-C;8) A+B+C;r) A-B-C; n) ABC; e) AB-C+ABC+A-BC;
x) ABC = A+ B 4 C.

3. A1A2(A'3 + As+ A5)A6.

1.7

1. W3 90 pBy3HauHbBIX uuices 9 MMEIOT OOUMHAKOBbBIE mudpel, .e. n = 90, m =
=90 — 9 = 81. CrenoBaresbHO, p = 81 _ 9.

2. p=0,01, Tak kak m = 1, n = 10 - 10 = 100.

1.8

Al- Al. AL =120.
Ps - Py = 720; Py — 720 = 4320.

1. 5-4-3=60;5-4-3+5-4-3-24+5-4-3-2-1=300.
2. 12+15+7=34

3. 10-9-8-7 = 5040.

4. (10-9-8)2 = 720% = 518400 wm Aj; - A}y

5. 9% =6561.

6. Al,=12-11-10-9 = 11880.

7. A3, =T720.

8.

9.
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10. Py = 4! = 24 (onun cen rue YTOJIHO).
11.3-2-8! = 241920 (cm. puc. 79).

OOO0O0

Puc. 79

12. 112 = 7-16; 2520 = C2 - C%,.
13. a) C§ = 56; 6) C5, - CZ = 6160.
15! ar7e

14. ?’§5-C?-C§ WM oot = 135135.
15, AT =2"=128um 2-2-2.2.2.2.9,
16. 6° = 216. Dro 234, 666. 165, ... .
17. A§ = 45 = 4096.
18.0f=Cf=0Cf =BT 1. 4-84
19. C8 = Cf) = C%, = 45.
20.C§ = C¢ = C? = 15, 15- P, = 360.

— 94 8! _qe
21. a) 4! = 24; 6) 530 T = 3360.

TSR
22. —L' — 1260.

2!-1%!'-4.
: _ — 9 4 3
1.9
1. n‘:A§=84:4096a)m:8-7-6-5:1680,p1:%zom:@m:&
__8 ) — U B
P2 = 006 © 0,00195; B) m =1, py 4096~ 0,0u024.
C?.C3
2. n=C4,m=0C?-C3,p= ~ 0.000064.
C3
_ _ _ 62 2
3. n=Thm=6-2p=""2=2~02.
a. 1125!:120,m:2-2-1-1;p:%20,033....
C3 C2 - Ci
5. a)p=—2 ~0573; 6) p= =10 ~ 0,36.
2% _ 4 %y
=22 = 2 ; =22 .
6. a)p—7_7 9 0,08; 6) p 79 0,408

7. I'pymmna m3 5 xoMaHII MOXeT GbITh BbIGpaHa Cir’o cnocobamu (Bropas rpymna

00bpasyeTcs aBroMaTHueCcKn), T.e. n = C},- B nepsywo IPyNy HONALeT Jiu-

6o onun smpep, ambo mpa. Crano 6uirb. m — Ci-C}+ 2. C3. Tosromy

o= Cg-C§1+C§-C§f’
Clo

~ 0,833.
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cl.-ci, c2.cy

8. P= ~ 0,21. Bocnosszoasmcs csoiictsom: P(A + B) =
C% C%,
= P(A) +P(B) AB @. 3necy A = {onua nama}, B = {npe namwi}.
1.10
QP2 a9 [

1. Cropona Tpeyronsuuka papua Rv/3. 3maunr, p = 'g—j = iﬁ;zég = ‘2’{3 =~

=~ 0,41.
1

2. p= 0 _ 0,32.

3. O6osuauum gauHy 1 orpeska gepes z, I1 — uepes y, rorna III orpesok nmeer
agmay l —z—y. Q= {(z,y) : 0<z+y<l},re 0 <z+y<l— BCe
BO3MOXKHBIE KOMOUHAIIMY NJMH YacTeil orpeska. dtobbl U3 HUX MOXHO OBLIIO
COCTABUTH TPEYTOIbHUK, HeOOXOMMMO BBIIOJIHEHNEe yeaosuit: z +y > | —r—y,
z+l—zc—y>yy+l—z—-—y>z e 1< é,y< é,x+y> L 9w
HEpABEHCTBA ONPEIeJSIOT 00IaCTh, 3ANTPIXOBAHHYIO Ha puc. 80.

Y

] i

2 a

0 1 [

2
Puc. 80
111
Nmeem: P = 2 T 2 = 0.25.
5l -1
1.15
1. Jla. Q—{l 2,3,4,5,6}, A—{2 4,6}, B = {4, 5,6}.HCHo,qT0P(A)-——%=%,
P(B) = aPAB) 3,Te P(AB) = —#P(A)-P(B):%-%:%.
2. a) A4 — nepBaﬂ 6yKBa T, Ay, — Bropas 6yksa U, ..., A5 — narasa 6yksa
. BepositHocTs cobbitiua A — mnomyuurca ciaoso TVICKH, pasua P(A) =
_ 3.2 211 _ 1 : ,
= P(A1A2A3A445) = 16°9 876 = 3890 ~ 0.0004; 6) ;), TaK lKaK BTOpPOI
6yksel K B ciioBe CTATUCTUKA wer; B) p = % . % "2 = 120 © 0.008;
~ 2,322 211114 :
DP=15'9'§ 7 6 5 4 3 g L~00000152
3. ¢ = 0,2 — BEpOATHOCTH OTKA3a i-T'O SJIEMEHTA, P; = 0.8 — BEpOATHOCTH €ro

wcrpasaoil paborel. 1lenp HOC/IEIOBATEIHHO COEIMHEHHBIX 3JleMeHToB 1- 2-3
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Gynet paboTarh, €Cyiu MCIIPABHBI BCE TPH SJIEMEHTA: P1og = Pi - P2 - p3 = 0,8% =
= 0,512. llens napaJsiespHo COBOUHEHHBIX SJIEMEHTOB b 6 OTKaXkKeT, TOJILKO B
cilygae oTkasa 000X 9JIEMEHTOB: g5 = ¢5qs = 0,22 = 0,04, a BepoATHOCTD ee
UCHPABHOU paboTel paBHA psg = 1 — gsg = 0,96; pase = pg - Psg = 0,8 - 0,96 =
= 0,768, P193456 = 1 - 4123 * G456 = 1- (1 — 0,512) . (1 - 0,768) ~ 0,887,
Py =1 —prgsase - pr = 1 — 0,887 - 0,8 =~ 0.291.

1.16 ]
1. A— nepseLii map Genpitt, B — Bropoit map gepnsbit. Torna AB 4+ AB — o6a
mapa pasHex nseros. P(AB + AB) = LT 2 _28_ T 0,39.

9 8 9 8 72 18
2. a) Ay — nonajanue nepsoro opyaus, A — BToporo, Az — Tpernero. 3HaduT,

ABC + ABC + ABC = D — nonajanue ToaLKo ofgHoro s Hux. P(D) =
=0,7-0,3-0,3-3 = 0,189; 6) S = A; A, A4 — 1pu npomaxa. P(S) = 0,3-0,3-0,3 =
= 0,027. Buaunt, P(S) = P(A; + Ay + A3) =1 — P(S) =1 —0,027 = 0,973.

3. BeposaTHOCTB BBIXOIA W3 CTPOs BCEX 7 MPHOOPOB PaBHA

(1-0,7)-(1—07)-... (1 —0.7) = 0,3".

n

Creposaresbio, BepoaTHOCTE GesoTKazHol paboth pasaa 1 — 0,37, Ilo ycio-
suto 1 —0,3" > 0,95. Oxcioma 0,3™ < 0,05, nIn0,3 < In0,05,

n 2 In0.05: In0,3 =~ 2,488,

T.€e.m = 3.
1.18
1. A — Bbumta us crpost onHa MuKpocxema, Hy — orkazamu oGe, H; — orka-

3aJ1a neppas MUKpocxeMa, Hy — orkasagia Bropas, Hz — ofe He oTKa3aJu.
Torma P(Hy) = 0,07 - O 1 = 0,007, P(H,) = 0,063, P(H) = 0,093, P(H3) =

= 0,837 (KonTpos: 2 P(H;) = 1). P(A|Hp) =0, P(A|H,) = 1, P(A|H,) =
=1, P(A|H3) = 0. 3Haan P(A) = 0,156 u P(H;|A) ~ 0,404.
30 _ 3

2. A; — crynenr Il cmacr sksamen, ecnu saiiner nepsbiM, P(A;) = 0= 71
Ay — cryment Il cnacr skzamen, ecim 3aiiner BTOpBIM, P(A2) = 7 BBenem
runorespl: Hy —— Nepsblit CTyIeHT BBITAIMIT OWJIeT, KOTOPLIA 3HACT CTYIEeHT

I, Hy — [IepBbII/I CTyHEHT BI)IT&H.[I/I.H Guner, KOTOpBIl HE 3HAET CTy,ueHT Il

30 _ 1 (3,1
FU) = g5 = 3P = =1 (341 =1) Manee: P(As]H) = 2,

4
P(Aq|Hp) = 3HaHI/IT P(Ay) = % 3 +% %8— Z Bce pasHo.
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3. Ilycts A — usnesnme npoiger KOHTPoJb, Hy — B3siT0€ U3Ae/He CTaHIapT-
Ho, Hy — ue cranmaprao. P(H{) = 0,9; P(H2) = 0,1; P(A|H;) = 0,96;
P(A|H3) = 0,06. CrenosarensHo, a) P(A) = 0,9-0,96 + 0.1 - 0.06 = 0.87:

0,96

6) P(H|A) = 9’%_'8_7’— ~ 0.993.

1.20

NNt /1 10
1. a) Pu(d) = CY, - (-2-) (5) ~ 0,21; 6) Pio(0) = (—) ~ 0.00098; ) p =
= PlO(l) + P10(2) +...+ P (10) =1- Pl()(O) = 0,999.
g1 _2(1 1\ _3. p3) = .(13.13_g
2. p=q=35 P@ =C 2) (2) =3 B6() = G 2) (2) - 16
Caenyer, aro Py(2) > Fs(3), 1.e. 2 u3 4.
3. a) P3(3) = C3-0.51%-0.49° ~ 0,133, 6) P5(1) = Cj - 0,51 - 0,49 = 0,368.
4. Cuounukn 6pammch 2 - 10 — 6 = 14 pas, u3 nux 10 pa3 u3 Kopobku, KoTopas
okazasace nycroii. Imeem 10 «ycrexop» B 14 «ucubitanuaxy», T.e. Pi4(10) =

= ). (%) . (l) '~ 0,061.

2
1.21

1. p =1:365 ~ 0,0027, n = 84, a ~ 0,23. Ilo dopmyue Ilyaccona Pgs(2) =

232 - 0.794
~ 9’_:‘2_?93 ~ 0,021. (e "% =~ 0,7945).
2. n =200, p=0,02. 3uauur, a = [np| = 4. VckoMasa BepOATHOCTD:

0,—4 —4
Pyo(0) + Pogo(1) = Ae” | de  0,00.

0! 1!
3. 3Buecb n=100. m =60, p=¢g = % Vcnonnsyem jiokaspHyo Teopemy Myas-
60 — 100 - 0,5
a -Jlamnaca: 1 = ————"—— = 2. Torna Pigo(60 2) =0,2-0,054 =
P J/100-0,5-0,5 e Fuoo(60) = 5(2) 0
~ 0,0108.
4. Pygo(m,800) = 0,95. Vicnonssyem unrerpaipiyio reopemy Myaspa—Jlariaca:
m — 388
T = g s T2 = 29. SHaunTt,

m — 388

Do (z2) = 0.5; 0.5—@0( =

) — 0.,95.

388 —m
14

388 —m

— |4 —_
Y 1,65. 3uauut, m = 365.

Otxyna $ ( ) = 0,45,
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Fnasa 2

2.2

1.

Bosmoxnpie snadenns c.8. X ects 0, 1, 2, 3, 4. Ux BepOSTHOCTH PABHBL CO-

0 4
orsercTsenno: p; = P{X =0} = CY - (%) . (%) = i%’ pe=P{X =1} =
1 4

:C‘}'(%)l.’(ﬁ)g_lﬁ’m_166”’4 16’p5 P{X_4}__

2. Ilycre A; — mepseiit cryneHT cnaer sx3amen, Ay — Bropoii CJI&GT 9K3aMEH.
C.B. X npunumaer tpu 3Hauenuns: 0.1.2. a) pr = P{X = 0} = P(A145) =
=0,4-0,1=0,04; po=P{X =1} = P(A1Ay + A1 A3) =0,6-0,1+0.4-0,9 =
= 042; ps = P{X = 2} = P(A142) = 0,6-0,9 = 0,54 O p; = 1); 6) p; =
— P{X =0} = P(A1 A, A3 Ay) = 0,4-04-0,1-0,1 = 0,0016; pQ—P{X—l}—
= P(A]A2A2 + A1A1A2 + A] A2A1A2 + A1A1A2A2) = = 0,1668;

p3 = P{X = 2} = P(A1A2 + AlA_QAQ + AlAlAQ + A]A_QAIAQ) =
=0,6-09+06-0,1-094+0,4-0,6-0,9+0,4-0,1-0,6-0,9=0,8316
3
(pi=1)
i=1

2.3

1. A; — nonapanwue I crpenka, Ay — II. Torna P{X = z1} = P{X =0} =
= P(AlAQ) = 0,08, P{X = wg} = P{X = 1} = P(A1A2 +A1Az) = 0.44,
P{X =2} = 0,48.

0, z < 0;
0,08, 0<z<1;
Fe) =052 1<z<2
1, 2< .
2. F(z) ynosnersopsier co#CTBaM (DYHKINA PACIPEIeIICHNS;
P0<s<1}=F1)~F(0)=1-¢'=1-1~0632
3 1

3. P{X € (0,1)} = F(1) - F(0) = 3. Bnasns, P,(3) = C} - (%) : (%) — 0,25.

2.4

1. F(2) = 1. 3nauur,

=a(2+1)?, a=

O

2(x +1)
; f(w)=F’(w):{T’ =€ (2,
0 ¢ (-1
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2. S, = 11,4, Buaunt, OM = h = 4. Ypasuenue M N: y—4 _ _U, T.e.
22 0-4 5-0
y = —8z + 4. Ctasno OHTD,

8z 44, zc€ (0; l],
2
07 z ¢ (07 5] ’
ecym x £ 0, TO
x
F(z) = / 0dt = 0;
— 0o

ecnn()<:c<1

g+ TO

0 T
F(z) = /0dt+/(—8t+4)dt:—4x2+4rc;
—00 0

ecan r >

1
27

TO

TakKuM oOpa3oM

a) Her, Tak Kak f(z) < 0 npu © € (—00,0); 6) na, f(z) > 0, / f(z)dz = 1:
—Q

00 0 2 00 9
: 3
B) /f(:c)d:c: /Odw+/a:c2d£c+/0d:c:1,fr.e. %‘0: 1,a:3

—0Q

. Econ
8
—0Q 0 2
a

= g» 0 f(z) — mioTHOCTH pacnpenesienust; a 7# g— — HET.
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2.5
1.

YuuThBaTh pesyJsipbTarThl npuMmepa npumepa 1.31 (m. 1.20) B mepsoM ciryuae
uveem: MX = 0-0,001 +1-0,027 +2-0,243 + 3- 0,729 = 2,7; BO BTOpPOM
caydae: MX = 0-0,006+1-0,092 +2- 0,398 + 3- 0,504 = 2.4.

oc 0 ki 00 ki
MX = [/:cf('z:)d:c] = /:L'-Od:c+/%$sin:cdzz:+/:z:-()d:1:= %/msinxdwz

—00 —00 0 T 0

i
COI%JIaCHO CBOUCTBAM M. 0. M aucnepcuu, nvmeem MZ = M(5X — 3Y + 2)
= M5X — M3Y + M2 = 5MX —3MY +2 =5-2~3.(-3) +2 = 21
DZ = D(5X —3Y +2) = D5X + D(—3Y) + D2 = 25DX + 9DY + 0
=25-24+9-9=131.

[eS) 0 T o0
DX = [/xzf(rc)d:c—(MX)z] = /:cQ-()d:c+/:c2-%sin:z:d:c+/:c2-0d:c—

-0 —00 0 T

Il =

s
2 2 T T
— (_;_r) = %/xzsinxda@ — % = %(—xzcosx 0+2 (:csin:c :+cos:1:‘0)) -
w2 g2 ’ w2 g2
- :7—2~T = T—2z0,467; ox = 4/0,467 = (,68.

Ecmm ¢ — A, 7o F(z) — 0, lim 02522 = 0, te. 025642 = 0. A = 0;
z—>A+0

lim 0,222 =1, .e. 0,26B2 =1, B =2. IoaTomy
z—=B

0, npu z < 0,
F(z) = 40,2522, npu0< z <2,
1, npH 2 < .
Torna
_ 40, mpu z L 0uz > 2,
flz) = {0,5:1:, mpu 0 < z < 2.
Iostomy

2 2
2 2
MX=/$-0,5:cd:c:$’:4/3, DX:/xQ-o,sxdx—(é) :%.
0 0

3Hauut, ox =

n n n
M(%ZX1> = %ZMXZ = %Za = %(a‘.‘a‘.‘...—.—a) = %-’n}a = a;

=1

n c;
1 Z 1 Z 1 1 z 2 1 2_ o
i:l '_ .:
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1. P{-3 < X < 5} = & (5;3) _ &, ('32‘ 3) = Do(1) + Bo(3) = 0,8413;
P{X < 4} = P{- oo<X<4}=q>0(4_3 —o0 -3

=) - @ (——2——) — $0(0.,5) +
+ Bp(o0) = 0,19146 + 0,5 = 0,69146; P{|X — 3| < 6} = P{|X ~3| <32} =
= 2%(3) = 0,9973.

2. Tlo yeosmio a = 0, 0 = 1 a) P{X € (1,3)} = %(3 %) —@0(110) -

1
— ®y(3) — Bo(1) = 0,49865 — 0,34134 = 0,1573; 6) 2 (%) — 0,8926, orciona
®y(l) = 0,4463. Tlo Tabimuam HaxomuM, !l = 1,62, v nATEPBAJT UMEET BH]]

(—1,62;1,62); B) MpX = 0; M, = 0.
3. Kosddunpuent acummerpun A HOPMATIBHOTO pacnpe)leneﬁnﬂ pasen 0 (4 = 0),
Tak Kak kpupad [aycca CMMMETPHYHA OTHOCUTEJIbHO NPAMOR & = . TPOXOIisA-

el dyepes NeHTp pacnpelesieHud a. Haiimem (aHaJII/ITI/I‘{eCKI/I) KO3 purmenT
ba

sKcnecca, T.e. B = — — 3. Cnauaja HalineM pig:
o
[o @] B
. 1 i u=x3 du = 32% dz
H4:/£E—€ 20 dz = _ I
oV2m dv = ze 202 dx | v=—c’e 20°

—00

2 oo 0 22
= 1 (—.’1730'26 202 +302/:c26 202 d:c) =
27 —00

—00

2

I R W ) E
U\/_(?)a (0+aaf/ fa) d(j‘%—a—))) =

(3020%v/2y/7) = 30™.

1
oV2n

CT&J’IO6I)ITB:E=§Q——3=3—3:0.
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Fnasa 3

3.3
1. 1) //f(:c,y)d:cdy = 1. Tlostomy A/
—00 —00 0
e A/ e A/
0 0

/Oo

0

//e_“ ”dudv—/ “du/ e Vdv =
0 0 0

/z

0

oC oo
/e‘z_y dzdy = A/e_“c dz x
0 0

X e “dr = A =1.2) F(z,y) =

.1‘

()

O\

- z) du=(1—eY)x
0

X

e tdu=(1—e")Yl-e¥Yupunz>0,y>0,re.

, B IPOTHBHOM CJIydae.

(1-e*)l—eY), mpuz>0,y>0
FX,Y =

X

3) Fx(z) = [ / ( / f(z, y)dy)d:c] _ / (/O?e‘“e'”dv)du: / L dy =
0 0 0

-0 —0
=—e Y =1—e". mpuz>0, re.
1—-e ™, mpmz >0,
Fy =
0, npu x < (.
Ananormuno

1—e™, mupuy>=0,
Py =
0, npu y < (.

4) fﬁ(w) fl(if) F; (55) {(()1 ) e_m) e N - {e_w, apu - > Oa

npu x < 0, 0, opu . < 0.

ey, mpuy >0,
Ananornuno, fy(y) = Py
T 0, npu y < 0.

00 1
5) P{X > 0,Y < 1} /e*dm/e—ydy——(el-—l)/ezdzz
- 0 0
1 —z 1
:(1—5)(6 )|, =1—¢~063.
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oC 20 4 41—z 4
l)//frydldy—l 1e/d:c/Cdg/:l,C/(4—:c)dw:1,C:%.
—00 —00 0 0

0

1
o 2 k) 2 9 - < 4;
Crenoparennho, f(z,y) = {8 npu x>0,y 20,0 44 S

0. B UPOTHBHOM CJIYyqae.

oo

0

2) Ixte [/f(""ydy] /1dy—%y|4ﬂ=4gf”«xe(o,4),fy(y)
0

N

2 Y <cy<a3P0<X<11<Y <3}= /f(:c,y)dmdy

]

OOI)—‘

1 3
/dm/dy = 0,25 (em. puc. 81).
0 1

1) C. 8. X npunnmaer snaxenus 0, 1, 2. Ouennjino, p1 = P{X =0} =0,6-0,6 =
=0,36, po = 0,4-0,6 + 0,6 - 0,4 = 0.48. p3 = 0,4- 0.4 = 0,16. Crano GeiTe:

XT o0 1] 2
p | 0,36 | 0,48 | 0,16

3
( E p; = 1). AHANOrMYHO HAXOIKM, YTO
=1

YL 0| L | 2
p | 0,16 | 0,48 [ 0,36

ecThb psi pacripesiesienus c. B. Y. 2) BosmoxHbIC 3HAYEHUsT CHCTEMBI (X,Y):
(0,0), (0,1), (0,2), (1,0), (1,1), (1,2), (2,0), (2,1), (2,2). CobmecTnan Tabmmua
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pacrnpenesienus UMeeT BHUII:

X\Y | o0 1 2
0 | 0,0576 | 0,1728 | 0,1296
1 |0,0768 | 0,2304 | 0,1728 |
2 [ 0.0256 | 0,0768 | 0,0576

Tax xak p1p = P{X = 0,Y =0} = 0,4-0,4- 0,6 0,6 = 0,16 - 0,36 = 0,0576,
Plz—P{X—OY—l}—OBG 0,48 = 0,1728, pi3 = P{X = 0,Y = 2} =
= 0,36 - 0,36 = 0,1296, p; = P{X = 1,Y = 0} = 0,48 - 0,16 = 0,0768,
P2 = P{X = 1,Y =1} = 0,48- 0,48 = 0,2304, po3 = P{X = 1.Y = 2} =
= 0,48 - 0,36 = 01728, ps; = P{X = 2,Y = 0} = 0,16 - 0,16 = 0,0256,
Pz = P{X =2,Y =1} = 0,16 - 0,48 = 0,0768, ps3 = P{X = 2,Y — 2} =
=0,16-0,36 = 0,0576. 3) TIo Tabnune pacupenenenus, NOJIB3YACH PABEHCTBOM
F(z,y) = Z Z Pij», HaXonuM 3Havenns GbyHKnuy pacnpenenenns F(z,y):

<z Y; <y
XNY |y<0l0<y<l|l<y<2]y>2
<0 0 0 0 0
O<z<1]| O 0,0576 | 0,2304 | 0,3600
l<z<2| 0 0,1344 | 0,5376 | 0,8400
T>2 0 0,1600 | 0,6400 | 1,0000
3.7
1. HNmeem
X[ 1] 23 Y[ 1] 23] 4
p [033]033[034| " [p|024]0.28 027 021

Torna my = 1-0,33+2-0.33+3-0,34 = 2,01, my =1-0,244+2-0,28+3-0,27 +
+4-0,21 = 2,45. Tak kak

P{X =1,Y =1} =007 # P{X =1} - P{Y =1} = 0,33 - 0,24 = 0,0792,

10 ¢.B. X 1Y — sasucumel. Haxopum MXY: MXY =1-0,07 +2- 0,04 +
+3-0,114+-4-0,11+2-0,08+4-0,11 +6-0,06+8- 0,08 +3-0,09+6-0,13+4+9-0,10 +
+12-0.02 = 4,71. Tlosromy cov(X,Y) = 4,71 — 2,01 - 2,45 = —0,2145.

/ f(z,y) dzdy = 1, noaromy

1

1 1 1
4\
a/d:c/(lfwy3)dy:a/dx(y—-:cy?)‘ 12(L/2d:6=4a=1, a——-%.
-1 -1

-1 -1
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MXz%l/xdx/(l—xyg)dyz =0,
21 21
1 1 1 " .
_1 (120 dy = L LY |1 132" _
MY——4/d:c/y(1 'L’y)dy——4/d:1:(2 :c5)“1——452_1—0
4 -1
1 1
DXz%l/(x—O)zdx/(l—xy3)dy— =%,
21 -1
3HAYUT, Oy = 1
V3
o0 00 1 1
DY = [ /(y—my)zf(:c,y)d:cdy] = %/dm/yz(l—:cyg’)dy: .= %
~ o0 ~00 R T
BHAYWT, Oy = 1
V3
11
Kxy = 1 zy(l — zy3) dxdy — 0= ... = -1
4 15
Z141
_L
CrienoBatesibHO, TXy = — 151 :—%.
V3 V3

1 1
c / dx / (z + y) dy = 1. Orciona ¢ = 1. Haxopum mjioTHOCTH BEpPOATHOCTH:
0 0
1
i) :/(:c+y)dy=:c+%,
0

0

1
fz(y)=/($+y)d$= (%2+ya:) |1=y+%.
o

Tak xax fi(z) - faly) = (:c+%) (y—l—%) £z+y=f(z,y), 0ocB. X unY

3aBUCHUMBEL.

1 1 1
MX:/-’IId-’L’ (-’L’+y)dy:/:c(:1:+%) d:c:{—z-,
0 0 0
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7
MY =+ 157
1
DX:/(:I:—E dT/(’c—l-y)dy— Tid
0
Um
1 1
2 (7Y _ 1L
DX = /:c d:c/:c+y)dy 2) QD
0 0
— 11
DY = 144"
3.9
0,10
1. Haiinem ycnosnoe pacnpenenenne X: p(xz,|y;) = P{X=0Y =-1}= 0.25 =

10 0,15 5 2 _o.10 15 _ 15
25,p( x2ly1) = 025 .BIId‘{I/IT MX]y)—O 25+1 25 55 = 0.6.

0,15
p( 1|y2) = 040 407 p(’EZIy?) = BquI/IT M(leZ) =0 + L- 1218
— 25 — - 15
0 0,63. ple1lys) = 35, ('L'z|y3) 35 3uauwt, M(X|y3) = 35 =~ (,43.

Kpusaz perpeccun X na y umeer su, nsobpaxennnii na puc. 82.

M(X|y;)
]_~>—

Puc. 82

2. Kak usBecTHO, 1J1si HOPMAJILHO PaCIPENESIeHHO C. B. (X,Y) ee coctapnsiomas
Y Takxe pacnpesieniena 1o HopmMasbHOMy 3aKony (opmyna (3.37)):

(y-my)2
1 - 202
= [ Y
f2(y) o2
HNmeem
- oty y?
fap=T@0 1 e Lt L E I W s

fy) 2 /1—12 Var T
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G
_ 1 e 2VI—17)?

- V2r - V1 — 72

T. €. yCJIOBHAA IJIOTHOCTh PACIPENeICHUST f(z|y) ecTb INOTHOCTH HOPMAJIBLHOIO
PacHpeIesiehus C IApaMeTPaMu m = yr u o = v 1 — 72. ARaJIOrHIHO HAXOIMM,

9TO ( 2
y —ar
Fylz) = f( y) 1 e 2V1—12)?
fi(z) \/27r\/1 — 72 ’
3.11
1. Tak kak 1
(@=17 O
07 ¢ b b
TO
b-
_ 1 itz _ 1 . _1_ ith __ itay — ztb zia
S"(t)_b—a,/e do = g glem =) =1 b)t( )
al\:e~a
2. Tak kak pr = AR k=0,1,2,..., 10
(,DX(t) _ io: ztka 6 e Z (aett)k e . eae“ —e ~a(l Aeit).
k=0

Torna ¢ (1) = e_“(l_“it)-(-a)-(—e“)-i, spauur, M X = [—i¢'(0)] = —i-(1-ai) =
=a,Te. MX =a.

~_1 0 0 0
3. o(t) = / e . 0dzx + /eitz(—Z:c) dx + / -0dz = —2/ elrdr =
—00 1 -1
9 (%eitl ﬁl_ilt ) Z_lteitz (il) — 90— tl —it 1 (1 emit)) = %et,_z_t _
9 9eit  2te™" —2+2e ¢
et g T 2 '

Frnasa 4

4.1

b BT 5 | 15 |,
© @ 175,770,30 | 0,45 | 0,20 | 0,05 |
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6) Y| 0 1 V2 V8] 2 | 5]
p 0,10 [0,20]0,30 | 0,25 | 0,10 | 0,05 |’
3 /3 |
| Y2 ] 0|5
p| 03 [0,35]0,35
Y o 1
2. p [0,5]05

Muoroyronbauku pacnpenesienus c.p. X u 'Y u300paxkeHbl, COOTBETCTBEHHO,
Ha puc. 83, 84.

P P
0,54 1
04

0,34
0,2
0,1

0,5 ¢——
1

0 1 2 3 0

Puc. 83 Puc. 84

MY =0-05+1-0.5 = 0,5 DY = [MY2—(MY)?] = 02-0.54+12-0.5— (0,5)2 =
= 0,510,256 = 0,25. Orciona oY = VDY = /0,25 = 0,5.

3. C.B. X umeer pasHOMepHOE pacnpenenenne, 3HATIT.

1
Ax) =1 4 S [_2a2]7
Ix(z) {61 x¢[-2,2].

Qynxmusi y = z + 1 crporo BO3pacTaeT B (—o00,00), obparHas byuknus
v =y—=1=1(y),y € [-1,3]. Tlo popmyne g(y) = f(¥(y)) - [¢'(y)| naxo-

JIVIM:
1, _

_J7 L yel-13],

5(0) {0. y ¢ [1,3],

T.€e.Y ~ R[-1,3]. Haxonum MY: MY:/%dyz 1 (mnm MY = M(X +1) =

-1
2

3
/(T+1) Ydz=1). DY = MY? — (MY)? _/y dy—12 = % oY =
-9 -1

2
75
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IZ
ITo ycaosuto fx(r) = 1l 7. a) Qyskiua y = 323 mmeer obparnyo
Var
Y ' ’ 1 1
a:———\?’/jzz,by,xz == . Ioarom;

13(v?
g(y) = = —L_e2V5, y#0.
V2 33/3y?
z20
6) y =lz| = -z, x<O0.

z; = —y = 91 (y). Ha [0.00) obparnas ¢pyHknus ects T2 = Y = 92 (y). Craso
ObITD,

’ Ha (—00,0) obparras dbysknus 4ia y = |z| ectw

y‘l 1 y2 2 y2
i 6—2_1+ €ﬁ—2_'1: 6-7,
g(y) = Zf(d) )i = \/__ N o
y € [0,00).
a) Io yciosnio f(z) = €%, 2 > 0m Fz) =1—-e* z 2 0. G(y) =
1 1
Py <y} = P2X —1 < ¢} = {X<212f_}:p(£2f_)_
y+l
=1—¢ 2 ,y > —1 (rak kak ycsosue T > ( NEpeXOIUT i § = 2z — 1
y+1
s yciopue y > —1). Caenosaressno, g(y) = G'(y) = —e 2 (_%) =
]yl

———-2—6__2_ npr y > —1 (g(y) = 0 mpu y < —1). 6) Ecom y < 0, 10 Gly) =

= P{Y <0} =0m g(y) = G'(y) = 0. lipu y > 0 umeem Gly)=P{Y <y} =
—P{X?<y} =P{X| < i} =P{—\I< X <y} =P{O< X < fy} =
= P{X < /y}—P{X <0} = F(yy)—F(0) = (1 e Vi) —(1—€%) = 1—e VY,

y > 0. Torna g(y) = G'(y) = (1 — e‘v@); 2\/_ e VY, Te.

1
—, y>0,
y):{2ﬂ

0, y < 0.
! o0 0 0 o]
KonTposs: /g(y) dy =1, /O-da:—i-/Q—\/—.e Vidy = /e‘\/l_’d(—\/@) =
oo oo 0
= —G_‘/_~ = —(0—1) = 1. (Unaue: npu z € (0,00) nveem z = /¥ = P(y)-

Tostomy g(y) = f(V3) - (VO)y =€ V¥ - 2f,y>0)
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4.2

1. Haxomum Fx iy (2). F(z) P{X+Y <2} = // (z+y)dedy. F(z) = 0 npu

(:c+y<z)
< 0; mpu 0 < z < 1 (na puc. 85 obiacts D, samTpuxoBana BepTHKAIbHBIME
JIMHUSIMM) MeeM

F(z):jd:c 7a7($+y)dy=‘/z(2$—:c2+(z_2‘x)2)dm_=
0 0 0
- (5 -5+ 57

nmpu 1 < z < 2 (obnacrs D, SAIITPUXOBAHA T'OPM3OHTANLHBIMA JIMHHUSIMHM)
uMeem

1

F(z) = z/—ld:c/(:c—!-y)dy—l- /ld:c 2/_56(:c+y)dy=

0 0 z—1

z—1 1 .
(z — x)?
= dx—i— (:cz—:c—l— 9 )d:lf:
o |

z—

z—1 3 —25
+¢x_%+g_L)

[y

1( 23 4322 — 1);

6

z—1

0. 2 <0,
%23 0< 2«1,
F(Z) = 1 3 9
§(_Z +32°-1), 1<z<2,
1, z>2
Orcrona
0, 20, wm z > 2,

f(z) = F'(z) = { 22, 0<z<1.

2z — 22, 1l<zg2.
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N/—AJ@

= A—‘——— Y = 2%
\‘y__z_x f —
i\xl\l\]\ \ 70@\/
0 2ol 1 S % i 1 7
: \yzz—w z
Puc. 85 Puc. 86
F(z) = {—<z = / (J?+y)d:cdy.F(z)zOanz<0;Hpn0<z<l
D,
(L<z)

nMeeM

0
_ 1 .1 L 1 _,_1_ 1
- 322 + 62 + 1 222 2z 1 3Z 622
CaernoBareyibHO
0. z <0,
, 1yz 0<z<1
Fl(z) = f(z) =43 " & =5
1 1
— =, 1<z <00
322 3%
1 [e’s)
KonTpons: /f(z) dz —-/ % g—) dz+/ (% )dz— 1 (cm. puc. 86).
0 1

Fnasa 5

a) C.b. X — uncio pemasmux repbos. MX = 500 - 5 = 250. Hepasenctro

200 < X < 300 MoxHO nepermcars B Bue —50 < X —250 < 50 mam | X —-250| <

ATCH
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Ju—

< 50. A tax xax DX = [npg] = 500 = - £ = 195 10 P{200 < X < 300} =

[\]
DN | b=t

= P{|X - 250| < 50} > [1 - %] =1- 1?)5’ = 1-0.05 = 0,95; 6) c.s.
[ J
X — cymma 0ukoB, X; — YMCIIO OYKOB Ha i-0i koctH (i = 1,2,...,6). X =
=Xi+Xo+...+ Xi0. MX; = %(1 +2+34+4+5+6) =35, DX; = %
10 r
Buasr, MX = 3" MX; = 35, DX = % Hoatomy P{|X — 35 < 8} >
=1

_AT5 e ok
21— 00 = 1— 04557 = 0,5443.

n n
1 1
2. P{ > Xi— 5y MX,
=1 =1
=4

< 6} >1- %, npu € = 0.1 u C = 5 nostyyaem:
ne

1-—2 5009 Ozecrona n > 5000.
n-(0.1)?
14 pq . —
3: P{ - —p‘ < 5} > 1- —5- U3 ycoiosus caenyer, uro n = 500, € = 0.1,
ne

0,5-0,5
500 - (0,1)2
4. llycrs X; — yncsio HabpaHubix 09K0B TIPH i-M BBICTPEJIE, & S109 — CyMMapHOe
uct10 09KoR ipu 100 BeICTpesiax. Torna MX, = 10-0,5+9-0,3+8-0,14+7-0,1 =
- 972’

= 0,95.

1 na _gr -
p—q—Q.HonyanMP{‘E)OO 0,5 <0,1}21

100
M (Z Xi) =9,2-100 = 920;

3=1

DX;=100-0,5481-0,3+64-0,1+49-0,1 — (9.2)2 = 0,96,

100

D (Z Xi) = 0,96 - 100 = 96.
=1

Io dopmyne (5.14) P{940 < Sip0 < oo} ~ B(c0) — & (940—920)

V96
=1—-®(2.04) =1 - 0,9793 = 0,0207.
S. Ilycrs X — 49uCii0 NPIKMBIINXCS U3 71 MOCAKEHHX caxennes. [lo ycio-
B0 p = 0.7, ¢ = 0,3. Torna MX = 0,7n, DX = 0,3 -0,7n = 0,21n.

P{X —0,7n] < 40} > 1 — %2Ln 0211 9, 1 < 761.

~ To0p - VMeem 1 — Fors

FnaBsa 6

6.3
v L
1. a) X} == 6) & = 2sint.

V2
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2. a) mx(t) = 3sint: 6) Dx(t) = % csin?t, ox(t) = ~\}—§ |sint]; 8) Kx(ti:ts) =

1 inty - si U,
{ s sinty - sintg > t £ 7n, m € Z.

1 . .
— =ginty - sintg; v) rx(ti;t2) = . .
! 2 v) rx (hiite) —1, sint; -sintg <0,

3

6.6

-
.

a) HeCTAIMOHAPHBIL; 6) CTalMOHAPHBIH: B),I) HECTAIMOHAPHBIE C. L.
2. MZ(t) =5 Kz(ti;ta) = tita +2e 7172,

3. a) my(t) = 3cost; Ky (ti;l2) = %costl . coste; 6) my(t) = 3(1 — cost);

Ky(tl; tg) = %(1 — COS8 t1)(1 — COS tg).
4. c.un. X(t) He ABIAETCA CTAIWMOHAPHBIM HPOLECCOM, my(t) = 2(cost + 2sint);

Kz(t) = (costy + 2sinty)(costa + 2sints).

6.9

1. X(t) — HecTanmMOHAPHBIi C. II.
3. Kyx(w)=4e .

4. Dx =4.
6.12
29 43
;. |2 7
"\ 43 65
108 108

2. TI'pad, coorsercryroumuit Marpune P p3obpaxen Ha puc. 87. Obo3HaYNM He-
pes A cobpITHe, COCTOSANME B NEPEXOfie Mpolecca MmocJie nepsoro xoga B CO-
crosipue §;; cobbtme H; — ycTpoicTBO BHIOHpaeT COCTOSIHUE §1; COOBITUE

H, — ycrpoiicTeo BHOMpaeT cocTosnue sp. Torna P(H,) = le’ P(Hs) = %

u P(A|H,) = %, P(A|Hq) = % ITo dopmyJte NOJHOH BEPOATHOCTH HAXOIAUM

12,3 1_1
PA)=7"31t1 327 o
! 2 1 1
81 S92
1
2
Puc. 87

s 48 31 52
1317 1317 131°
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Paspen BTopoii

Fmaea 7
7.5
0, mpuzx <1,
1 .
5 upm 1l <z <3,
£, 1P 3<z K6,
1, npm6 < z.
2. Tp = 1,983 ~ 2 D, = 1.949 ~ 1,95. Yactoers p! taxosa: pl = % ~ 0,133,

Pl = é—g ~ 0,283, p§ = 0.267. pj = 0.167, pi = 0,100, p{ = 0,033, p: = 0,017

7
( E p; = 1). Haxonum sepositHocTH p; 1O dopmyse Iyaccona, cunras a =
=1

B “2 o0 —2 91 0,135 - 22
=T =2 p = © 0!2 ~ 0,135, py = 6.1!2 ~ 0,270, p3 = o ~
7
0,135 - 23
~ 0.270. ps = =5 = 0,180, ps ~ 0,090. p ~ 0.036. py ~ 0,017 Q_pi=

=1

= 1). Kak ugum, c.B. X — 98CI0 HEMPaBUIbHLIX COENMHECHU I nMee; MpaK-
TUYECKOE MyaCCOHOBCKOE PACHpEIe/ICHIe.

3. 1. Bee sosmoxHble 3HaueHys ¢.B. X — uucia OYKOB, BBINABIINX Ha, BepxHeit
FpaHu KOCTH NPU OIHOM NMOAOPAaCLIBAHUY ee.
2. 910 uncna 1, 2, 3, 4, 5, 6.
3. 910 pesynbrar 60-Ti NOAOPACHIBARMI UTPASTHHON KOCTH. OLHCBIBACTCS C. B,
Xl, X27 )(3, ceey X59, X(,(].
4. Ilepsas peanusanys BHIGOPKN NPHBEIEHA B yCIIOBHH, BTOPasi — MOXET OBITh
takasm 1, 1,1, 1,1,1,1,2,2,2,2,2.2.2.2,2,2,3,3,3,3, 3, 3,3,3,4,4, 4,
4,4,4.4,4,4.4,4,4,5,5/5 5,5 5 5 5 5 5 6. 6. 6, 6. 6. 6, 6. 6. 6, 6, 6,
6, 6. 3mecn zay =1,... 1 T30) = 4T3y =4,... » L0y = 6.
5. a) Bropast peanmsamms M npencrasaser coboii BaPUANMOHHBI psI,
6) Crarucrudeckuit psin Takos:

x; | 1 2 3 415 6
ng | 7 |10 8 [ 12 | 10 | 13
b | 108 [12]10]13
160 160606016060

6 6
() _ni=60.3 pr=1).
=1 i=1 .
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0, mpu x < 1,
6_70’ mpu 1 <z < 2,
%, npu 2 <z < 3,
" )25

6. Fgy(z) = < 60’ npu 3 < z < 4,
2—8, npu 4 < x £ 9,
%%, npu b <z <6,
Ll, npu 6 < x.

7. Yucno unrepsasos m = 1 +logy 60 = 14-3,3221g 60 ~ 6,9. Bosbmem m = 6.
Lmax — Tmin = 6 — 1 = b; jymua nnrepsaga b = % = (0,833. Bosbmem h = 1.

UurepBanbabili CTATUCTUYECKWI DAL ©MeeT BUIL

[1,5:2,5) | [2,5;3,5)
10 8

13,5;4,5)
12

[5,5;6,5)
13

[@i—1;%4)
n;

8. TTOJIMrOH YACTOT ¥ THCTOTPaMMa, Jactocreil uzobpaxeHbl, COOTBETCTBEHHO,
Ha puc. 88 u 89.

4
Y, S e
s bbb
' ; : | : :
0 1 2 3 4 5 6
Puc. 88

9. a) Ty = 1'7+2'1066“'+6'13z3,783; 6) DB:6%(12-7+22-10+...
60 |

.. +62-13) —(3,783)% = 2,839; B) 5% ~ rg " 2839 = 2,888, S = V2 ~ 1.699;
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2]
13 o217 "
60,
12 g oI
60~ \
10 0167)eeeo NN
&0 ~ 0,167} \\
T .
0 ~0,117}
S R e A
Puc. 89
Fnasa 8
8.2
m -
1. Pacnpenenenne [yaccona P{X = m} = a_T-n('e_“ COIEPAKUT OJINH NAPAMETP G.
s OneHKy ere MeTomoM MOMEHTOB 3armnieM ypaBaenne MX =7, 1.e. a =
n
= Tp. Onenka 0 napamerpa a = 6 ects 6 = 7, = % Z zi, T.e. 0 = 7.
i=1
2. X — OuCKpeTHAs C.B. C 33aKOHOM pacupenereHust
z; 0 1
pi|l—-p|p]|
Tak kak
1-0, ecmuz; =0,
p(r5,0) = P{X = z;,0} = ’ ‘
0, ecim x; = 1,
10 pysKImMs npasnononobus: nmeer pun: L = L(z,0) = 65 (1 — 6)*. Torna
InL=6-In6+4In(1 —0), yPaBHeHNE npasaononobust
6 4 _
(6~ 72l =0
Orcropga HAXOIMM, YTO 0= p*=0,6.
3. a) Ilycrs 6 (um p unm p*) — OneHKa HEM3BECTHON BeposiTHoCcTH O (1 p) no-

ABJIEHMA HEKOTOPOro cobbrrust A (ycnex) B ogaom ucnbiranun. CORIACHO METO-
Ay MOMEHTOB NpUpaBHuBaeM Teopetnieckoe M X = p ppiGopouromy cpesHemy

n
— 1 ) -
.’L'—ﬁ Ty, pPp=2x.
i=1
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Uckomas oneska ects 6 = 7.
6) Tak kak
1-0, ecmx; =0,

p(z;,0) = P{X = z;,0} = {

0. ecan z; = 1,

10 GyHKIUHA npasronoaodnsa uMeeT BUJL:

L = L(zy,79,...,5,;6) = P{X = x;, 0} =
_ p{01.0} - {2, 0} - .- plan, 6} = 674 - (1 6)" "4,

n
roe ng = Z X; — umcsio yenexos (HacTynuenus cobprruz A) B 1 HE3ABHCH-
i=1
MbIX menbrraansx. mL = na - Inf + (n — na)In(l — 0). Pemaem ypasuenme
n n—n, n; ~ n
npasaonoaoons A 4 — 0. Orcropa 6 = —A, T.€e. OLleHKA § = ~‘—4,
0 1-6 n n
(4
((InL)gy < 0).

TpebyeTcs ONEHUTD JIBE BEJIMUNHEI 0y u 0, 1. €. @ 1 b, METOOOM MOMEHTOB. Taxk

. b— a)?
kak s c.B. X ~ Rla.b], To MX = a —; b, DX = (——1—2?)—. Pemaem cuctemy
ypaBHEHHN]
a+b _ _
MX == EB’ 2 = Tp,
T. €. 2
DX = Dy, b-a)” _
) 12 B2

b = 2F, — a, (2T — 20)% = 1202, re. (Ty —a)? = 307, T —a = ++/304,
Ty = a+V30p 1. 3HAIUT, @ = Tp—V 305, b = T +V30, (Bapuant Ty = a—V/30%,
e a=7,+ V30, b=Ty — V30, MckIOwaeM, TaK Kax ¢ < b).

IaKIQ/I 06pasoM, OIEHKW BEJUYMH G U b takoBpl: 0 = @ = Ty — V305,
0y = b =Ty + V305

OrMeruM, 9TO, pemas CUCTEMY

MOJIyYrM T€ € OUCHKY IJIF O U b. B sToMm ciiydae
b

b
[ xdx _a+b 9 [ z%dx _a2+ab—|—b2
MX= [y o=—2 MY= = -
a

b—a 3

a

CucreMa npuHUMaeT BHIL
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Orcrona cnenyer, ¢ = T — /3 - /22 — Z2=z-V3- VD, =7 — V30,

b=7+ 30,
5. B mannom ciyuae

Tax kak

J0) = Lo 2

TO (PYHKIMA NPABOONONOOUs UMeeT BUJL:

%(zl-al)z
L=IL6)=—21 .o 2§
07 - (21)2
Torna
InL=-nln6, — —ln27r - Z(:Ez -~ 6,)%

Cucrema ypaBHeHUH MakCUMAJILHOTO IPaBIONoNoOnsi UMeeT BHIL:
4

n
8lnL — L Z(xz _01) :07

OlnL _ n 1 .. .2
892 = 92 + 93 'Lgl(mz 01) =0.

Orcropa

Bf’—‘

Zn:xi—n@:o, T. €. Z
i=1 i=1

~ n ~

07 = % (z; — %)% (62 — oueHka HemsBeCTHOTO napamverpa o = 63). Mox#o
=1 .

ybenurbes, 4to (91,92) — To4Ka Makcumyma yskuun In L(x,0). Haiinem

A= AC - B2, tne

N

@5 g2’

_ 0%In L
802

0’InL 2\ 0, 2
= == i—bh)=—-=-0= ’
9,96, @.5) g 2 (i =01 g
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n
*InL n 3 5 \2 3 52 n
C=""=_._ ==4—="- z;— 0 —7——719 —
003 @6 62 04 ;( o) 02 0 02
2 . - o~
Cnenosarenpuo, A = 73—3 > 0. A < 0, nosromy Touka (61,602) ecTp ToukKa

makcumyma dpynknun L(z, 0).

8.4

1.

Bocnonmssyemcs «popmyJioii (8.3): € = tT u (8.6) ®¢(t) = . Imeem € = 9,
n

o =15 7 =09, ®(t) = 0.45. Ilo Tabymue HAXOOMM, UTO t = 1,65. Torma
1,65 - 15 1,65% - 152
=" Orcwpgan=——p——
7 52
MeHee 25 M;M@peﬂnn

30 Z Tir; =

= 167,6; S = 9 ,28; mpu 7 = 0.95 m n — 1 = 29 1o tabymue pacnpeiesieHusd
2,05 - 9,28
D 7~ 3.47. ose-

V30
puTennHbI mATEpBas Takos: (164,13;171 ,07).

o yenosuio 1 = 400, 4 = 80, v = 0,95. OTnocurespnas 9acToTa cobbiTns A
= %4 = 0,2. Uz coornomenus Pq(t) = % = 0,475 naxoguM i, noab3y-
sck tabnumneit 3Hadenui Gyakumm Jlamaca: £ =
0,2-0,8
400
~ 0,239. Urtak, nosepurenbuniii uarepsan ects (0,161;0,239).

= 24,5025, T. €. HEOOXOOUMO CHIEJIATH He

0-(153-4+159-5+165-6+171-7+177-5+183-3) =

CruromenTa HaxoguM t, = 2,09. CrenoBaTesIbHO, € =

ecTn p*
1.96. Haxomum py m po (dop-
0,2-0,8

myna (8.10)): pp = 0.2—1,96- 200

~ 0,161, p2 = 0,2+ 1,96

8.6

1.

n = 1()()() X ~[0,1], nre.a=0,b=1,m

=01 =p2 = ... = P05 Xiaﬁﬂ =
_ 1052 952 1052 & . _ 2 _
= 100 + + ...+ 100 + 1000 = 134, X0,01:0 = 21.,7. Tak kax

100 100
Xﬂaﬁ.r[ < x2 01;9+ TO TMIIIOTE3A HE OTBEPracTCH.

Haxomum Ty, 4 05 T = (152,5-6+157.5-224+162,5-36+...+187,5- 2)- 200

168,45, Bueco 1525 = DVEIS ygrs o 1§3§§1§9

2
= 200(152 52.6 4 157,52 - 22 + ... + 187,52 - 2) — (168.45)> = 53.348. Torna
o = 17,3. Tak Kak ng = 2 — MaJIo, TO MOCJEIHNE [1Ba UHTEPBAJIA obbeIHAEM.

m T Dy =

CocrapisgeM TabauIy:

(—oo, 155)

[155, 160)

[160, 165)

[165, 170)

[170, 175)

[175, 180)

[180, +o<)

6

22

36

46

56

24

10
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Jna pacuera BepositHOCTEH p; monanaHus ciyqaiiHoil senuaunsl X B ¢-i UH-
TepBaJl ucroJbsyeM dyHKmio Jlammaca:

155 — 168,45
1= B <_5573¢) — Bg(—o00) = 0.5 — Po(1,84) = 0,5 — 0,4671 = 0,0329,

— % 160 — 168,45 _ 155 — 168.45
P2 = @ T— 0 -—7’3

= $g(—1,15) — ®(—1,84) = 0,0922,

165 — 168,45 160 — 168,45
7.3 0 7.3

= o(—0,47) — Do(—1,15) = 0,1941,
. 170 — 168,45 155 — 168,45

= $y(—0.21) — (—0.47) = 0.264.

p3=‘1)0(

P = 0,2327, Pe = 0,127, pPr = 0,5 - (1)0(1,58) = 0,0571.
Torma
2
2 _ ny 1 62 222 102\ o
Xhotn = [ e ”] = 500 (o,ogzg o002 T T oos ) T200~4
Z:

2 _ .2 _ 2 2
Ilo Tabymme Xak = Xo,054 = 9,9- Tak KakK Xjae, < X0 05,4+ TO THIOTE32 Hy He
OTBEPraeTcs.

X | [150.155) [[155,160) [ [160, 165) | [165, 170)
1, 6 22 36 46
P} 5eg =003 | 011 0,18 0,23
X [[170,175) | [175,180) | [180,185) | [185, 190)
n; 56 24 8 2
i | 028 0,12 0,04 0,01
8
> p;=1,7, = 16845, 0 =17,3.
=1
Cocrasum Tabawiry:
x 150 | 155 | 160 [ 165 | 170
F(z) 0 0,03 | 0,14 | 0,32 | 0,55
Fo(x) 0,0057 | 0,0329 | 0,123 | 0,3192 | 0,5832
A = |FF — Fy| | 0,0057 | 0,0029 | 0,017 | 0,0008 | 0,0332
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T 175 | 180 | 185 | 190
F(z) 0,83 | 0,95 | 0,99 1
Fo(z) 0,8159 | 0,9429 | 0,9884 | 0,9984
= |E — Fo| | 0,0141 | 0,0071 | 0,0016 | 0,0016

HpOBPpﬂeMaﬂ rurnoTes’a COCTOUT B I‘OM yTo C.B. X HMeeT HOpMaJIbHOE pac-

npenenenue, 1. e. Fo(z) = 0,5 + B (L

Fp(150) = 0,5 + ®o

(150

Fp(155) = 0,5 +q>0(1
Fp(160) = 0,5+ @ 160
165
Fo(lﬁo)—(),5+<1>0(
170
Fo(170) _05+q>0(
17
Fo(175) _05+<1>0( i
180
Fo(180) = 0.5 + ¥y (
Fo(18 —()5+<I>0(185

F()(IQO) = 0,54+ P (L—

).

168, 45) = 0,5 — $o(2,53) = 0,0057;
— 168, 45) = 0,5 — Bo(1,84) = 0.0329;
— 168 4o> 0.5 — ®¢(1.16) = 0,123;

— 168, 40) = 0.5 — $(0.47) = 0,3192;

— 168, 45) = 0,5+ D0(0,21) = 0,5832;

168 40) — 0.5 + $(0,90) = 0,8159;

168 45) = 0,5 + ®o(1,58) = 0,9429;

16, 40) 0,5+ ®0(2,27) = 0,9884:

4
71368, 5) — 0,5+ $o(2,95) = 0.9984.

MagkcuMaJIbHOe OTKJIOHEHYEe sMIMprYecKol (DYHKIMK pacupeieseHud OT Teo-

peruueckoit ects Dy

D, - /1 = /200 00332 ~ 0,

= |Fr(170) —

Fy(170)] = 0,0332. CrenosaresbHO,
47. Kpurnueckoe sHadenwe Kpurepus Kos-

MOTrOpOBa PABHO g5 = Aq = 1,306. Tak kak Dpn < Ag, 1o rumortesa Hy
COLJIACYeTCsl C OUBITHBIMA JAHHBIMU.



Mpunoxexusn

2

. , b L 5
IIpusoxenne 1. 3uadenne dbyukunn o(x) Ner e
Corele o x .

x 0 1 2 3 4 5 6 7 8 9
0,0 | 0,3989 | 3989 | 3989 | 3988 | 3986 | 3984 | 3982 | 3980 | 3977 | 3973
0,1 3970 | 3965 | 3961 | 3956 | 3951 | 3945 | 3939 | 3932 | 3925 | 3918
0,2 3910 | 3902 | 3894 | 3885 | 3876 | 3867 | 3857 | 3847 | 3836 | 3825
0,3 3814 | 3802 | 3790 | 3778 | 3765 | 3752 | 3739 | 3726 | 3712 | 3697
0,4 3683 | 3668 | 3653 | 3637 | 3721 | 3605 | 3588 | 3572 | 3555 | 3538
0.5 3521 | 3503 | 3485 | 3467 | 3448 | 3429 | 3411 | 3391 | 3372 | 3352
0.6 3332 | 3312 | 3292 | 3271 | 3251 { 3230 | 3209 | 3187 | 3166 | 3144
0,7 3123 | 3101 | 3079 [ 3056 | 3034 | 3011 | 2989 | 2966 | 2043 | 2920
0,8 2897 | 2874 | 2850 | 2827 | 2803 | 2780 | 2756 | 2732 | 2709 | 2685
0,9 2661 | 2637 | 2613 | 2589 | 2565 | 2541 | 2516 | 2492 | 2468 | 2444
1,01 2420 | 2396 | 2371 | 2347 | 2323 | 2299 | 2275 | 2251 | 2227 | 2203
11 2179 | 2155 | 2131 | 2107 | 2083 | 2059 | 2036 | 2012 | 1989 | 1965
1,2 1942 | 1919 | 1895 | 1872 | 1849 | 1827 | 1804 | 1781 | 1759 | 1736
1.3 1714 | 1692 | 1669 | 1647 | 1626 | 1604 | 1582 | 1561 | 1540 | 1518
14 1497 | 1476 | 1456 | 1435 | 1415 | 1394 | 1374 | 1354 | 1334 | 1315
1.5 1295 | 1276 | 1257 | 1238 | 1219 | 1200 | 1181 | 1163 | 1145 | 1127
1.6 1109 | 1092 | 1074 | 1057 | 1040 | 1023 | 1006 | 0989 | 0973 | 0957
1,7 0941 { 0925 | 0909 | 0893 | 0878 | 0863 | 0848 | 0833 | 0818 | 0804
1,8 0790 | 0775 | 0761 | 0718 | 0734 | 0721 | 0707 | 0694 | 0681 | 0669
1,9 0656 | 0644 | 0632 | 0620 | U608 | 0596 | 0584 | 0573 | 0562 | 0551

Hecstbie nonm x

x 0 1 2 3 4 S 6 7 8 9
2. 0540 | 0440 | 0355 | 0283 | 0224 | 0175 | 0136 | 0104 | 0079 | 0060
3, 0044 | 0033 | 0024 | 0017 | 0012 | 0009 | 0006 | 0004 | 0030 | 0020

L 0001
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1j e
\/2710

Ipunoxenne 2. 3navenne Gyukunn $o(z) = e 2 dt

CoTble noy
T 0 1 2 3 4 5 6 7 8 9

0,0 | 0,0000 | 0040 | 0080 | 0112 | 0160 | 0199 | 0239 | 0279 | 0319 0359
0,1| 0398 0438 | 0478 | 0517 | 0557 | 0596 | 0636 | 0675 0714 | 0754
0,2| 0793| 0832 | 0871 | 0910 | 0948 | 0987 | 1026 | 1064 1103 | 1141
0,3 1179 1217 | 1255 | 1293 | 1331 1368 | 1406 | 1443 | 1480 | 1517
04 15854 1591 1628 | 1664 | 1700 | 1736 | 1772 | 1808 | 1844 | 1879
051 1915] 1950 | 1985 | 2019 | 2054 | 2088 | 2123 | 2157 | 2190 | 2224
06| 2258| 2291 | 2324 | 2357 | 2389 [ 2422 | 2454 | 2486 | 2518 2549
0,71 2580| 2612 | 2642 | 2673 | 2704 | 2734 | 2764 | 2794 | 2823 2852
08| 2881| 2910 | 2939 | 2967 | 2996 [ 3023 | 3051 | 3079 | 3106 3133
09| 3159 3186 | 3212 | 3238 | 3264 | 3289 | 3315 | 3340 3365 | 3389
1,0| 3413| 3438 | 3461 | 3485 | 3508 | 3531 | 3553 | 3577 | 3599 3621
1,1| 3643| 3665 | 3686 | 3708 | 3729 | 3749 | 3770 | 3790 | 3810 3830
12| 3849 3869 | 3888 | 3907 | 3925 | 3944 | 3962 | 3980 | 3997 | 4015
1,3 4032| 1049 | 4066 | 4082 1099 | 4115 1131 | 4147 | 4162 | 4177
14| 4192 4207 | 4222 | 4236 | 4251 | 4265 | 4279 | 4292 | 4306 | 4319
1.5 4332 4345 | 4357 | 4370 | 4382 | 4394 | 4406 1418 | 4430 | 4441
1.6 4452| 4463 | 4474 | 4485 | 4495 | 4505 | 4515 | 4525 | 4535 | 4545
1,7| 4554 4564 | 4573 | 4582 1591 | 4599 | 4608 | 4616 | 4625 | 4633
1,81 4641 | 4649 | 4656 | 4664 1671 | 4678 | 4686 1693 | 4700 | 4706
19| 4713| 4719 | 4726 | 4732 | 4738 | 4744 | 4750 | 4756 4762 | 4767

HecaTele nosu x

T 0 1 2 3 4 5 6 7 8 9

2, | 4773 | 4821 | 4861 | 4893 | 4918 | 4938 | 4953 | 4965 | 4974 4981
3, 4987 | 4990 | 4993 | 4995 | 4997 | 1998 | 4998 | 4999 | 4999 5000!

1T ounoe 3HAYEHUe OTJMYACTCA MeHblne, YeM Ha 5 - 1075,
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Ipunoxenne 3. Ksantnim \2 , pacnpenesnenus xi

(k — ancso crenenett ceobonbi)

Vpoeenb sraguMocTy a
k 0,01 0,025 0,05 0,95 0,975 0,99
1 6.6 5.0 3,8 0,0039 0,00098 0,00016
2 9.2 7,4 6,0 0,103 0,051 0,020
3 11.3 9,4 7,8 0,352 0,216 0,115
4 13,3 11,1 9,5 0,711 0,484 0,297
5 15,1 12.8 11,1 1,15 0,831 0,554
6 16,8 14,4 12,6 1.64 1.24 0,872
7 18,5 16,0 141 217 1,69 1,24
8 20,1 17,5 15.5 2.73 2,18 1,65
9 21,7 19.0 16,9 3,33 2,70 2,09
10 23.2 20,5 18,3 3,94 3,25 2,56
11 24.7 21,9 19,7 4,57 3,82 3,05
12 26.2 23,3 21,0 5,23 4,40 3,57
13 27,7 24,7 22,4 5,89 5,01 4,11
14 29,1 26,1 23,7 6.57 5,63 4.66
15 30,6 27,5 25,0 7.26 6,26 5,23
16 32,0 28,8 26,3 7.96 6.91 5,81
17 33,4 30,2 27,6 8,67 7,56 6,41
18 34,8 31.5 28,9 9,39 8,23 7,01
19 36.2 32.9° 30,1 10,1 8,91 7,63
20 37,6 34,2 31,4 10,9 9,59 8,26
21 38,9 35,5 32,7 11,6 10,3 8,26
22 40,3 36,8 33,9 12,3 11,0 9.54
23 41,6 38,1 35,2 13,1 11,7 10.2
24 43,0 39,4 36,4 13.8 124 10,9
25 14,3 40,6 37.7 14.6 13,1 11,5
26 45,6 41,9 38.9 15.4 13,8 12,2
27 17,0 43.3 40,1 16,2 14,6 12,9
28 48.3 44.5 41,3 16,9 153 13,6
29 49.6 45,7 42,6 17,7 16,0 1 14,3
30 50,9 47,0 43,8 18,5 16,8 15,0
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IIpunoxenne 4. KBauTuim t-pacupenesesus CTpIonenTa
(k — 4uciio creneneit cBOOOIEY)

VpoBenb 3HAYUMOCTH (¥
(1ByCTOpPOHHAS KPUTHYECKas 00J1aCTb)

k 0,10 0,05 0,02 0,01 0,002 0,001
1 6.31 12,7 31,82 63,7 318,3 637,0
2 292 4,30 6,97 9,92 22,33 31.6
3 2,35 3,18 4,54 5.84 10,22 12,9
1 2.13 9.78 3.75 4,60 7,17 8,61
5 2,01 9,57 3.37 4,03 5,89 6,86
6 1,04 2,45 3,14 3,71 5,21 5,96
7 1,89 2,36 3,00 3.50 4,79 . 5,40
8 1,86 2,31 2,90 3.36 450 5,04
9 1,83 2.26 2.8 3.95 4.30 3.78
10 1.81 2,23 2.76 317 4,14 4.59
1 1,80 2,20 92,72 311 4,03 4.44
12 1.78 ) 2,18 2,68 3,05 3,93 4,32
13 1,77 2.16 2,65 3,01 385 422
14 1,76 9,14 2,62 2,08 3,79 414
15 1,75 2.13 2.60 2.95 3,73 4,07
16 1,75 2,12 2,58 2,92 3.69 401
17 1,74 2,11 2,07 2,90 3.65 3.96
18 1,73 2,10 2,55 2,88 3,61 3.92
19 1.73 2,09 2,54 2,86 3,08 3,88
20 1.73 2,09 2,53 2,85 3,99 3,85
21 1,72 2,08 2,52 2,83 3,63 3,82
22 1,72 2.07 2,61 2,82 3,01 3,79
23 1,71 2,07 2.50 2.81 3,49 3,77
24 1,71 2,06 2,49 2,80 347 3,74
95 1,71 2,06 2,49 9.79 345 3,72
% 1,71 2,05 2,48 9,78 3,44 371
27 1,71 2,05 2,47 92,77 3,42 3,69
28 1.70 2,09 2,46 2,76 3,40 3.66
29 1.70 2.05 2,46 2,76 3,40 3.66
30 1,70 2.04 2,46 2,75 3,39 3,65
40 1,68 2:02 2,42 2,70 3,31 3,95
60 1,67 2,00 2.39 2,66 3,23 3,46
120 1,66 1,98 2,36 2,62 317 |, 337
00 1,64 1,96 2,33 2,58 3,09 3,29
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Tlpakinyecky Bce coBpeMeHHbIe OTPaCIN eCTECTBO3HaHMS
Mﬁno:lbz‘iym CTaTUCTYECKMe MeToAbl,

KOTOpbLI€, B CBOIO O4epens, | -
Ha3unpyloTcs Ha TeEOpUM BEPOATHOCTEA.

3HaHWA OCHOB TEOPWM BEPOATHOCTEN, CITy4alHbIX NPOLIECCOB
1 MaTeMaTU4eCKON CTaTUCTUKN HEOBXOAUMBI B HaCTORLLEe
BpeMs KaK MHXeHepy npaktuyecku nioboro npoguns,

TaK U MeHeKepy ¥ MapKeTonory,

NOCKOMbKY Cepbe3Hblil aHanmn3 pbiHKa HEMbICTIUM

6e3 BnapgeHus CTaTMCTUYECKMMM METOAAMM.

Kypc nekuyn B. T. IcbMeHHOro — 370 HaxofKa ans CTyfAeHTa,
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